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Abstract

Let H and F be graphs, where we view H as the “host” graph and F' as a “forbidden” graph. A
spanning subgraph G of H is called F-saturated in H if G contains no subgraph isomorphic to F,
but G + e contains F for any edge e € E(H) — E(G). We let Sat(H, F') be the minimum number of
edges in any graph G which is F-saturated in H, where Sat(H, F) = |E(H)| if H contains no copy of
F as a subgraph. Most of the literature on Sat(H, F') is on the case where H is the complete graph,
but there has also been research on different hosts, including complete bipartite graphs, complete
multipartite graphs, complete multipartite hypergraphs, and the random graph model G(n, p).

Let P! be the r-dimensional mesh (or grid), with vertex set V = {& = (x1,29, -+ ,2,) : x;
integer, 1 < z; < m} and edge set E = {zy : 2,y € V and Y.,_, |z; — yi| = 1}. Let Ky, be
the star graph on ¢ leaves. Motivated by the classic result on Sat(K,,, K7 4) and recent work on
Sat(G(n,p), K1) in the random graph model G(n, p), we study Sat(P],, K1:),2 <t < 2r = A(P},).

We give asymptotically exact results for Sat(P2, K ,),2 <t < 4. We also give upper bounds
for Sat(Pl,, K; ), r > 3, which are within a factor of 2 from optimal when r = o(m). These two
results are based on constructions, as well as lower bounds we obtain for Sat(P},, K1) for r > 2 and
t > 2. Finally for arbitrary r > 2 we obtain asymptotically exact results for Sat(P;,, Ki 2), thereby
showing the asymptotic behavior of the minimum size of a maximal matching in P),. This result
is based on a construction for the upper bound, and an edge weighting argument for the matching
lower bound.

1 Introduction

1.1 Background and related work

Suppose F is a family of graphs. We say that a graph G is F-saturated if G contains no subgraph
isomorphic to an element of F, but for any edge e in the complement of G, G + e contains a subgraph
isomorphic to some F' € F. When F = F is a single graph F', and G satisfies the preceding conditions,
then we say that G is F-saturated. The well studied extremal function ex(n,F) is the maximum
number of edges in any F-saturated graph on n vertices. A natural dual to ex(n,F) is the saturation
function Sat(n,F), which is the minimum number of edges in any F-saturated graph on n vertices.
We write Sat(n, F') and ex(n, F') for these two functions when F = F; that is, when F consists of the
single graph F'. The best known upper bound on Sat(n, F) for an arbitrary family F is given in [16].
A natural first case to study for the saturation function is Sat(n, K,), where K, is the complete
graph on r vertices. It was shown in [27] and later independently in [10] that
Sat(n,K,) = (r—2)(n—r+2) + (7’52), and that the upper bound is uniquely realized by the join
K, o+ Ky _ry2; that is, the disjoint union of K,_s with a set of n —r 4+ 2 independent points, together
with all (r —2)(n — r + 2) possible edges joining the set of independent points with the vertices of the
K,_>. At the opposite extreme in edge density from K, for connected graphs is the star Ki;, where
there is the following result.
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Theorem 1 [16] The values of Sat(n, K1.) are given as follows.
a) If n>t+ L], then Sat(n, K1) = (55)n — 115
b)t+1<n<t+|L], then Sat(n, K1) = (£) + ("57).

Let H be a fixed graph (where we think of H as the “host”), and F' a given graph (where we think
of F' as the “forbidden” graph). A spanning subgraph G of H is called F-saturated in H (or just F-
saturated if H is understood) if F' is not a subgraph of G, but for any edge e € E(H) — E(G) the graph
G + e contains a subgraph of H isomorphic to F. We then let ex(H, F') and Sat(H, F') be the maximum
and minimum (respectively) number of edges in a graph G which is F-saturated in H. If F is not a
subgraph of H then we let Sat(H, F) = ex(H, F) = |E(H)|. Observe also that Sat(n, F') = Sat(K,, F)
and ex(n, F) = ex(K,, F).

This saturation problem for general host graphs H was first mentioned in [10]. Erdos examined
Sat(H,Ks3) in [9]. In [10] the value of Sat(K, s, Kmpn), m < r and n < s, was conjectured, where
we specify that the m-set (resp. n-set) of the K, , occur in the r-set (resp. s-set) of the K, . The
conjecture was confirmed independently by Bollobas [3], [4], and Wessel [23], [24], where they showed
that Sat(K, s, Kmpn) =1rs— (r—m+1)(s —n+1). Let Sat'(K, s, Kpmn) be the saturation function
for the unordered version of this problem; that is, where we allow the m-set of K, , to be either in
the r-set or the s-set of K, g, and of course the n-set would be in the opposite set of K, ;. In [21]
it was conjectured that Sat' (K, ,, Kmn) = (m +n — 2)r — L(%H)zj In [13] it was shown that
Sat'(Kyp, Kmp) > (m+mn —2)r — (m +n — 5)? and that the conjecture holds in the case m = 2 and
n=3.

Another host graph that has been considered is the complete multipartite graph. The above satu-
ration results for bipartite hosts were generalized to k-uniform multipartite hypergraph hosts by Alon
[1]. In this paper he proves a result on extremal sets using methods of multilinear algebra, and from
this derives results on saturation in multipartite hypergraphs. The bipartite host results were also gen-
eralized by Pikhurko in his Ph.D. thesis at Cambridge [22]. Now let K}’ be the complete multipartite
graph on k partite sets, each of size n. In [11] the values of Sat(K}}, K3) were determined for all & > 4
for large enough n, and also determined for Sat(K%, K3) for all n.

Recently there has been work on saturation where the host is drawn from the random graph model
G(n,p). Here the graph G € G(n,p) has n labeled vertices, and any edge occurs with probability
p € (0,1) independent of other edges. We say that an event (i.e. a graph property) W, in G(n,p)
occurs with high probability (whp) if P(WW,) — 1 as n — oco. The results which follow all hold with p
constant in G(n,p). In [18] it was shown that whp we have Sat(G(n,p), K5) = (1 +o(1))nlog% (n) for

any fixed integer s > 3. There has also been work on Sat(G(n,p), Ki+); that is, where the forbidden
graph is the star K. Observe that Sat(G, K1) is just the minimum size of a maximal matching in
G. In that context it was shown in [26] that whp

5 — logﬁ(np) < Sat(G(n,p), K12) < § — logﬁ(\/ﬁ).
In [19] it was shown that for any fixed integer ¢t > 2 we have whp

Sat(G(n,p), K1) = 552 — (14 0(1))(t = 1)log 1_(n).
Finally the preceding result was strengthened when it was shown in [8] that Sat(G(n,p),Ki4) is
concentrated whp at two successive values.

Moving closer to “gridlike” host graphs, we mention work on saturation in the hypercube, denoting
by Qn the hypercube of dimension n. In [6] it was shown that Sat(Qy, Q2) < (5 + o(1))|E(Qx)|, and
conjectured that this bound was best possible. In [15] this conjecture was disproved, where it was
shown that for every fixed m, there exists a @Q,,-saturated subgraph of @Q,, with o(|E(Q,)) edges. They
also improved on the earlier bound on Sat(Q,,Q2) by showing that Sat(Q,,Q2) < 10 - 2™ and asked
for which m is it true that Sat(Q, Qm) = O(2"). It was shown in [20] that this holds for every m > 2,
specifically, that Sat(Q,, Qm) < (1 + o(1))72m?2".

In this paper we study saturation in the host graph P!, the r-dimensional grid with coordinate
entries taken from {1,2,---,m}. Here we consider Sat(P},, K1), where again K, is the star on t
leaves.



Work on Sat(P,, x Py, K1) for t = 2 has been previously done under different names. We say that
aset S C E(G) is an edge dominating set in G if any edge e € E(G) is either in S or is incident on some
edge of S. The edge domination number v'(G) of G is the minimum size of any edge dominating set in
G. An independent edge dominating set in G is an edge dominating set in G which forms a matching
in G. Tt follows from a result in [2] that 7/(G) can be realized by an independent edge dominating
set in G. Clearly the graph induced by any independent edge dominating set in G of size 7/(G) is a
K g-saturated subgraph of G realizing Sat(G, K1 2). Thus Sat(G, K1 2) = +/(G) provided G contains
a copy of Kj . In [17] the parameter 7/(G) was studied, and translating those results we obtain the
following in our language.

Theorem 2 [17]
a) (%—l < Sat(Pm X PH’KLQ) < % =+ % +1
b) Sat(Pp x Py, K12) = ["*] when mn is a multiple of 3.

Now let m(G) be the minimum size of a maximal matching in G, so that Sat(G, K12) = m(G).

nl and that

2
The function m(Q),,) was studied in [12], where it was proved that m(Q,) > 3
n

n—oo 2"
Finally we mention the dynamic survey [7] which gives a broad and detailed coverage of the area of

saturation in graphs and hypergraphs. Another useful survey is given by Gould in [14], among other
works on saturation by this author.

= % So again the same inequality and limit holds for Sat(Q,, K1 2) in place of m(Qy,).

1.2 Definitions and saturation in grids

We begin with some definitions, starting with the multidimensional grid P}, for positive integers r > 2
and m > 3. It has vertex set V(P!) = {z = (21,22, -+ ,x,) : x; an integer with 1 < z; < m},
so vertices are r-tuples x with i’th coordinate x; an integer lying between 1 and m. The edge set is
given by E(P) = {zy : z,y € V(P},), >y |zi —yi| = 1}. So zy is an edge in P}, precisely when z
and y disagree in exactly one coordinate, and in that coordinate they differ by 1. A straightforward
induction shows that |E(P~)| = rm” — rm™~t. We let 9(P7,), called the boundary of P7., be the
subset of V' (P/,) consisting of vertices = for which x; = 1 or m for at least one i, 1 <1i < r. We call
V(Py,) — O(P},) the interior of P}, so this interior consists of all points z € P}, with 1 < z; < m,
and hence degpr () = 2r for such z. Consider now any subgrid P = Pl C Pr for example having
vertex set V(P) = {x = (z1,22, -+ ,24,a1,a2, - ,a,—q) : 1 < x; < m}, where (a1,a2, -+ ,a,_4) is a
fixed (r — d)-tuple, 1 < a; < m. In a similar way we let the boundary 0(P) of P consist of vertices
x € P with x; =1 or m for at least one i, 1 < ¢ < d. The interior of P is then the set V(P) — 9(P), so
consists of all x € P with 1 < z; <m, 1 <i < d and thus these z satisfy degp(z) = 2d. Naturally an
interior point of P could be a boundary point of P, which happens if 1 < z; < m for all 1 <37 < d,
while a; = 1 or m for at least one i, 1 <¢ <r —d.

For an edge xy € E(P))), we say that xy is a k-dimensional edge if = and y disagree by 1 in their
k’th coordinates. For a graph H and subgraph G C H, we say that an edge e € E(H) — E(G) is a
nonedge of G in H, and we let H[G] be the subgraph of H induced by the set of nonedges of G in H.

Next, given graphs G and H we let G x H, called the cartesian product of G and H, be defined
by V(G x H) = {(v,w) : v € V(G),w € V(H)} and E(G x H) = {(vi,w1)(va,w2) : v1 = vy and
wiwe € E(H), or w1 = we and vive € E(G)}. Note that G x H can be obtained from G by replacing
each vertex v of G by its own copy, call it H,, of H, and joining two such copies H, and H, by a
matching joining corresponding points in these two copies precisely when vv' € E(G). Symmetrically,
G x H can also be obtained by doing the similar replacement of vertices of H by copies of G. Thus
P!, is just the r-fold cartesian product P, x P, X --- x P, where P, is the path on m vertices. In
our illustrations of P2 = P,, x P, and its subgraphs, rows are drawn from top to bottom in increasing
row number. Also columns are drawn left to right in increasing column number. So point (a,b) € P?
is in the a’th row from the top and the b’th column from the left.




We also let P2 be the infinite two-dimensional grid having vertex set V(P2) = {z = (21, 22) : 7;
an integer with —oco < x; < 00}, and edge set E(P2) = {zy : z,y € V(P%), S0, |zi — yi| = 1}.

There will be additional notation introduced when needed throughout the paper. We generally use
standard graph theoretic notation, as may be found for example in the texts [25] or [5].

Our results on Sat(P),, K1) are the following, where 2 <t < 2r = A(P))).

1. In dimension r = 2:
a) Sat(P2,K13) = 2m? + O(m).
b) Sat( Kl 4) 5m2+0(m).

2. In dimension r > 3:
a) Sat(Pr, K12) = +m" + O(m"~1). (This also holds for r = 2.)
b) For t > 4 and t even, Sat(P7, K1) <m" (L — 2) + Ktm"™!, where K is a constant.
c) For ¢ > 5 and ¢ odd, Sat(P},, K1) <m" (5 — %) + Ctm™ !, where C is a constant.

t—1
d) Sat(P},, K1) > mT<4:(_t+)1> —rm” L. (This also holds for r = 2.)

The upper bounds in 1a and 1b are by construction, while the matching lower bounds in the leading
coefficient follow from the general lower bound 2d. The upper bound in 2a is also by construction and
the matching lower bound in the leading coefficient is obtained by an edge weighting argument. Result
2a generalizes the previously known result Sat(P2, K1) = %mz + O(m) in dimension 2 to arbitrary
dimension r > 2. The upper bound in 2b is within a factor of 2 from optimal when r = o(m), also
obtained by using the lower bound in 2d.

2 Bounding the saturation function of stars in the 2-dimensional grid

In this section we give constructions that give upper bounds for Sat(P2, K1 +). Later we will see that
these bounds give the correct coefficient of the leading m? term, together with an additive O(m) error
term. Since Kj; is a subgraph of P2 only for 1 < ¢ < 4, and since clearly Sat(P2, K1) = 0, we
restrict ourselves to the cases 2 < ¢t < 4. We include the case t = 2 for completeness, though the results
cited in Theorem 2 are more precise. Still we use the construction here for ¢t = 2,r = 2 as a base for
asymptotically optimal construction in higher dimensions for ¢ = 2.

For each t, 2 <t < 4, we define a pair of infinite spanning subgraphs D;(A) and D;(B) of PZ. We
illustrate the restrictions of D;(A) and D;(B) to P2 in Figure 1. We let
E(Dy(A)) ={(3,1 4+ 3k)(3,2 4+ 3k) : i odd, k € Z} U{(4,2 + 3k) (3,3 + 3k) : i even, k € Z} (illustrated
in Figure la top). To avoid tedious notation we rely on Figure 1b top and lc top to illustrate the
restrictions of D3(A) and Dy(A) respectively to P2. The full graphs D3(A) and D4(A) are obtained by
extending these illustrations to the entire P2 following the pattern shown. For example the extension
of these illustrations of D;(A) to P? from P2 are shown in the graphs of solid edges in Figures 2-4 (the
dotted edges play a different role to be described later).

The graphs Dy(B) are obtained from D;(A) by translating one row vertically down for ¢t = 2, 3, and
D4(B) is obtained from D4(A) by translating one column to the right. This is illustrated in the bottom
row of Figure 1.

For each 2 <t < 4, we let Dy ,,,(A) (resp. Dy, (B)) be the graph induced by the restriction of D;(A)
(resp. Di(B)) to P2. That is, we have V(D¢ (A)) = V(P2) and E(Dy,,(A)) = E(D(A)) N E(P2),
with the same description for Dy ,,(B) only replacing E(D:(A)) by E(D;(B)). As mentioned above,
letting m = 5, in the top row of Figure 1 we show the A versions Dy ,(A), 2 <t < 4, and in the second
row of Figure 1 the B versions Dy ,,(B), 2 <t < 4.

The basic properties of the graphs Dy(A) and D;(B) as subgraphs of P2 are listed in the following
Lemma. The properties are evident by inspecting the illustrative figures and continuing the pattern,
so the proofs are omitted.
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Figure 1: Portions of the graphs D;5(A), Dy 5(B) C P2, a)t = 2, b)t = 3, ¢)t = 4, A version above, B
version below

Lemma 3 The graphs Di(A) and D¢(B), 2 <t < 4, have the following properties.

a) Every v € Di(A) has degp,(v) =0 ort — 1, and the same for D(B).

b) Suppose degp,(ay(v) =0 for some v = (a,b) € Di(A). Then each of the four

points {(a £ 1,b), (a,b+ 1)} in Dy(A) at vertical or horizontal displacement 1 from v has degree t — 1
in Di(A). The same holds in Dy(B).

For each t, 2 <t < 4, we construct two K ;-saturated subgraphs, Gi(m,2, A) and Gy(m, 2, B), of
P2 and Gi(m,2, A) will realize our upper bound for Sat(P2, K1), 2 < t < 4. Here Gy(m,2, A) is
obtained from Dy ,,(A) by adding certain edges of E(P2) — E(Dym(A)) to Dim(A), with the same
description for obtaining G¢(m, 2, B) from Dy ,,(B).
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Figl}ré 2: Graph G»(8,2, A) ) Figure 3: Graph G3(8,2,A)
realizing upper bound for Sat(Fg, K1 2) realizing upper bound for Sat(PZ, K1 3)

In fact we construct G¢(m,2, A) = Dym(A) U Agm, where Azp C E(P2) will be a set of edges
touching the boundary of P2 to be constructed below. Similarly we let Gi(m, 2, B) = Dy (B) U Bt m,
where By ,, C E (P2) with a similar description for By . The edges in A; g are shown dotted in Figures
2-4.



We first motivate the construction of A;,,. From Lemma 3 we know that neither Dy ,,(A) nor
Dy m(B) contains a Kip,, giving us a start toward a K ;-saturated of Pn%b. But there are edges
vw € E(P}) — Dym(A) (that is; nonedges of Dym(A) in P2) satisfying degp, . (a)(v) < t —1 and
degp, ,,(4)(w) <t —1. A partial list of such vw can be seen in Figure 1; e.g. (2,4)(2,5) in Dy 5(A),
(5,3)(5,4) in D35(A), and (4,1)(5,1) and (5,3)(5,4) in Dy 5(A). For such v and w, Dy, (A) + vw
contains no Kj ¢, so Dy (A) is not K g-saturated in an. We will greedily select a set Ay ,, of such
nonedges of Dy, (A) in P2 such that in the graph G = Dy (A) U A¢ no such v, w exist. Specifically,
as long as there is a nonedge vw € E(P2) — E(G) satisfying degg(v) < t—1 and degg(w) < t— 1, then
we add vw to Ay, and to the current G.

The formal construction of G¢(m,2, A) and Ay, follows.

Construction of Graphs Gy(m,2, A),Gy(m,2,B) C P2,2<t <4

1. Initialize At =0, G = Dy (A)

2. While there is an edge vw € E(P2) — E(G) satisfying degg(v) < t — 1 and degg(w) < t — 1, update
Apm — Apm U {ow}
G+ GU At,m

3. When the while loop in step 2 terminates, we output Gy(m,2, A) = G.

The graph G¢(m, 2, B) is constructed by the identical procedure, by starting with Dy ,,(B) (instead
of D¢m(A)) in the initialization step 1, and building the set B, (instead of A;,,) in the while
loop of step 2. With these changes, and otherwise the identical instructions, the final step 3 gives
G¢(m,2,B) = G. From the relation of Dy, (B) to Dy m(A), we see that apart from edges which were
added greedily in step 2 (which by Observation 1 below are incident on the boundary of D ,,,(B) by the
same proof), G¢(m, 2, B) is obtained from G¢(m, 2, A) by a downward translation of one row for ¢t = 2,3
or a rightward translation by one column for ¢t = 4. We also note that A; ,, and By ,, are not uniquely
determined, but depend on the order of greedy selection of nonedges vw in step 2. We call Gy(m, 2, A)
(resp. G¢(m,2,B)) a type A (resp. type B) graph, and we say the pair G;(m, 2, A), G¢(m, 2, B) are of
opposite type.

The following observation concerning step 2 of the construction is useful.

Observation 1 Let G be any intermediate graph in step 2 of the above procedure (including the fi-
nal G = G(2,A) or G = G¢(2,B)). For x € V(Dym(A)), let d(x) = degp,a)(x), and d'(zr) =
degp,.,,(4) ().

a) dega(x) > d(x) > d'(x).

b) If x is interior in Dy ,,(A), then d(x) = d'(z)

c) If a nonedge vw of G in P2 is added to G in step 2 of the construction, then either v or w is a
boundary point of Dy, (A).

Proof. Consider first part a), taking € V(D (A)). The first inequality degg(z) > d’'(z) holds since
edges are never deleted in any iteration of step 2. The second inequality holds since d'(z) does not
count any edge xy € D;(A), where y ¢ P2, though such an edge is counted in d(x).

For part b), edges of D;(A) incident to x are possibly not included in Dy, (A) due to truncation.
This happens only if z is on the boundary of Dy ,,,(A). So d(x) = d'(z) holds if z is interior in Dy ,,,(A).

Consider part ¢). By Lemma 3b we have either d(v) =t —1 or d(w) =t — 1. Applying parts a) and
b), we see that the required condition in step 2 that degg(v) < t — 1 and dege(w) < t — 1 is possible
only if at least one of v or w is a boundary point of Dy ,,(A). ]

We can now summarize some simple properties of the graphs Gy(m, 2, A) and G¢(m,2,B), 2 <t < 4.
We abbreviate Gy(m, 2, A) (resp. Gp(m,2, B)) by G¢(2, A) (resp. G¢(2, B)).

Lemma 4 The graphs Gi(2,A) and G(2,B), 2 <t < 4, have the following properties.



a) G¢(2, A) and G¢(2, B) are K1 -saturated in P2
b) Suppose v and v' are corresponding interior points in G¢(2, A) and G¢(2, B) respectively. Then at
least one of v or v’ has degree t — 1 in G¢(2, A) or G¢(2, B) respectively.

Proof. Consider part a) where we restrict ourselves to G¢(2, A) since the proof is identical for G¢(2, B).
By Lemma 3a we see that Dy, (A) contains no K, ;. Each update G < G U {vw} adds a nonedge vw
to G in P2, for which degg(v) and degg(w) are both less than ¢ — 1 in the preceding G. Hence the
updated G U {vw} contains no K, if the same is true of G. Since the initial G = Dy ,,(A) contains
no K4, it follows by induction on the number of updates that the final output G¢(2, A) contains no
K+, and hence A(G¢(2, A)) <t— 1. Further, when step 2 terminates there remain no nonedges vw of
G = G¢(2, A) with degg(v) <t —1 and degg(w) < t — 1. It follows that for every nonedge vw of the
final G = G¢(2, A) in P2, either degg(v) =t — 1 or degg(w) =t — 1. So G + vw contains a K 4, which
combined with A(G¢(2,A)) <t — 1 shows that the final G¢(2, A) is K s-saturated, as required.

Next consider part b). By Lemma 3a each of v and v’ has degree 0 or ¢t — 1 as a vertex of D;(A)
and Dy(B) respectively. If both have degree ¢ — 1, there is nothing to prove. So assume by symmetry
that degp,(a)(v) = 0. Using Observation 1 and the relation between D;(A) and D;(B) by shifting, we
see that G¢(2, B) is obtained from G¢(2, A) (apart from certain edges incident on the boundary) by
translating one row down (for ¢t = 2,3), or translating one column to the right (for t = 4). Therefore
v can be viewed as the point immediately above and in the same column as v in D;(A) for t = 2,3, or
immediately to the left and in the same row as v in D(A) for ¢ = 4. So v’ can be viewed as one of the
four points at displacement 1 from v in D¢(A). So by Lemma 3b, v' has degree t — 1 in D;(B). Since v’
is also an interior point in G¢(2, B) (because it corresponds to v), it follows that v also has degree ¢t — 1
in G¢(2, B), as required. Clearly the same argument applies with the roles of v and v" interchanged,
using a translation of one row up, or a translation of one column to the left. ]

Theorem 5 We have the following upper bounds for Sat(P2,Ki.), 2 <t < 4.
a) Sat(P2,K2) < 2m? + O(m).
b) Sat(P%,K13) < 2m? 4+ O(m).
c) Sat(P%,K14) < ¢m? 4+ O(m).

Proof. We continue with the abbreviated notation G¢(2, A) and G:(2, B).

By Lemma 4a we know that G¢(2, A) is K s-saturated in P2. The upper bounds on Sat(P2, K1 1)
then follow from upper bounds on |E(G¢(2, A))|, which we obtain as follows. The same result can be
obtained by upper bounding |E(G¢(2, B))| in the same way.

Consider first the case the case t = 4. Using Observation 1, we see that apart from roundoff
error caused by possible edges of A;,, necessarily incident on the boundary of G4(2,A), each row
of G4(2,A) can be partitioned into successive sets of 5 vertices such that 4 of these 5 vertices have
degree 3, while the fifth has degree 0, as illustrated in Figure 4. So by the degree sum formula we get
|E(G4(2,A))] < &m? + O(m). Here the O(m) term accounts for the roundoff error mentioned since
there are m rows, and each endpoint of a row has at most t —1 = O(1) edges of A; ,, incident on it since
2 <t < 4. The claimed bound for |E(G3(2, A))| follows from observing that, apart from roundoff at
the boundary, there is a partition of each row of G3(2, A) into successive sets of 3 vertices such that 2 in
each set have degree 2 while the third has degree 0 as shown in Figure 3. The bound for |E(G2(2, A))|
follows from the partition of each row of G3(2, A), again apart from roundoff at boundary points, into
successive sets of 3 vertices such that 2 in each set have degree 1 while the third has degree 0 as shown
in Figure 2. [ |

3 Upper bounds for for arbitrary ¢t and dimension r

In this section we construct K ;-saturated subgraphs of P), for ¢ > 2 and » > 3. Suppose we have
formed a graph G C P}, with A(G) <t —1 as an intermediate step in this construction. We call a
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Figure 4: Graph G4(8,2, A) realizing upper bound for Sat(PZ2, K1 4)

nonedge vw of G in P}, a low degree nonedge of G if degg(v) <t — 1 and degg(w) < t — 1. The point
here is that G 4+ vw still has degree at most ¢t — 1, so as long as G has any low degree nonedges, then
G is not yet K s-saturated. In the constructions which follow, a basic “core” graph H C P}, is formed
which is short of being K ;-saturated, after which enough low degree nonedges of H will be added to
H so that the resulting graph becomes K1 ;-saturated in Fy,.

3.1 Upper bounds for small ¢ and arbitrary dimension r > 3

Recall the K s-saturated subgraphs Gy(m,2, A) and Gy(m, 2, B), 2 < t < 4, of P2 constructed in the
section 2. In this subsection we construct K ;-saturated subgraphs of Py, 2 <t < 4 for r > 3 using
these graphs.

We will need the following notation for this section.

(1) For any subgraph G C P! and 1 < i < m we let G(i) be the subgraph of P}, induced by
{v e V(G) : v, =i}, and we called G(i) the i’th layer of G.

(2) Suppose P is a subgraph of P! for some r. For any i,1 < i < m, we let P xi be the subgraph of
Pr+linduced by the vertex set {(z1, 72, ,op,1) : (21,22, -+ ,2,) € P}. So Pxi = P.

Construction of Graphs Gi(m,r, A),Gy(m,r,B) C PI 2 <t <4,r >3

1. (Initialization with r = 2)
Start with the graphs Gy(m, 2, A), Gy(m, 2, B) C P2 (extrapolated to any m), 2 < t < 4, constructed
in section 2, and illustrated in Figures 2-4.

2. (Inductive step) Assume inductively that we have constructed subgraphs G¢(m, k, A) and G¢(m, k, B)
of P, 2 <t <4 for some k < r. Then for each i, 1 <i < m, construct subgraphs G¢(m, k + 1, A) and
Gi(m,k + 1, B) of P! by layers as follows.

2.1 Gy(m,k+1,A)(i) = G¢(m, k, A) xi for i odd, and G¢(m,k+1, A)(i) = G¢(m, k, B) xi for i even,



2.2 G¢(m,k+1,B)(i) = G¢(m, k, B) xi for i odd, and G¢(m, k+1, B)(i) = G¢(m, k, A) =i for i even.
Now define the subgraphs Hy(m, k + 1, A) and Hy(m, k + 1, B) of PF+! by

2.3 Hy(m,k+1,A) = U™ Gi(m,k +1,A)(i) and Hy(m, k+ 1, B) = U™, Gi(m, k, B)(i).
Set H = Hy(m,k +1,A) and H = H,(m,k + 1, B).

2.4 (adding low degree nonedges of H (resp. H’) in P¥*! to H (resp. H')).

While there is an edge vw € E(P¥1) — E(H) (resp. vw € E(PETY) — E(H')) with degy(v) <t—1
and degy(w) <t —1 (and the same degree conditions with H replaced by H')

H «+ H +vw, H < H' + vw.
[Comment: Please see the second paragraph following this construction for motivation for step 2.4. ]

2.5 (After the While loop in 2.4 terminates) If k+1 = r, then output G¢(m,r, A) = H,G¢(m,r, B) =

H'’ and stop.
Otherwise, k < k 4+ 1, and return to step 2.

(end of construction)
We will abbreviate the graphs G¢(m,r, A) (resp. G¢(m,r,B)) and H¢(m,r, A) (resp. H¢(m,r, B))

by Gi(r, A) (resp. G¢(r, B)) and Hy(r, A) (resp. Hy(r, B)). We illustrate the inductive construction of
Gi¢(m,r, A) in Figure 5.

A 4|
| L |
G4, 4) G4, B)
Gi(57A) Gt(57B)
m
’ | J m
G4, A)
| | |
‘ — et sssssssssssssssssssssseses s D et sn s e s L_ G B)

Gi(67 A)

Figure 5: Inductive construction of G¢(m,r, A)

We motivate here step 2.4 of the preceding construction. There are instances of nonedges vw of
Hi(r+1,A)in P}, where both v and w have degree less than t—1 in H;(r+1, A) (and the same instances
of nonedges in Hy(r+1, B)). Even if A(Hy(r+1,A)) <t—1, so that H¢(r+1, A) contains no K 4, still
such an Hy(r + 1, A) is not K s-saturated, since Hy(r + 1, A) + vw contains no Kj¢. Step 2.4 greedily
adds to Hy(r + 1, A) enough such nonedges vw so that the resulting final graph G;(r + 1, A) = H, has
no such low degree nonedges remaining. This graph is finally our K ;-saturated construction.

We begin with a basic observation.

Observation 2 A(Gy(r,A)) <t—1 and A(Gy(r,B)) <t—1 for2<t<4 andr > 2.



Proof. 'We prove the claim just for G¢(r, A), since the proof for G¢(r, B) is the same.

We proceed by induction on r. For the base case r = 2, we know by Lemma 4a that G¢(2, A) is
K s-saturated, so has maximum degree at most ¢ — 1.

For the inductive step assume the statement true for some r > 2 for both G¢(r, A) and G(r, B),
and we prove it for G¢(r + 1, A), again the proof for G¢(r + 1, B) being similar and thus omitted. By
construction step 2.1 we have Gy(r + 1, A)(i) = Gi(r, A) x i =2 G¢(r, A) for i odd and G¢(r + 1, A)(i) =
Gi(r,B) i = Gy(r,B) for i even. By the inductive hypothesis we know that the maximum degree
in Gy(r,A) and in Gi(r,B) is at most ¢t — 1, so it follows that A(Gi(r +1,A4)(i)) < ¢t — 1. From
step 2.3 we see that Hy(r + 1, A) is a disjoint union of subgraphs G¢(r + 1, A)(i), so we still have
A(Hi(r+1,A)) <t—1. Finally consider the action of step 2.4 on H;(r+ 1, A). Rewriting the iterative
step as Ha < H; 4+ vw, we see edge vw is added to H; (to obtain Hj) only when degp, (v) <t —1 and
degm, (w) <t—1. So if A(Hy) <t—1, then A(Hz) <t—1. Thus by induction on the number of steps
in the While loop, the graph H resulting at the end of the While loop in 2.4 satisfies A(H) <t — 1.
Step 2.5, which sets Gi(r + 1, A) to this H, then yields A(G¢(r, A)) <t — 1, as required. ]

Toward showing that G¢(r, A) is K ¢-saturated, we need notation for certain 2-dimensional subgrids
of P/. Let q = (as,aq,- -+ ,a,) be a vector of r — 2 fixed integers with 1 < a; < m for 3 <i < 7.
We let P(?,r) be set of all vertices of P, having coordinates with length r — 2 suffix @. That is,
we have P(d,r) = {(x1,29,a3,a4,- ,a,) : 1 < x1,29 < m}, and we call P(@,r) a 2—face of P’
Now we let P;(@,r,A) (resp. Pi(d,r,B)) be the subgraph of Gi(r, A) (resp. Gi(r, B)) induced by
P(d,r). We will refer to either of the subgraphs P,(@,r, A) and P,(d,r, B) generically (as @ varies)
as a 2—face of Gy(r, A) or 2—face of Gy(r, B) respectively. A 2-face of either Gi(r, A) or Gy(r, B) is
called type A (resp. type B) if it is isomorphic to G¢(2, A) (resp. Gi(r, B)).

For a vertex v € P!, say with coordinates v = (v, v2,vs, -+ ,v,), we let P, be the unique 2-face
of P! containing v. That is, we have V(P,) = {(x1,z2,v3, - ,v,) : 1 < 1,29 < m}. Notice that if

vv' € E(P}) is an edge of dimension k > 3, then v and v’ are corresponding vertices in their respective
2-faces P, and P,; that is, they have the same first two coordinates in these 2-faces and differ only
in the k’th coordinate. We will say that a pair of 2-faces P(ﬁ,r) and P(?,r) are neighboring if
> g lai — bi| = 1. We call such a neighboring pair of 2-faces successive if |a, — b.| = 1, so in that case
a;="b;for 3 <i<r—1.

The Lemma which follows collects certain properties of Gy(r, A) and G¢(r, B), including relations
between their various 2-faces.

Lemma 6 The graphs Gi(r, A) and Gy(r,B), 2 <t <4 and r > 3, have the following properties.

a) Let P = P(d,r) be a 2-face of P}, and for 3 <j <r let f;(P) =1+ 23:3 a;. Then Py(d,r, A) =
G¢(2,A) or Pt(ﬁ,r, A) = G4(2,B), and the same statement holds for Pt(E),r, B). In particular, we
have the following.

al) If f-(P) is even, then P,(d,r, A) = Gy(2,A) and P,(d,r,B) = G¢(2,B). That is, P,(d,r, A)
is type A and Pt(E},r,B) is type B.

a2) If f.(P) is odd, then P,(d,r,A) = G¢(2,B) and P;(d,r,B) = G4(2,A). That is, P,(d,r, A)
is type B and Pt(ﬁ,r, B) is type A.
b) Let P = P(d,r) and P' = P(?, 1) be neighboring 2-faces of PT,. Then the pair {P,(d ,r, A), Pt’(?, r,A)}
are of opposite type, and the pair {Pt(ﬁ,r, B),P/(b,r,B)} are of opposite type.
¢) E(Gi(r,A)) and E(Gi(r,B)) contain no k-dimensional edges vv’ for k > 3, where v and v' are
interior points in their respective 2-faces P, and Py . It follows that for any any k-dimensional edge vv’
of E(Gy(r,A)) or E(Gy(r,B)), v and v' are corresponding boundary points of P, and Py respectively.
d) Let vv' € E(P]) — E(Gi(r,A)) be a nonedge of G¢(r, A) in P!,.. Then at least one of v or v' has
degree t — 1 in G(r, A). The same statement holds for Gi(r, B).

Proof.  Throughout the proof we will abbreviate P,(d@,r, A) (resp. P,(d,r,B)) by Pi(r, A) (resp.
P,(r, B)) since @ is used generically throughout.
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Consider first part a), where it suffices to prove al and a2. We proceed by induction on r > 3,
starting with the base r = 3. Consider first P;(3, A), and suppose first that f3(P) = ag + 3 is even.
Then a3 is odd, so by step 2.1 in the construction of G¢(r, A) and G¢(r, B), we have G¢(3, A)(a3) =
G(2,A) x a3 = G¢(2, A). Since the @ vector for P is the singleton @ = ag, we see that P,(3, A) is the
a3’th layer of G¢(3, A). Therefore we have P;(3, A) = G¢(3, A)(a3) = G¢(2, A), as required in al. Now
consider a2 for P;(3, A) where we assume f3(P) = a3z + 3 is odd. Then ag is even, so by step 2.1 in the
construction Gy¢(3, A)(a3) = G¢(2, B) * a3 = G4(2, B). Again, the @ vector for P being the singleton
d = a3, we get Py(3,A) = G4(3, A)(a3) = G4(2, B), as required in a2. The argument for proving the
claims in al and a2 about P;(3, B) are very similar, so we omit them. This completes the base r = 3
of the induction.

Now suppose claims al and a2 are true for r, and we prove al and a2 for » + 1. An arbitrary
2-face of P'! can be written as P * a,;1, where P C P/ is an arbitrary 2-face assumed in a),
and a,,1 is any integer satisfying 1 < a,;1 < m. We abbreviate this 2-face by P™ = P * a,41, so
V(PT) = {(z1,72,a3,a4, - ,a,41) : 1 < 21,29 < m,a; fixed, 3 <i<r+1,1 <a; <m}. In what
follows, recall that by definition P;"(r + 1, A) (vesp. P;"(r + 1, B)) is the subgraph Gy(r + 1, A) (resp.
Gi(r + 1, B)) induced by V(P1), and that P(r, A) is the subgraph of Gy(r, A) induced by V(P). In
the inductive step for r + 1, when proving al for example, we will show that if f,1(P7") is even,
then P (r 4+ 1,A4) = Gy(2,A4) and P, (r + 1,B) = G4(2, B). We consider the four cases defined by
the independent parities of f.11(P") and f.(P). We outline below the argument for a1l and a2 when
fre1(PT) is even, for both of the cases f,.(P) even and odd. The argument for al and a2 when f,.1(P%)
is odd is very similar, so we omit it.

So assume that f,,1(P%) is even. We first prove al for P, (r + 1, A). Assume f.(P) is even. So
fra1(PT) — fr(P) = 1+ a,41 is even, and hence a,;1 is odd. Then by step 2.1 of the construction we
have Gy(r + 1, A)(a,11) = Gy(r, A) * a, 1. Therefore we have P, (r+1, A) = Py(r, A) x a,1 = Py(r, A).
Now since f,.(P) is even we can apply al by induction on r to get Py(r, A) = G4(2, A). It follows that
Pr(r+1,A) = Gy(2,A) as required in al.

Now we prove al for P, (r+ 1, B), still with f..1(P*) and f,(P) both even. As above we still have
ar4+1 odd, so by construction step 2.2 we have G(r + 1, B)(ay4+1) = G¢(r, B) * ay41. Therefore we have
Pf(r+1,B) = Py(r,B) * a,11 = Pi(r, B). Since f.(P) is even, applying al by induction on r gives
Pi(r, B) = G4(2, B). Thus P (r + 1, B) & G4(2, B), as required in al.

Continuing with f,;1(P") even, assume now f,.(P) is odd. Since f,1(P7") even, to prove al we
must still show that P, (r+1, A) = G¢(2, A) and P, (r +1, B) = G4(2, B). Consider first P (r+1, A).
Here we have f,41(P%) — f-(P) = 1+ ay41 is odd, so a,41 is even. By construction step 2.1 we
have Gi(r + 1, A)(a,+1) = Gy(r, B) * a,1. Therefore P;"(r + 1, A) = P,(r, B) * a,+1 = Py(r, B). Now
using f,.(P) being odd, so that the inductive assumption for a2 applies, we have P(r, B) = G(2, A).
Therefore P;M(r +1, A) = G¢(2, A), as required in al. Next we consider P;" (7 + 1, B). Then using a, 11
even we get from construction step 2.2 that Gy(r + 1, B)(a,+) = Gy(r, A) * a,11. Thus P, (r + 1, B) =
P(r,A)*xar41 = Pi(r, A). Since f,(P) is odd, applying a2 by induction gives P;(r, A) = G¢(2, B). Thus
P (r+1,B) 2 G4(2, B), as required in al.

Next we consider the proof of a2, where we assume f,.1(P%) is odd. Because of the similarity with
the arguments given in case al, we will consider only the subcase f,.(P) even since the case f.(P) odd
is argued in a similar way. Here we also restrict ourselves to proving only P (r + 1, B) = Gy(2, A),
omitting the proof of P, (r + 1, A) = G4(2, B), again because of the similarity with the case we do
argue and with the arguments for al. Here we have f,41(P") — f.(P) = 1+ a,11 is odd, so a,4+1
is even. Now Gy(r + 1, B)(ar+) = Gi(r, A) x a,4+1 by construction step 2.2 since a,41 is even. So
PY(r+1,B) = Py(r,A) * ar41 = Py(r, A). Since f.(P) is even, applying al by induction on r gives
Pi(r, A) = G4(2,A), so P (r + 1, B) = G4(2, A), as required in a2.

This completes the proof of a), and we now consider part b).

The assumption in b) implies that |f.(P) — f.(P")| = 1. Thus f.(P) and f.(P’) are of opposite
parity. Part b) then follows from part a).

Consider now part c), where we prove the statement for G¢(r, A), the proof for Gy(r, B) being
essentially the same. Assume the contrary and let vv' € E(Gy(r, A)) be of dimension k& > 3, with
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v and v’ being interior points in P, and P, respectively. Then P, and P, must be distinct, with v
and v corresponding points in P, and P, respectively. Therefore v and v’ disagree in exactly one
of their final 7 — 2 coordinates. So P, and P, are neighboring 2-faces in P,. Set Q = (P,)(r, A)
and ' = (Py)¢(r,A). Then by part b), @ and Q' are of opposite type. So by Lemma 4b, either
degg(v) =t —1 or degg (v') =t — 1, say degg(v) =t — 1. But vv’ ¢ E(Q) since vv’ is of dimension
k > 3. Therefore degg,(r 4)(v) > 1+ degg(v) = t, a contradiction to Observation 2.

Consider now part d), where we give the proof just for G¢(2, A) since the one for G¢(2, B) is essentially
the same. Again we work with P, and P/, the 2-faces of P}, containing v and v’ respectively, and we
continue with the notation @ = (P,)¢(r, A) and Q' = (Py)¢ (r A). By part a) we know that @ and @’
are each either G4(2, A) or G¢(2, B). If P, = Py, then Q = @', so since G(2, A) and G4(2, B) are each
K s-saturated by Lemma 4a, statement d) follows.

So suppose P, # Py, and assume to the contrary that d) is false. By Observation 2 we have
A(Gy(r,A)) <t —1. So by the contrary assumption we have degg,(r,4)(v) <t —1 and degg,( 4)(v') <
t—1. But by steps 2.4 and 2.5, there should be no such nonedge vv’ since the While loop was completed
in the construction of of Gy(r, A). ]

Corollary 7 Gi(r, A) and G(r, B) are K 4-saturated for 2 <t <4 and r > 3.

Proof. By Observation 2 we know that Gy(r, A) contains no K, subgraph. Now take any nonedge e
of G¢(r,A) in P/,. By Lemma 6d at least one of the ends of e has degree t — 1 in G¢(r, A). Therefore
Gy(r, A) + e contains a K ;. The same conclusion holds for G(r, B). ]

We can now give our upper bounds for Sat(F;,, Ki4),2 <t < 4.

Theorem 8 We have the followmg upper bounds for Sat(Py,, K1) forr>2 and t € {2,3,4}.
(a) Sat(P!, K19) < 3 sm” 4+ O0(m"1).
(b) Sat(Py,, Ki3) < 3mr+0(m7"*1).
(c) Sat(Ph, Ki4) < 8m" 4+ O(m™1).

Proof. By Corollary 7 we know that G¢(r, A) and G¢(r, B) are each K ;-saturated for 2 < ¢ < 4 and
any r > 2. So we have Sat(P),, K1) < |E(G¢(r, A))| (and the same for G(r, B)). It remains to upper
bound |E(G¢(r,A))| and |E(G¢(r, B))| to obtain the claims (a) — (¢). We restrict ourselves to upper
bounding just |E(G¢(r, A))| as the bound for |E(G¢(r, B))| is identical.

By Lemma 6a,c we know that every edge of e of G¢(r, A) falls into one of two types:
(1) e belongs to some 2-face Py(r, A) = G¢(2, A) or G¢(2, B), or
(2) e = v, where v and v’ are corresponding boundary points in their respective 2-faces P, and P,.

The contribution to |E(G¢(r, A))| from type (1) edges is Y |E(P)|, where the sum is over all 2-
faces P = Py(r, A) of Gy(r, A). There are m"~2 terms in this sum, each of size |E(G¢(2, A))|. Upper
bounds for the latter values are given in Theorem 5 implicitly, since the bounds in that theorem are
bounds on |E(G¢(2,A))|. Applying these bounds we find that |E “2(3m% + O(m)) =
im" 4+ O(m™ 1Y) for t = 2, and Y |E(P)| = m"2(3m? + O(m)) = 3m —|—O( "=1) for t = 3, and
Z |E(P)| =m™2(2m? + O(m)) = Em" + O(m"?) for t = 4.

Next consider the contribution to |E(G(r, A))| from type (2) edges. Since Gy(r, A) is K s-saturated
by Lemma 6d, it follows that each vertex v of any 2-face P has degree at most t —1 = O(1) in G¢(r, A),
since 2 < ¢t < 4. So this holds in particular for any boundary vertex v of P. There are O(m) boundary
vertices in each such P, and again m"~2 many 2-faces. Hence the contribution to |E(Gy(r, A))| from
type (2) edges is O(m"~1), independent of .

Finally summing the contributions from (1) and (2) for each given ¢ we obtain the Lemma. ]
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3.2 Upper bounds for t > 5 and arbitrary dimension r > 3

In this section we add edges to our constructions of the previous section to obtain upper bounds for
Sat(P},, K1) when t is large. For this we begin by constructing K ;-saturated subgraphs X;(r) (resp
Yi(r)) of P, for ¢t even (resp. ¢ odd). For t = 3,4 we use the graphs G¢(m,r, A) of the previous
subsection 3.1, and will abbreviate these graphs by G¢(r). We could just as well have used G¢(m,r, B),
but we fix ideas using the A versions. When H is a subgraph of G, we return to the notation G[H| for
the graph induced in G by the set of edges E(G) — E(H), so |E(G[H])| = |E(G)| — |E(H)|.

We begin with t even, say t = 2s. To construct a K7 ;-saturated subgraph of PJ,, we start with the
cartesian product Hy = G4(r — s + 2) X an_z. Thus Hys C P}, and H; is obtained from G4(r — s + 2)
by replacing each vertex x € G4(r — s +2) by a copy of P52 which we label P(x), and each edge xy €
G4(r—s+2) by a matching M,, joining each point u € P(x) to its corresponding point v’ in P(y). As a
subgraph of P}, we view V(P(z)) as the set of points in P}, whose length r — s+ 2 suffix is the address
of # in G4(r—s+2), and whose length s — 2 prefix is the address of z in P52, We then have the disjoint
unions V(P;L) = Ux€G4(r—s+2)V(P(x>)v and E(HS) = (UxeG’4(r—s+2)E(P(m))) U (nyeE(G4(r—s+2) Mry)'

We will see that H, is “almost” K ;-saturated, in the sense that A(H,) < 2s — 1, and that most
vertices have degree 2s — 1 exactly. Still Hy fails to be K ;-saturated, since it has nonedges vw €
E(P![Hy)) for which degp, (v) < 2s—1 and degy,(w) < 2s—1. Again, we greedily add such low degree
nonedges to Hy until none remain, and we denote by B;(r) the set of these added nonedges. Then we
let X;(r) = Hs U By(r) be our construction of a K s-saturated subgraph of P},.

The construction just outlined can be formalized as follows.

Construction of K ;-saturated Graphs X;(r) C P},,5 <t < 2r with t = 2s even.
1. Form the graph Hy = G4(r — s +2) x P52,
2. (greedily adding low degree nonedges of Hy in P, to Hy)

a) Initialize with H' = Hy, By(r) =0, and
B = {vw € E(P![Hy]) : degn,(v) < 2s — 1 and degpy, (w) < 2s — 1}.

b) While there is a nonedge vw € B of H' in P!, such that degy:(v) < 2s—1 and degy/ (w) < 2s—1
bl) Bi(r) < B(r) U {e}
b2) H' «+ H' U{e}
b3) B + B —vw

3. On completion of the while loop in step 2b, return B;(r) and X¢(r) = H' = Hz U By(r).

(end of construction of X;(r)).

We illustrate in Figure 6 the cartesian product Hs = Ga(r — s + 2) x P52 the first step in
constructing X;(r). The figure shows a pair of levels in Hs which correspond to a pair of neighboring
2-faces of G4(r — s + 2), with points blown up to cubes P32 representing various P(z)’s and edges
zy blown up to matchings M,, joining corresponding points in the copies P(z) and P(y) of P52
These M, are represented by either solid or dashed double lines, a distinction that will be explained
below. One of the neighboring 2-faces (on top) is a blown up copy of G4(2, A), as illustrated in Figure
4 (when m = 8), and the neighboring 2-face (below) is a copy of G4(2, B), in accordance with Lemma
6b. The solid double lines within each level in Figure 6 are matchings M, that correspond to edges
xy € G4(2, A) or G4(2, B) that are solid in Figure 4. These edges zy come from the tesselation Dy ,,(A)
at which G4(2, A) is initialized in its construction in section 2. The dashed double lines within each
level of Figure 6 are matchings M,, corresponding to dotted edges xy in Figure 4. These edges are low
degree nonedges in P2, of the current G that are added to G4(2, A) (or G4(2, B)) during step 2 of the
construction of G4(2, A). Also there are dashed double lines in Figure 6 joining joining the two levels,
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in this case joining corresponding cubes at the four corners of the two levels. These are matchings M,
corresponding to low degree nonedges xy added in step 2.4 in the inductive construction of G4(r —s+2)
in section 3.1.

Finally we mention that the final graph X;(r) = Hs; U B.(r) contains edges vw € B;(r) that are not
illustrated in Figure 6. These are added nonedges vw of Hy in P} lying on the boundaries of their
respective cubes P(v) and P(w), as described in the upcoming Corollary 10.

Cubes are copies of

=Matching

- -Matching joining !
low degree cubes

Figure 6: A portion of the graph Hs = G4(r — s + 2) x P32 toward building X;(r)

We now analyze X(r), leading to a proof that X(r) is K -saturated. The next Lemma and the
Corollary following will give us the tool for upper bounding |B;(r)|, where we recall from step 2 of the
construction of X (r) that B;(r) is the subset of the low degree nonedges of H in P}, that were added
greedily to Hy such that X(r) = Hs U By(r).

Lemma 9 Set G' = Ga(r —s+2), and let C = {v € V(G') : deger(v) = 3}. Also let B(C) = {v €
V(Hs) :v € 0(P(x)),x € C} and t = 2s.

(a) A(X.(r)) < 2s — 1. Further this upper bound is realized at those vertices v which are internal to
the P(x) to which they belong with x € C .

(b) C is a vertex cover of the set Pl,-52[G"] of nonedeges of G' in PI—5T2.

(c) UzecV (P(x)) is a vertex cover of Pl [Hs].

Proof. Consider first (a). It suffices to show that A(Hs) < 2s — 1. This is because by step 2 of the
construction of X;(r), any edge vw in E(X(r))—E(H;) is added to the current H' (which was initialized
as Hy) only when degy:(v) < 2s—1 and degp/(w) < 2s—1. So A(H'U{e}) <2s—1if A(H') <2s—1,
and hence by induction on the number of steps in the while loop we get A(Xy(r)) < 2s — 1.

Toward showing A(H,) < 2s— 1, take any v € V(H,), say with v € P(z) for some x € V(G’). Then
degp(z)(v) < A(P(x)) = 25s—4. Thus degy, (v) < 25s—4+3 = 251, since v has at most 3 neighbors in
Hg coming from the 3 matchings M,,,, where the y; are the at most 3 neighbors of  in G4(r — s + 2).
So we have A(H;) < 2s — 1, and therefore by our reduction A(X(r)) < 2s — 1 as desired.

Note also that this upper bound is achieved at vertices v, say with v € P(z), satisfying degp(,)(v) =
2s — 4, and there are three edges in H; incident on v coming from matchings M,,. So v is an internal
vertex in P(z) and = € C, thus proving the second statement in part (a).
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For (b), first recall that G’ is Kj 4-saturated in P! ~5*2 by Corollary 7. Therefore any nonedge in
Pr=s+2[(] must be incident on on some vertex z € C, as required.

For (c), we have by step 1 of the construction of X;(r) that V(Hs) = UzeqV(P(z)). Also every
edge zy of G’ becomes a matching M,, in Hy joining corresponding points in P(z) and P(y). So take
any nonedge vw € P! [Hy|, say with v € P(y) and w € P(x). Then xy must be nonedge of G’ in
Pr=s+2_ So one of x,y, say z, belongs to C by part (b). Hence vw is incident on P(z), = € C, as
required. [ |

We can now locate the set By(r) of nonedges Hy in P}, for which X; = Hs U By(r).

Corollary 10 Take any vw € By(r), say with v € P(z) and w € P(y). Then at least one of x or y is
inC, and v € OP(z) and w € OP(y).

Proof. By definition we have Bi(r) C P}, [Hs], and take any vw € Bi(r). By Lemma 9c at least one
of z,y is in C, so arbitrarily take x € C. If v is internal to P(z), then degy, (v) = 2s — 1, so vw is not
a low degree nonedge of H,, contrary to the assumption vw € By(r). Therefore v € dP(x), and since
w corresponds to v in P(y), we also have w € P (y). ]

The purpose of step 2 of the X;(r) construction is to find a set of edges B(r) C B (with B defined
in step 2a in constructing Xy(r)) such that in the final graph X;(r) = Hs U By(r) there exist no low
degree nonedges vw € P}, [H']; that is, nonedges vw with degg (v) < 2s— 1 and deggs (w) < 2s—1. We
build By(r) greedily, maintaining the maximum degree condition A(H') < 2s — 1 for each intermediate
subgraph H' along the way; that is, where H' = Hg U By(r), and where By(r) is the set of edges that
has been added to Hy so far. The final graph X;(r) will be K ;—saturated in P}, as the next Lemma
shows.

Lemma 11 The graph Xi(r) is K ¢-saturated in P), for t = 2s even.

Proof. By Lemma 9a we have A(X(r)) < 2s — 1, so X(r) contains no K; ;. Now take any e = vw €
E(P!)— E(X(r)). Since the while loop in step 2b was completed, it must be that at least one of v or
w of e, say v, satisfies degx,(r)(v) = 25 — 1. Thus X;(r) + e contains a K1 ;. So X;(r) is K ¢-saturated.
|

Now suppose ¢t = 2s — 1 is odd, and we construct in a similar way a K ;-saturated subgraph Y;(r)
of P! . The difference is in the first step, where we use G3(r — s + 2) instead of G4(r — s + 2) in the
cartesian product. That is, we let Ly = G3(r — s +2) x P52, Note that L is analogous to Hy for the
case t even, and Lg obtained from G3(r — s 4+ 2) by replacing each vertex = € G3(r — s 4+ 2) by a copy
of P52 which we continue to label P(x), and each edge zy € G3(r — s+ 2) by a matching M,, joining
each point u € P(x) to its corresponding point «’ in P(y). As a subgraph of P/, we view V(P(x)) as
the set of points in P}, whose length r — s+ 2 suffix is the address of x in G3(r —s+2), and whose length
s — 2 prefix varies over all points in P35 2. We then have the union V(P},) = Uzeqy(r—si2)V (P(2)),
and E(LS) = (UmeGg(r—s+2) E(P(ZL‘))) U (nyEE(G’g(r—s—i-Q) Mxy)-

For completeness, we describe the construction of Y;(r) explicitly, though the similarity with the
construction of X;(r) is obvious.

Construction of K ;-saturated Graphs Y;(r) C P;,,5 <t < 2r with t = 2s — 1 odd.
1. Form the graph Ly = G3(r — s + 2) x P572,
2. (greedily adding nonedges of Ls in P} to L)

a) Initialize with L' = Ly, Cy(r) = 0, and
C = {vw € E(P"[Ls)) : degr,(v) < 25 — 2 and degy,, (w) < 2s — 2}.

b) While there is a nonedge vw € C such that degr/ (v) < 2s — 2 and degp/(w) < 2s — 2
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bl) Cy(r) < Cy(r) U{e}
b2) L' + L' U{e}
b3) C + C —vw

3. On completion of the while loop in step 2b, Return Cy(r) and Yy (r) = L' = Ly U Cy(r).

(end of construction of Y;(r)).

We now analyze Y;(r) along lines of the analysis of X;(r). Set Gs = G3(m,r — s + 2).

The proof that A(Y;(r)) < 2s — 2 is reducible to showing that A(Ls) < 2s — 2, again since step 2
only adds edges vw of E(P),) — E(Ls) to the current L’ when degy/(v) < 2s —2 and degp/(w) < 2s —2.

So consider A(L;). Take a vertex v € Lg, say with v € P(x) for some z € V(G3). If v is interior to
P(z), then degp(y)(v) = 2s — 4, so degr, (v) = 2s — 4 + 2 = 2s — 2, where the additive 2 comes from
two matchings M,,,, where the y; are the at most 2 neighbors of z in G3. If v is a boundary point of
P(x), then degp(y)(v) < 255, leading to degyr, (v) < 2s—2 by the same reasoning using the matchings
Myy,. So we get A(Yy(r)) <2s—2.

Again, the purpose of step 2 of the Y;(r) construction is to find a set of nonedges C;(r) C C such
that in the graph L' = L, U Cy(r) there exist no nonedges vw € P7,[L'] with deg/(v) < 2s — 2 and
degr(w) < 2s—2. The paragraph above shows that such a pair v, w would be corresponding boundary
points in their respective P(x)’s; that is, v € OP(z) and w € 0P(y) with zy € E(G3) We then let
Yi(r) = L, and it will follow that Y;(r) is Kj;—saturated. We build Cy(r) greedily, maintaining the
maximum degree condition A(L") < 2s — 2 for each intermediate subgraph L’ along the way; that is,
where L' = H; U Cy(r), and where C¢(r) is the set of edges that have been added to L so far.

Lemma 12 The graph Yi(r) is K ¢-saturated in Py, fort =2s —1 odd.

Proof. We have already shown that A(Y;(r)) < 2s — 2 in the discussion preceding this Lemma. Now
take any e = vw € E(P),)—E(Y;(r)), and consider L' = Y;(r) when the algorithm stops. Since the while
loop in step 2b was completed, it must be that at least one of v or w, say v, satisfies degy, (v) =2s—2.
Thus Y;(r) + e contains a Kj 25_1. So Yy(r) is K 2s—1-saturated. [}

The graphs X;(r) and Y;.(r) now yield the upper bounds for Sat(F;,, K1) in the following theorem.

Theorem 13 Lett > 5. As m grows, we have the following.

a) Fort even, Sat(Ph, K1) <m"(t —2)+m" 1 (35(1+ 0(1))).

b) Fort odd, Sat(Ph,, K1) <m"(5—2)+m"1(E(140(1))).

Proof.  Suppose first that ¢ is even, say with ¢t = 2s. By Lemma 11 we know that X;(r) is K-
saturated. Thus Sat(P,, K1+) < |E(X¢(r))|, so we now focus on upper bounding |E(X¢(r))|.

We have |E(Xy(r))| = |E(Hs)| + |Bi(r)|. Consider first |[E(Hs)|, and set G4 = G4(m,r — s+ 2). By
construction of X;(r), every edge of H, belongs either to some P(z) & P52 x € V(Gy), or to some
matching M,,, xy € E(G4). We now estimate the contribution to |E(H)| coming from each of these
two categories of edges separately.

Now Hy contains |V (G4)| = m" 52 copies of P52 (the P(x)’s), each having (s — 2)m*™2 — (s —
2)m*=3 edges. So the number of edges contained in Uyeq, P(x) is then (s — 2)m" — (s — 2)m" L.
Next we estimate the number of edges in all matchings M,,, vy € E(G4). By Theorem 8c, G4 has
ng_SJrQ + O(m"~**1) edges, each of which gets blown up in Hy to a matching My, of size m*~2. So
there are (3m" =72 + O(m"=*1))m*=2 = &m" + O(m" 1) edges in UzyeE(Gy)May. Therefore adding
the contribution to |E(H,)| from these two kinds of edges we get |E(H,)| = (s—3)m"—(s+O(1))m" 1.

Next consider |Bi(r)|. Recall from Lemma 9 the notation C = {v € V(Gy) : degg,(v) = 3}. By
Lemma 9c we know that U,ecV (P(z)) is a vertex cover of P7.[H]. Also by Corollary 10, if vw € By(r),

say with v € P(x) and w € P(y), then either € C or y € C, while v € 9P(z) and w € OP(y). So for
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r € C, let B(P(x)) be the number of edges in By(r) incident on dP(z), and let Ey = ) . B(P(z)).
Then by the preceding discussion we have generously |B;(r)| < Ej.

To estimate Fq, we have just recalled that any e counted in £ must be incident on some vertex v
satisfying v € OP(z) with x € C. Such a v satisfies degp(,)(v) = 25 —4—j for some 1 < j < s—2. Since
dega,(x) = 3, we have degp, (v) = 2s — 1 — j because of the three matching edges incident on v coming
from M,,,, where y; are the 3 neighbors of z in G4. Since A(Xy(r)) < 2s—1, we have that v is incident
on at most j edges counted in Ej (in fact counted in B(P(x))). Also since degp(y)(v) = 25 —4 — j
and A(PS72) = 25 — 4, among the first s — 2 coordinates of v as a point of P52, there are j“extreme”
coordinate values; that is, values that are 1 or m.

We can then count the number of such v, and from this obtain our upper bound on F;. The number
j of coordinates of v which are extreme, taken from among the s — 2 coordinates determining P(z),
can be selected in (552) ways. Each such coordinate has two possible values (1 or m), so there are 27

possible sets of values in these j extreme coordinate positions. There are also (m — 2)*~27J possible
values in the remaining s — 2 — j coordinate positions having nonextreme values for such a v. Thus
there are 27 (5;2) (m — 2)5277 vertices v € P(x) with degp(,)(v) =25 —4 —j for any 1 < j < s —2in
a given P(z), z € C. Hence we have

9 e o _ _9 N
B(P(.CC)) < Z;:l 27 (sj?) (m . 2)5 2 j] _ (m _ 2)3 2 23?:1 (%)](83‘2)] —. g(s,m).

and |E1] < [Clg(s,m). A

To evaluate g(s,m), start with the identity (1 + z)¥ — 1 = Z?Zl (];)3:] Differentiating and then
multiplying by = we get kx(1 4 z)F1 = Z?:l (l;):cjj Setting x = % and k£ = s — 2, we obtain

— | /15— . 2(s—2 -3
Zj:% (m2—2)j(sj2)] = 7(n5—2) (1 + m2—2)5 ; and so

g(s,m) = (m —2)32(s — 2)(1 + %)8_3 =2(s — 2)m*73.

Next we claim that |C| = (% + 0(1))m" =572 as m grows. For this, let Cp be the restriction of C to
any 2-face P = Py(r — s+ 2, A) of G4(r — s+ 2). Such a P is just a copy of G4(2, A) or G4(2, B) by
Lemma 6a. On examining G4(2, A) (or similarly G4(2, B)) in Figure 4 we see that, possibly apart from
vertices on the boundary or adjacent to the boundary of P, every row of P can be partitioned into
successive groups of 5 vertices, 4 of which have degree 3 in G4(2, A) (or B) and hence by construction
in G4(r — s +2). These degree 3 vertices belong to Cp, so [Cp| = m? + O(m) = (3 + o(1))m?. Since
V(G4(r — s +2)) is a disjoint union of m”~* many such 2-faces P of G4(r — s + 2), it follows that
ICl = (% + o(1))m"*%2 as m grows. So finally we obtain

|Bi(r)| < E1 < [Clg(s,m) < (5 +o(1))(s = 2)m"".

Combining our estimates for |E(H,)| and |B:(r)|, we get Sat(P),, K1) < |E(X¢(r)|
— B(H)| + |By(r)| < m" (s — £) — m" (s + O(1)) + (£ + o(1)) (5 — 2)m" 1
=m"(s—2)+m" 1 (2s(140(1))). Substituting ¢t = 2s, we get

Sat(Pr, Kyz) <m"(£ —2)+m" 1 (35(1+ o(1))), as required.

Consider next part b), where t = 25 — 1 is odd. By Lemma 12 we know that Y;(r) is K s-saturated.
So it remains only to estimate |E(Y:(r))|, which serves as the required upper bound in part b). The
analysis is very similar to that just given for |E(X,(r))|, so we just outline it here omitting some details.

We have |E(Y;(r))| = |E(Ls)| + |Ci(r)|. To estimate |E(Ls)|, note that Ly contains m" =52 copies
of P52 (the P(z)’s), each having (s — 2)m*~2 — (s — 2)m* ™3 edges. By the construction in Theorem
8b, G3 = G3(m,r — s + 2) has 2m" 72 + O(m"~**1!) edges, each of which gets blown up in L, to a
matching My, of size m*~2 joining two such P(z)'s. So we get
‘E(LS)’ — (%mrfs+2 4 O(mrfs+1))msf2 4 ((S _ 2)m572 _ (S _ 2)m373>mrfs+2
=(s—3)m" — (s +O0(1))m" L.

Next we estimate |Cy(r)|. We let C(P(x)) be the number of edges of Cy(r) incident on P(z), and
thus on dP(x). Since G3 is K s-saturated in P}, *2, the set D = {v € V(G3) : degg,(v) = 2} is
a vertex cover of PI=5T2[G3]. Therefore by our construction of L, the set Xp = UzepV (P(7)) is a
vertex cover of PJ,[Ls]. So |Cy(r)| < 3 cp C(P(x)).
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To estimate C'(P(x)), consider v € OP(z). We have degp(,)(v) = 25 — 4 — j, so then degy, (v) =
2s — 2 — j because degg,(x) = 2. Since A(Yy(r)) < 2s — 2 such a v is incident on at most j edges of
Cy(r). As in the analysis of part a), we then have C(P(x)) < g(s,m) = 2(s — 2)m*~3 for any = € D.

By an argument similar to that given for the estimate of C, we get [D| = (3 + o(1))m" =52, so
[Ce(r)] < (3 +0(1))m" = 2g(s,m) = (5 + o(1))(s — 2)m" .
Altogether then for t = 2s — 1 we have Sat(P},, K1+) < |E(Y:(r))| = |E(Ls)| + |Ce(r)]
< (s—3)m" — (s+O(L)m "t + (3 +o(1))(s — 2)m"
=(s—3)m" + (5(1+0(1)))m"~1. Substituting s = 1, we obtain
Sat(Ph, K1) <m"( —2)+m" 1 (L(1+ 0(1))). n

4 Lower bounds for ¢t > 2 and arbitrary dimension r

4.1 The case t =2

A simple lower bound for Sat(H, K;+) for an arbitrary host graph H, mentioned also in [19], is the
following. Let ax(H) be the maximum size of a subset S C V(H) which induces a subgraph of H of
maximum degree at most k.

Lemma 14 Let n = |V(H)|. Then Sat(H,Ki;) > 3(t — 1)(n — ay—2(H)).

Proof. Let G be a K -saturated subgraph of H, and let A be the set of vertices in G of degree
at most t — 2 in G. We have degg(r) = t — 1 for every vertex v € V(H) — A. There can be no
edge e € E(H) — E(G) both of whose ends lie in A, since then G + e would contain no Kj;, and
hence G would not be Kj;-saturated. Therefore [Alg = [A]q, so |A] < ay—2(H). It follows that

E(G)| 2 Yacvmadegalz) > 5t — 1)(n — ap_a(H)). .

Note that ag(H) is the independence number of H. Applying the Lemma to our host graph P,
setting ¢ = 2, and observing that ag(P),) = (mTr], we obtain Sat(P},, K12) > ™ as a lower bound. We
improve on that bound in this subsection by showing that Sat(F},, K12) > %5-(1+ o(1)) as m grows.
The leading coefficient here matches that of our upper bound construction to yield Sat(Fy,, Ki2) =
m5(1+0(1)) as m grows.

Our lower bound for Sat(F},, Ki2) is based on an edge weighting argument. The first step for
this is a lemma counting edge-nonedge incidences, for which we need the following definitions. Let
G, be a Kjga-saturated subgraph of P;,. Thus G, is a maximal matching in F;,. For any point

z = (21,22, ,2r) € Pl,and any 1 < s < r, let z(s+) = (21,22, "+ ,2s-1,2s + 1, 2541, "+, 2,) and
z2(s—) = (21,22, ,2s—1,25 — 1, Zs41, "+ , 2r), provided zgs < m — 1 for z(s+) and z5 > 2 for z(s—).

So z(s+) (rep. z(s—)) is obtained from z by adding (resp. subtracting) 1 to the s’th coordinate, and
leaving all other coordinates fixed. For any nonedge ¢’ € E(P) — E(G,) of G, in P}, and e € G, we
write ¢/ ~ e to indicate that €’ is incident to e; that is, e and ¢’ share an endpoint. We define the
following.

(1) For e € E(G,) we let g(e) = |[{nonedges €’ of G, : € ~ e}|.
(2) Take e € E(G,) and suppose e is of dimension d, 1 < d < r. Then let

f(e) = |{nonedges ¢’ of G, in P! : € is incident to two edges of G, one of which is e, and €’ has
dimension not equal to d}|.

(3) For any vertex v € P}, let b(v) be the number of coordinates of v with the extreme values 1 or m.
(4) For e = xy € E(G,), let c(e) = max{b(z),b(y)}.

Lemma 15 Let G, be a K 2-saturated subgraph of P},. Let e € E(G,) with c(e) =k, 0 <k <.
(a) fle) >2r —2 —k.
(b) gle) < 4r —2 if k=0, while g(e) < 4r — 2k —1 if k > 1.
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Proof. It will be convenient to analyze separately the two cases c¢(e) = 0 and c(e) > 1.

Suppose first that c(e) = 0, and we begin with part b). Then e is an “internal” edge of P/, in the
sense that both ends of e have degree 2r in P/, and hence each end is incident on 2r —1 nonedges of G,.
Thus g(e) = 4r — 2, giving us part b) when k& = 0. Next consider part a), still with ¢(e) = 0. Suppose
e = zy € G, is an edge of dimension d. Since e is internal, for any coordinate s we have that both pairs
{z(s+),y(s+)} and {z(s—),y(s—)} exist in P,. For each s # d, let e(+) = x(s+)y(s+) € E(P!,). We
claim that at least one of z(s+) or y(s+) must be incident on an edge of G,, call it e;. For if not, then
we have e(+) ¢ F(G,), which together with neither of z(s+), or y(s+) being incident on a G, edge,
implies that G, + e(+) contains no K o, contrary to G, being K o-saturated. Similarly at least one of
x(s—), or y(s—) must be incident on an edge of G,, call it es. So there is a nonedge € of G, incident
on the two edges e and e; of G,, this €| being either xz(s+) or yy(s+). Similarly there is a nonedge
el of G, incident on the two edges e and ez of G,, this €} being either zz(s—) or yy(s—). So €| # €,
and neither €| nor ¢} is of dimension d. Therefore €| and €}, together make a contribution of 2 to f(e)
corresponding to coordinate s. Summing this contribution over all » — 1 many dimensions s # d, we
get f(e) > 2r — 2 as required for part a) when & = 0. Thus both parts a) and b) of the Lemma are
proved when k£ = 0.

Next suppose c(e) = k for some positive integer 1 < k < r, again assuming e is d-dimensional. We
begin with part a). Again let e = zy, so at least one of the ends of e, say x, has k coordinates of value
1 or m. We call these coordinates extreme for x, and the remaining r — k coordinates nonextreme for
x. Let ¢; (resp. c¢2) be the number of nonextreme (resp. extreme) coordinates s # d for x.

We can express ¢; and ¢ in terms of r and k in the discussion and Claim which follow. For each
nonextreme coordinate s # d, the two pairs of points x(s+),y(s+) and z(s—),y(s—) exist in P;,, so
the argument given in the preceding paragraph gives a contribution of 2 to f(e) arising from that
coordinate. For each extreme coordinate s # d, the above argument gives a contribution of 1 to f(e)
as follows. Here only one of the pairs x(s+),y(s+) and z(s—),y(s—) exists. Then in the preceding
paragraph we can guarantee only one of €] or €/, as a nonedge of G, contributing to f(e), and hence a
contribution of 1 to f(e) from that coordinate. Thus we obtain f(e) > 2¢;1 + co.

Claim 16 Let e = zy € G, be d-dimensional, and with ¢y and co as just defined. Further let c(e) = k,
with b(x) = k; that is, © has k extreme coordinates.

a) If coordinate d is not extreme for x, then ¢y =r — 1 —k and ¢y = k.

b) If coordinate d is extreme for x, then ¢y =r —k and co = k — 1.

Proof.  Consider a), so that d is not extreme for x. Then every coordinate counted in c(e) is also
counted in ¢y < ¢(e), so ca2 = ¢(e) = k. The remaining r — k coordinates are nonextreme for x, and
among them all but coordinate d are counted in ¢;. So ¢; = r — k — 1, giving part a) of the Claim.
Now consider b), so that d is extreme for . Then d is the only coordinate counted in ¢(e) = k which
is not counted in co < c(e), so ca2 = ¢(e) — 1 = k — 1. Again there are r — k nonextreme coordinates s
for x, and each satisfies s # d since d is extreme. Therefore ¢; = r — k, giving part b). [ |

We can now apply Claim 16 to obtain the lower bound for f(e) in part a) of the Lemma when k£ > 1.
Suppose first that coordinate d is not extreme for x. Applying Claim 16a we get f(e) > 2¢1 + ¢o =
2(r—1—k) 4k =2r —2— k. Now suppose coordinate d is extreme for z. Applying Claim 16b we get
fle)>2ci+co=2(r—k)+k—1=2r—1—k. Using the weaker of these lower bounds for f(e), we
get the uniform lower bound f(e) > 2r — 2 — k. This completes the proof of part a) for all k.

Next we prove b) when k& > 1. For any vertex v € G, let n(v) be the number of nonedges €’ of
G, in P}, incident on v. Thus g(e) = n(z) + n(y). Again take edge e to be d-dimensional, and we
continue with the notation ¢; and ¢ defined preceding Claim 16. Recalling the definition of b(v) given
before this Lemma, and observing that |b(x) — b(y)| < 1, we consider the two cases b(z) = b(y) and
b(x) = b(y) + 1 separately (where interchanging = with y clearly gives the same result). .

Suppose first that b(z) = b(y) = k. We determine n(z), the analysis for n(y) being the same. In this
case coordinate d cannot be extreme for x, else b(xz) = b(y) + 1. For each coordinate s counted in ¢; (so
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s # d and s is not extreme for z) we have a contribution of at most (and exactly) 2 to n(x), coming
from the two nonedges zz(s+) and zx(s—), noting that both z(s+) and z(s—) exist in P, since s is
not extreme for x. For each coordinate s counted in ¢y (so s # d and s is extreme for z) there is a
contribution of at most (and exactly) 1 to n(z), coming from the nonedge zxz(s+) if x5 = 1, or from
the nonedge zx(s—) if s = m. Finally for s = d, we recall that d is not an extreme coordinate for x.
Therefore there is a contribution of at most (and exactly) 1 to n(x) coming from the nonedge xx(d—)
if y = x(d+) or from the nonedge zx(d+) if y = x(d—). Thus n(z) = 2¢; + c2 + 1. Since d is not an
extreme coordinate for x, we have by Claim 16a that ¢c; = r—1—k and ¢o = k. Thus n(x) = 2r—k—1.
The same analysis gives n(y) = 2r — k — 1, where we now use analogous parameters ¢} and ¢, defined
as the number of nonextreme (resp. extreme) coordinates s # d of y, in the same way we used ¢; and
co. So finally we obtain
gle) =n(z) +n(y) = 4r — 2k — 2.

in the case b(z) = b(y) = k.

Suppose now that k& = b(x) = b(y) + 1. Here coordinate d is extreme for z, but not for y. We
compute n(x) using the parameters ¢; and ¢y as we did in the preceding paragraph. There we saw that
every coordinate s counted in ¢; contributes at most (and exactly) 2 to n(z), and every coordinate
counted in ¢y contributes 1 to n(x). When s = d, since d is extreme for = and b(xz) = b(y) + 1, the
only edge of dimension d of P}, incident on z is zy € E(G,). Thus there is no nonedge of G, in P}, of
dimension d incident on x, so the contribution of coordinate d to n(x) is 0. Thus n(z) = 2¢; +c2. Since
d is extreme for x, we have by Claim 16b that ¢; =7 —k and ¢c; =k — 1. So we get n(z) =2r —k — 1.
As for n(y), we use the parameters ¢} and ¢, for y as the analogues of ¢; and ¢y respectively for x (and
precisely defined two paragraphs earlier). Since the coordinates of x and y agree in all but coordinate
d, we have have ¢] = ¢; and ¢}, = ¢o. Also the contributions to n(y) from the coordinates counted in
¢} and ¢, are the same as the corresponding contributions to n(z). For coordinate s = d, we get a
contribution of 1 to n(y) from the nonedge yy(d+) if x = y(d—) or from nonedge yy(d—) if x = y(d+).
So we get n(y) = 2¢) + ¢4 + 1 = 2r — k. Altogether then we obtain

g(e) =n(z) +n(y) =4r — 2k — 1.
in the case b(z) = b(y) = k + 1.
Combining the two cases b(z) = b(y) and b(xz) = b(y) + 1, we take the larger (i.e. weaker) upper

bound for g(e) to cover both cases, and obtain the uniform bound g(e) < 4r—2k—1 when c(e) = k > 1.
Part b) is thus complete, so the Lemma is proved. ]

Theorem 17 Sat(P,, K1) > sm" — tm™~ 1,

Proof. Let G, be a Kj s-saturated subgraph of Pr. We let E = E(G,) and E = E(P!) — E be the
set of nonedges of G, in P),. We continue with the functions f(e), g(e), c(e) defined before Lemma 15,
the first two estimated in that Lemma.

We define a weight function on incident edge-nonedge pairs as follows. For any e € F and €’ € F,
we write ¢/ ~ e to indicate that e and ¢’ are incident edges in P),. Because G, is K a-saturated
in P!, each nonedge of G, is incident on either 1 or 2 edges of G,. So for ¢/ ~ e as above, we let
w(e,e’) = 1if e is the only edge of G, incident with €/, and w(e,e’) = 3 otherwise. It follows that
Yoecr DeeW(e,€) = |E|. Let Ey (resp. Ep) be the set of edges e € G, satisfying c(e) = 0 (resp.
c(e) > 0),andlet So = > cp Do w(e,€)and Sy =" cp > w(e €), sothat [E] = So+51. Also
let S, (resp. S.) be the set of nonedges €’ ~ e of G, in Py, satisfying w(e, ') = 3 (resp. w(e,¢’) = 1),
so that g(e) = |Se| + |SL).

We claim that Sy < |FEg|(3r — 1). Take e € Ey. Since S, contains all nonedges ¢’ counted in f(e)
we get |Se| > f(e) > 2r — 2 by Lemma 15a. Using Lemma 15b we have |Se| + |SL| = g(e) < 4r — 2. Tt
follows that an upper bound for |S.| + 5|Se| = 3,/ w(e, €) is obtained by taking |Se| = 2r — 2 and
|SL| = 2r. The result is then

Soew(ee) <2r+1(2r—2)=3r—1,

e'~e
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and we get Sy < |Ey|(3r —1).

We obtain a similar bound for S; as follows. For fixed e € E;, we now have c¢(e) = k > 0. Then
applying Lemma 15a we now get |Se| > f(e) > 2r —2—k. From Lemma 15b we get |Sc|+|SL| = g(e) <
4r —2k—1. So an upper bound for |S.|+ 3|S.| is found by taking |Se| = 2r —2—Fk and |S.| = 2r—k+1.
So we get

Seewle,e) <2r —k+ 14 3(2r —2—k) =3r — 3k,
and we get S1 < |E1|(3r — 3) since k > 1.
Combining the above bounds we get
|B| = So + S1 < |Bol(3r = 1) + | (3r — 3) < (|Eo| + | E1])(3r — 1) = |E|(3r — 1).

So |E| > JZL. Therefore we obtain |E(PL)| = rm" — rm™™ = |E| + [E| > (537)|E|. Hence
|E| < (37"3_1)m’" — (3’”—3_1)m7"*1. So we get

51 o — =t = [ = ()] = o —
completing the proof. ]

4.2 The caset >3

We now develop a lower bound for arbitrary t > 3 and r > 2 in the following theorem. Actually this
result also applies to the case ¢ = 2, but the result is weaker for that case than the lower bound of
Theorem 17.

Theorem 18 Fort > 2 andr > 2, Sat(P),, K1) > m" (M) —rm" L.
’ r—-t+1

Proof. Let G be a K -saturated subgraph of Py . Let j be such that ¢ = 2r — j. Thus the maximum
degree in G ist —1 = 2r — j — 1. We call vertices of degree 2r — j — 1 in G heavy, and we call the
remaining vertices of G light. We let N = m" = |V(P}))|, and M be the number of light vertices in G.

We first obtain upper bounds for |E|. We will use the degree sum formula applied to the complement
of G in P},. Note that every heavy vertex has nonedge degree at most j + 1, while every light vertex
has nonedge degree at most A(P},) = 2r. Applying the degree sum formula to the complement of G
in P we obtain |E| < w + M. Note also that |E| < (N — M)(j + 1) since every nonedge
is incident on a heavy vertex because G is K s-saturated in P,.

We now use these upper bounds on |E| to lower bound |E|. On using |E| + |E| = |E(P!)| =
rN —rm"~! and the first upper bound for |E| in the preceding paragraph, we have

|E| > (r—

1
] ;L )N — M) — rm" .

Using the second upper bound for |E| in that paragraph we have
rN —rm"~! = |E| + |E| < (N — M)(j + 1) + |E|, from which we obtain

M < N(l — ]ﬁ) + Hlmr 1+ ]+‘1 We can substitute this upper bound for M into the preceding
lower bound for |E| (since r — @ 21> 0) to obtain
+1.. N E
B> = LA B Ty e,
2 j4+1 g+1 j+1

Now collecting terms involving |F| and moving them to the left we get
j+1+2 2r—(j+1)
IBICGERE) 2 2t
Solving for |F| and simplifying we get
(J+1) -1 —1(20+D) y _ 2(j+1) —1
|E| > 2r+;+1 (NT —rm’ ) —rm” (27‘—]|-j+1) = (1 - 2r—]|—j+1)Nr —rm’T
2(+1) -1
2r+j5+1 = 4dr—t+1°

(Nr — rmr_l) —rm" L.

Now substituting j = 2r — ¢, and noting that 1 —

we get
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|E| > (Mt%;rl)]\fr —rm"~ 1 as required. ]

Combining our upper and lower bounds, we get some results which are exact in the leading coeffi-
cient.

Corollary 19 We have the following.

a) Sat(P3,K13) = %mQ + O(m).

b) Sat(P2, K1 4) = %mQ + O(m).

c) Sat(Pr, K12) = sm" + O(m"™1) forr > 2.

Proof. Part a) follows from Theorem 18, letting ¢ = 3 and r = 2, together with the corresponding
upper bound from Theorem 8b. Part b) follows from Theorem 18, letting ¢ = 4 and r = 2, together
with the corresponding upper bound from Theorem 8c. Part ¢) follows from Theorem 17, together
with the corresponding upper bound from Theorem 8a. [ |

We show here that the ratio of our upper bound from Theorem 13 to the lower bound from Theorem
18 is less than 2 for ¢ > 3 and r = o(m), so that our upper bound is within a factor of 2 from optimal
under these assumptions. Corollary 19c shows that for ¢ = 2 our results are asymptotically exact, so
we consider here just ¢ > 3.

We take t even, as the proof for ¢ odd is nearly identical. Calling this ratio R, we have we have

™ r— - L
R = grt Py, where A= § — 4, B = §(1+0(1)), C = {531, D =r. We have R = ({745,

Since 3 < ¢ < 2r we have & = #-LEL — AT 1 < 27 — 1. Since r = o(m), we get 1_10% =1+4+0(1) as

m grows. Also £ < 2(1+0(1)) as m grows so 1+ -2 = 1+0(1) as m grows. Thus R = %(1 +om(1)).
So it suffices to show that % < 2. Letting g(t) = =t — -4 1 we have % =Lg(t) — 39(t). We

r(t—1) t—1 r’
have Lg(t) = 2(1+ 2 — £). So

t
A _ 1 t 16 4 _ 6 2
6_2(14'16—1_@) 5(t—1)+57_2_5(t—1)_(2r )<2’

as required.
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