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This article is motivated by versions of the dynamic or
“on-line” Steiner tree problem (08T} introduced by Imase
and Waxman [4]. In this problem one is given an edge-
weighted graph G and a sequence ¢ = (%4,...,X,) of
distinct vertices of G. The requirement is to construct
for each i < n a tree T; spanning the first / vertices of ¢
subject to the condition that T;_y < T; for all /, where T;
is constructed without knowledge of the remaining ver-
tices x;, j = i. The goal of the on-line Steiner problem
is to minimize the performance ratio; that is, the maxi-
mum (over 1 <§ < n) of the ratio of the weight of T; to the
weight of the minimum weight tree in G spanning the first
i vertices (the latter tree is called the “Steiner tree” for
these vertices). In [4] a lower bound of 1+ 1 [tog,(n — 1))
was proved for this ratio. The authors further made the
_interesting conjecture that there is some on-line algo-
rithm for the OST whose performance ratio achieves this
lower bound. We show that a strong form of the greedy
algorithm achieves a ratio that converges to the con-
jectured —;-Iogz(k) + O(1) as the proportion of degree 2
vertices in the instance graph grows. Our results also
imply improvements in certain cases on the known upper
bound flog,(n)] for the performance ratic of the greedy

algorithm. Cur approach is to study a related graph

parameter. For each sequence ¢ as above, define the
associated cost :

L@) =) cl,o),
j=2

where c{i,0) = mingdistix;,x:). Then let Optin, G)
be the maximum of L{s) over all such sequences ¢ of
length n. The problem of, given n and G, determining
Opt(n, G) we call the Seqguential Sum Problem (SSP}.
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In this article we analyze the SSP, obtaining exact val-
ues and bounds on Opt{n, G) and relating these bounds to
the greedy algorithm for the OST. For example, we cal-
culate Opt(n, P} for the path P, and obtain a surprising
characterization of all length n sequences ¢ which real-
ize Opt{n, P). By analyzing Opt{n, P) for the “continuous”
path, we derive upper bounds on the performance ratio
of the greedy algorithm for the OST in arbitrary graphs.
On the other hand, generalizing the lower bound argu-
ment of [4] we show that there are instances of OST,
which can significantly “fool” any on-line algorithm for
OST. Specifically, given any tree T normalized to have
total edge weight 1, we construct a graph G and a length
k = IV(T)| sequence ¢ of vertices of G for which the per-
formance ratio of any on-line algorithm for the OST with
input ¢ is lower bounded by Opt(k, T). Finally, we show
that the SSP for arbitrary G is NP-complete. © 2005 Wiley
Periodicals, [nc. NETWORKS, Vol 45(3), 143-164 2005

Keywords: sequential swm problem; on-line Steiner tree
problem; dynamic greedy algorithim; vertex greedy algorithm

1. INTRODUCTION

We consider connected edge-weighted graphs G = (V, E).
When all edge weights are 1 we say that G is simple. We
denote by weight () the sum of the edge weights in G, and
call this the weight of G.

We begin with the Steiner tree problem (STP) for graphs,
on which there is an extensive literature [3, 8]. In the instance
of STP, one is given a connected edge-weighted graph G
and a terminal set §, that i3, a subset S of the vertices of G.
The objective of STP is to find the minimum possible weight
of any subtree T of G containing the vertices of S, and if
possible, to construct this subtree. Such a subtree of least
weight is called a minimum Steiner tree for § and its weight
is denoted by w(S). Given a sequence ¢ of distinct vertices
X1ye . xx of G, we let wio) = w(S) where S = {x(,...,xz}.




The well-known “shortest path” heusistic for STP (developed
in [7] and [6] independently) builds a spanning tree for S,
where say |S| = &, as follows. Having inductively built a tree
T; spanning a subset S; of  vertices in S, this heuristic selects
averlex x € § —.5; closest to T;, and defines T;1; to be the
union of 7; with a shortest path from x to 7;. The bound

welght(Ty) <2 (1 B 1)
wis) k

for the performance ratio of this heuristic was proved in [7]
and [6].

Observe that this heuristic requires a knowledge of all
of 8. One may consider an on-line version of STP intro-
duced by Imase and Waxman [4], called by them the dynamic
Steiner tree problem (DST} and by others later the on-line
Steiner tree problem (OST), in which this knowledge is

unavailable. In this problem we are presented with one vertex -

of § at a time (having no knowledge of the vertices which will
come later), and the object is to build a nested sequence of
trees Ty C 1> < - - C T, where I} spans the first i vertices
presented, keeping the ratio

< weight{T})
w(S§;)

l<i=k

as small as possible.

More precisely, instance I of OST as defined in [4] consists
of an edge-weighted graph G and a sequence ¢ of distinct
vertices of G, denoted & = xy,...,x;. Let 5, < k, denote
{x1.%2,...,x;), the terminal set at step i. A solution to the
instance of OST (not necessarily an optiral solution) is a
sequence of trees 71,...,T; in G such that for all { we have
that 7; contains (i.e., connects) S; and Ty, contains T;. An
on-line algorithm A for the QST is a procedure which for
each i constructs the tree T; without knowledge of the set of
points {x;; ¢ > I}. The performance of an on-line algorithm A
on an instance I of OST was then defined as

weight(T})

A(l) = max WSy

lai<k

where T; is the tree produced by A for connecting S;. The
performance ratio of algorithm A was defined in [4] by

Cu (k) = sup{A(I) : I is an instance of OST, with |0} = k).

Theorem 1 of [4] showed that given any on-line algorithm
A for OST, there is an instance consisting of a graph G and a
sequence x1,xz, ..., % for which the trees T; produced by A

satisfy
weight(7;) 11 .
— =1+ =1 —1 2.1
vy Zt 5| loga G — 1 (2.1)
fori = 2,3, ...,k The important implication of that theorem

is that every on-line algorithm A can be “fooled” to the extent
that it has performance ratio C4 (k) bounded below by 1 -+
% [logs (k — 1}], a performance ratio that becomes arbitrarily
large (i.e., poor) as k approaches co,
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Perhaps the most natural choice of an algorithm for obtain-
ing a solution to OST is called the dynamic greedy algorithm
(DGA), which creates T;y from 7; by connecting x;.1 by
a shortest path in G to a nearest node (not necessarily a
terminal node) in T, appending the vertices and edges of
that path, and breaking ties at random between rival shortest
paths. Theorem 2 in [4] states that DGA has its performance
ratio upper bounded according to the inequality.

weight(7;)
w(S;)

so that DGA has performance at worst twice optimal.

Research on OST subsequent to [4] refined the results
contained therein and considered variations of OST. In [9], a
refinement of the bound (2.2) for the OST on general metric
spaces was obtained by showing that for a class C of on-line
algorithms, which includes DGA, the performance ratio is
bounded above by O(log(dk/w(5)}), where d is the maxi-
mum distance between any two terminal vertices. In 1], the
OST for Buclidean space of arbitrary dimension was consid-
ered, where a lower bound of 2 (log £ /log(log k)) was shown
for the performance ratio of any on-line algorithm and an
especially short proof of (2.2) for OST was also given.

A variation of STP relevant to on-line problems is the Gen-
eralized Steiner Tree Problem [GSP]. An instance of GSP
consists of a collection K of pairs of vertices from a graph G,
and the objective is to construct a minimum weight graph H
in which every pair in K belong to the same connected compo-
nertt of H (so that A is in general a forest of Steiner trees). In
the on-line version, call it OGSP, the pairs in K are revealed to
us in some sequence and at the /th step we have no knowledge
of the jth pair, j > 7 + 1. At each step one must add vertices
and edges (if necessary) to the then cwrrent graph so that in
the resulting new graph each revealed pair will lie in the same
connected component of the new graph. The worst-case per-
formance ratio R(k) is defined analogously as the maximum,
over all collections K with [K| = &, of w(C)/w(F), where C
is the final graph produced by the algorithm, and F is the min-
imum weight forest for which each pair of X lies in the same
component of . In [3}, a polynomial time algorithm for
OGSP with performance ratio O(log k) is given, improving
on earlier algorithms for this problem with ratios O(log?(k))
[2] and earlier O(v/ log &) [9]. Alsoin [9], a lower bound of
£2(log &) was proved for the performance ratio of any on-line
algorithm for OGSP. In [10], a version of OGSP is considered
in which each pair (x, ) of K is required to be joined by some
integer number r( ,, of vertex or edge disjoint paths.

Turning back now to the OST, Imase and Waxman [4]
made the interesting conjecture that the lower bound (2.1)
for the performance ratio of any on-line algorithm can actu-
ally be achieved by some algorithm, perhaps even the greedy
algorithm DGA. One goal in this article is to explore this con-
Jecture. We show that a restricted form of the DGA achieves
a ratio that converges to the conjectured %logz (k) + O(1)
as the proportion of degree 2 vertices in the instance graph
grows. In this restriction, called the verfex greedy algorithm
(VG)in [1], at the ith step the newly revealed terminal vertex

< [log, (Y] foralli > 1, {2.2)




x; is joined by any shortest path to whichever of the previ-
ously revealed terminal vertices x,, f < i,1s closest to x; in the
mstance graph. The new output graph is then the old one with
all vertices and edges of this path adjoined except for those
already present in the old output graph. The motivation for
this choice of algorithm lies in the convenience of deriving
an upper bound on the performance ratio, in its application to
finding a lower bound for this ratio of any on-line algorithm
for OST (see the next section), and in the intrinsic interest of
the resulting graph parameter, which is discussed below.

Given a weighted graph G and a sequence o of distinct
vertices xj,...,x; of G, we assign to each vertex x; (for
i = 2) in the sequence a cost given by

c(i,o) = min dist{x;,x,),
1<r=i

the distance between x; and its nearest predecessor. Because
x1 has no predecessors, we let ¢(1, o) = (. When the choice
of o is clear from context, we abbreviate c(f, o) by just ¢;, and
on occasion we refer to the ith vertex of o by o (i). As a slight
abuse of notation, for a vertex x = o () we write c(x, ¢} for
c(i, o) when the position of x in ¢ is either understood or
unimportant. We assign to the entire sequence o the cost

k

Lio) =) cli,0).

i=1

For each graph G and integer k > 1 let

Opt(k, G) = max{L(o) : ¢ = (x|,...,xz) is a sequence
of distinct vertices in G}.

We can then introduce the following decision problem.

Sequential Sum Problem (SSP) Given a graph G and inte-
gers k and r (with & < |V(G)), determine if Opt(k, G) > r;
that is, determine if there exists a length k sequence & for
which L{g) > r.

We will show that this preblem is NP-complete. Our main

effort will be in obtaining upper bounds for Opt(k, &); in

effect, upper bounds for L(c) for any graph G and length k
sequence from V(G). Now L(o) is just an upper bound on
the weight of the graph produced by the on-line algorithm
VG applied to the instance G and ¢. Hence, the resulting
upper bound we obtain for L{g)/w{c), again valid for any
graph 7 and sequence o on V{(), is then an upper bound on
the performance ratio of VG (and hence of DGA) on length
k sequences for the OST.

As a first example of SSP, consider the sequence o =
[o(1),0(2),...,0(10}] of vertices in the tree on 10 vertices
shown in the second diagram of Figure 1, regarding each of
the nine edges as having weight 1 (and ignoring for now the
ordered pair notation). Then Lic) = 0+ 64+6 +2 + 2 +
2+ 1+ 1+ 141 =22 Ittumns out that o is optimal, that is,
L(o) = Opt(10, G). We might also check if o is “greedy,” in
the sense that for each { > 2, o (1) is chosen so as to maximize
(i, o) given the initial choices of o (1), (2),...,00 — 1).

0 U8 14 172 34 1
p) w6} u4) k{3 w5 w2
o(l)=(L1) o(2)=(2,1)

o(8) = (2,2/3)
a5y =(2,1/3)

a(7)=(1,2/3)
o@) = (1,1/3)

o(6) = (3,1/3)

o(9)=(3,2/3)

o3 =31

5(1)=(L,1} 3(2)=(2.1)

&(5) =(1,1/2)
5(8) = (1,1/4)

80y =(2,1/2)
B8(9) = (2,1/4)
d4)y=z

810y = (3,174}

3Ty =(3,1/2)

8 8(3) =31

FIG. I.  Two metric spaces; con-K; with sequence fig, and con-K13 with
sequences ¢ and 3.

In fact, o is not greedy, because o (4) was not chosen in this
way. But note that had we been greedy in forming a sequence
of 10 vertices in G, the resulting sequence would have had
cost0+6+6+3+1+14+14+14+1+1 =21 and
been nonoptimal. This example illustrates that the greedy
approach does not always produce a sequence of maximum
cost Opt(k, G), even in the case where G is a simply weighted
tree and £ = |V (G)[.

The results of this article are organized as follows. In
Section 2 we show that for any weighted tree 7, suitably
normalized to have total edge weight 1, there is a graph G
for which the performance ratio of any on-line algorithm for
the OST, applied to instances with length k sequences of ver-
tices from (7, is lower bounded by Opt{k, T). This provides a
motivation for studying the SSP for trees, while also general-
izing the adversary lower bound argument obtained in [4].
In Section 3 we establish basic properties, used through-
out the article, of the function L{c). Here we also show
the NP-completeness of the SSP. In Section 4 we compute
Optik, P) exactly for the path P and any k¥ < |V(P)|, and
also find a characterization of all length |V (P)| sequences of
vertices from P that realize Opt{|V{P)|, P). In Section 3, we
solve a continuous version of the SSP for the path, and use this
resudt to obtain upper bounds for the ratio L{c) /w(o), where
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o is any instance of OST, that is, any on-line sequence of k
points in a discrete weighted graph G. These bounds imply
an upper bound on the performance ratio of VG, and hence,
of DGA, which converges to the bound % log, (k) +0(1) con-
jectured in [4] as the proportion of degree 2 vertices in the
instance graph grows, We include an appendix, which gives
constructions demonstrating tighiness of our various bounds
on performance ratio given in the article.

2. SSP FOR TREES AND A LOWER BOUND
FOR THE ON-LINE STEINER TREE PROBLEM

Theorem 1 of [4] giving the lower bound (2.1} was proved
by constructing graphs G, designed so that to each on-
line algorithm A for OST there corresponds an instance
I = (G, o) with o of the form vy, v, ..., v, for which o
“fools” algorithm A so badly as to make A(7) = 1 + %n To
capture the spirit of their construction, see their graph G in
Figure 2a, in which each edge has weight 1/8. Given an on-
line algorithm A, there is a sequence vy, v1,. . ., vg comprised
of one node at each “level” altitude in the figure, such that A
has performance 1 4 %3, where Vg, v1 are as shown. To see
this, observe that the tree 71 selected by A (without advance
knowledge of the choice of xp) must include a (vy, vy)-path,
which must reside entirely in either the left or right “half”
of Ga. Say such a path P(1) is in the left half. In response
we choose vy to be the mid-“level” node in the right half
of G3. Although 71 may have already included some right-
half edges, 7> must include a path P(2) from vo to either vy
or vi, using edges other than those in P(1). Suppose paths
P(1) and P(2) are as shaded in Figure 2b. In response, we
can choose v4 and v4 as shown in Figure 2b so that paths P(1)
and P{2) are unhelpful in connecting v3 and v4 to nodes in
P(1) and P(2). Similarly, T3 must include a path P(3) from
V3 to vy or vy, and Ty must include a path P(4) from v4 to vy or
vz. [f paths P(3) and P(4) are for instance as in Figure 2c then
in response we can choose vs, vg, v7, and vg as in that figure.
The combined lengths of paths P(1) through P(8) will be

S E N R
8 \8 g ' 8 8 8 8 83

< e e oo
=T d m1 ROy Wt D

a) b c)

o
pa

FIG. 2. The graph Gs of Imase and Waxman.
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as in Theorem 1 of [4] in the case n = 3,k = 2°. Not only
has the “bait-and-switch™ structure of G4 forced the on-line
algorithm A to use paths P(i) whose internal vertices are
useless at later stages, but also we have ended up with a
sequence vy, vy, . .., vy that could have been connected by a
much shorter tree (in fact, a path) of weight 1, giving us the
result that —2L > 1 4 % [_logg(S)j, where w(Sy)} = 1. From

wlSg) —
another point of view, observe that

8§ 4 2 2 1 1 1 1 1

s 8 s s s RTETRTE
is precisely L{g) for the path graph G and the sequence
Vg, V1, - - ., g ol its vertices as shown in Figure 2d (where each
edge has weight 1/8). There is a more general connection that
we will see later.

OQur Theorem 2.1 below generalizes the construction Gy,
in Theorem 1 found in [4]. The terminal set useful with the
construction (5, happened to be such that an optimal Steiner
tree connecting them was a path. But a terminal set in an
arbitrary graph might have any tree structure (as opposed to
a path) for a minimum Steiner tree. Consequently, here is
our plan. Consider any edge-weighted tree G. For a given k,
consider a sequence o = vy,Vvs,..., v of vertices in G for
which L{o) = Opt(k, G}. In a manner to be described, con-
struct a larger graph  determined by G and o This &’ will
have the properiy that for any on-line algorithm A for OST
on (¢, there is a sequence ¢’ = x1,x3,...,x of vertices in
G’ for which the tree T3, in G’ produced by A and connecting
X1,X2, . . ., X satisfies | Ty | = Opt(k, ), yet for which a mini-
mum Steiner tree connecting x, xp, . . ., X in G’ isisomorphic
to the minimum Steiner tree connecting vi,va, ..., v inG. In
general, (7' is a graph in which any on-line algorithm for OST
applied to a well-chosen on-line sequence of k vertices in &'
can be “fooled” to produce a tree of cost at least Opt{k, G).
Of course, the weight of this Steiner tree in G is at most
weight (), so we will have the following.

Theorem 2.1. Given any algorithm A for OST and any tree
G and any k < |V(GY|, there is an instance I = (G, ¢") with
Icr’| = k for which algorithm A applied to I satisfies

A » 2D
weight (G}

and for which an optimal Steiner tree connecting the terminal
set S in G’ will be isomorphic to a subtree of G. Therefore,
given any tree G of weight 1 and any k, we have that every
algorithm A for OST has performance rafio bounded by the
inequality C4 (k) = Optk, G).

Theorem 2.1 is used here for purposes of motivating the
usefuliness of our study of Opt(k, G) and SSP. It opens the
door for possible improvements in the lower bound (2.1)
above given by Theorem 1 of [4], to the extent that improve-
ment can be shown by simply citing an example tree &
of weight 1 (where heavier trees can be rescaled) with a




G'= GU and a sequence
o' = 2% 34,47, 5%

The Steiner tree H, connscting {1*,2%,3*4%,5*} in G'.

FIG. 3. Constructing &' from G,

sequence o = vi, vz, ..., v of its vertices, and directly com-
puting L{e) [which will be a lower bound for Opt(k, ), and
hence also for C4 (k)]. Theorem 2.1 also tells us that instances
in which on-line algorithms A for OST perform “poorly” are
not confined to instances in which the terminal set is easily
connected by a path, but that most any tree structure could
do the trick for the choice of Steiner tree, some structures
working better than others.

The proof of our Theorem 2.1 is inspired by the proof of
Theorem 1 from [4], which we have outlined above, where the
role of G, in the above example, founded on a path structure,
is played by a more general construction G’ tailored to the
structure of an arbitrary tree G.

Proof of Theorem 2.1. Consider any tree G, such as the
example shown in Figure 3. Consider any on-line algorithm A
for OST, and consider any & < |V(G)|, where we choose
k =5 for our example. Let o be any sequence of distinct
vertices vy, 2, ..., v in G for which L{o) = Opt(k, &), for
example, the sequence o = 1,2,3,4,5 shown in Figure 3.
We construct a sequence of graphs G = Gi_1, G2,
Gr—3,....G1 = G to arrive at the desired &'. We begin
with G = Gj_1, labeling each vertex of o using each vertex
name as its label. To construct G;_;, we create two copies
of the labeled graph Gy, and for ¢ = 1,2,3,...,7 we iden-
tify together the two vertices of label v to form a single
vertex of label v,. As usual, identifying together two ver-
tices in a graph means that we replace those two vertices by
a new single vertex, which we join by an edge to exactly
those vertices to which either or both of the original two
vertices were previously joined. In Figure 3, we have made
prominent those vertices in each ;.| that are formed from

vertex identification, having placed them aleng the vertical
line of symmelry in G;_y, so that the reader can cover up
either the left or right half of the figure for G;_; to see a copy
of G;. Observe that this rule for constructing G;..; from G;
does specify a well-defined process for iteratively construct-
ing graph Gi—_1, Gr-2, Gr_3, ..., Gy in that order, because it
is easy to verify by induction that each G; coniains exactly
one vertex of each of the labels vy, vz, . . ., vy 1 (50 that when
we make two copies of G, there are exactly two vertices of
labelx; forr = 1,2,3,.. .., as required).

We apply A to ¢’ = G, and based upon o and A we
construct a sequence o’ = xi,Xs,...,x; of vertices in &’
for which A performs demonstrably poorly, as follows. We
require that each vertex x; be a vertex of label vy, Let x;
(resp. xz) be the vertex in ¢ of label v; (resp. v2). The tree
T selected by A (without advance knowledge of the choice
of x3) must include an (xz,x))-path P(1), which must reside
entirely in just one of the two copies of Gz within Gy. In
our later selection of vertices x3,x4, ..., %, we require that
they be selected from the other copy H; of (72 within Gy,
the copy not centaining P(1). In particular, this requirement
specifies that x3 be the unique vertex of label vs in Hy. The
tree T; selected by A (without advance knowledge of the
choice of x3) must include an (x3,x;)-path or {x3,x2)-path
P(2), which must reside entirely in H-, but which furthermore
must reside in just one of the two copies of (53 within H;. In
our later selection of vertices x4, . . ., X, we require that they
be selected from the other copy Hs of Gz within H», the copy
not containing P(2). In particular, this requirement specifies
that x4 be the unique vertex of label v4 in H3. Continuing in
this fashion, we have completely specified o’. For our exam-
pleinFigure 3, the shaded paths at the left represent a possible
collection P(1),P(2), P(3), P(4), where the asterisked ver-
tices show the corresponding choices of x1, x2, x3, x4, x5. The
paths P(1), P(2),..., P(k — 1) are edge-disjoint, because at
each stage we have conflned our options to a completely
wnused copy of some G;. Also, the lengths of paths P(1);
P2),..., Pk — 1) are at least ¢(2,0),¢(3,0),...,clk, o)
respectively, because edges in ¢ have weights equal to the
edges from which they arose in the original . Therefore, the
weight of the tree 7 selected by A is at least L{o'}, that is,
[Tl = L(o).

Also, it is easy to see that Hy_) is a copy of G (see, e.g.,
the graph H;_; indicated by the shaded edges at right in
Fig. 3) and contains all of the vertices of o, so it is easy non-
dynamically to specify a subtree of ¢ connecting all vertices
of o’, that tree being of weight only weight (G). Therefore,
for the instance J given by ' and o’ determined by A, we
have that

AU = max weight(7;) - weight(Ty) . .L(a)
lai<k  wi{S5;) w(Si) weight (Hy.-1)
_ Opik,G)
T weight(G)’
completing the proof. =
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3. PRELIMINARIES; NP-COMPLETENESS
AND PROPERTIES OF OPTIMAL SEQUENCES
FOR THE sS8P

Concerning the computational complexity of the SSP,
we have the following simple result showing its NP-
completeness.

Theorem 3.0. SSP is NP-complete.

Proof. The SSPclearly lies in NP because, given alength
k sequence ¢ from V(G) satisfving L(o) > r, one can verify
in polynomial time (as a function of k4| V{(G) [} that L{o) > r
using a shortest path algorithm. We will give a polyno-
mial time reduction from the independent set problem (ISP),
known to be NP-complete, to SSP. Let 8(G) stand for the
independence number of a graph G, that is, the maximum size
of a set of points in G, no two of which are joined by an edge.
Consider an instance of ISP consisting of
Input: Graph G, integer &
Question: Is f(GY = k?
The corresponding instance of SSP has as input a graph

H and integers k and 2(k — 1), where H is defined by; -

VH) = ViU xl, and E(H) = E(GY U {xy 1y € V(G)}.
That is, H is constructed from G by adding a new vertex x,
and joining x by an edge to every vertex y in G.

Clearly, (G) = k if and only if Opt(k,H) = 2{k — 1),
showing that SSP is NP-complete for arbitrary graphs. B

Now consider an edge-weighted tree T and a sequence
o = (x1,x2,....x¢) of k of its vertices for which L{c) =
Opt(k, T'); that is, an optimal sequence ¢ for the SSP. In the
remainder of this section we will show how to reduce the
search space for such optimal sequences. In fact, we will
show that there is always an optimal sequence with the fol-
lowing properties: (a) x is aleaf; (b) x5 is a leaf; (c) whenever
x; 15 a cut-vertex of T, each component of T — x; containg
at least one of the predecessors x),x2,...,%—1 of x; and
(d) the costs c(i, o'} are nonincreasing for i > 2, that is,
€y 203 =2 e 2 G

‘We verify all of these, starting with condition (d).

Lemma3.1. Givenanyedge-weighted tree T and an integer
k > 2, there exists q sequence ¢ = (X1,Xx0,...,%) of k
vertices of T for which Lio) = Opt (k,T) and for which
c2,0)>=cB,0) = - =clk. o).

Proof. Consider any set of & distinct vertices of T
It suffices to show that there exists an arrangement o =
(v1,v2,...,v;) of those k vertices for which L{o) is max-
imum (over all arrangements of that fixed set) and for which
c(2,0) > c(3,0)y = -« = clk,o). Let o = {x1,%x2.,...,%¢)
be an arrangement of those k vertices for which L{o) is max-
imum. Suppose to the contrary that ¢(i,0) < ¢(i + 1, o) for
somei e {1,2,...,k— 1}

Let o’ be the permutation, of the same k vertices, obtained
from & by interchanging x; and x;, | . We claim that ¢(i, ') +
ci+ 1,6’y = cli,o) +cli + 1, o). This claim follows from
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the inequalities ¢(i + 1,6’y > c{i,c) and c(i,a’) > c(i +
1, o), of which we prove the first (the second being similar).
Assume to the contrary that c¢(i + 1,a”) < ¢(i,0). Because
the first { - 1 points of & and o are the same, this assumption
implies ¢(i + 1,0") = dist(x;, x;+1). Hence, we get ¢(i +
Lo) < dist{x, x1) = ¢ci + 1,6} < (i, o), yielding the
contradiction ¢(i + 1, ) < ¢(i, o) and proving the claim.
Now consider any vertex x;, j # 7,1+ 1. The predecessors
of x; are the same in o’ asin o, so we have c(j, ') = ¢(j, o)
for all j # i,i + L. Therefore, L{c") > (o). Because o
maximized L, we have L(c”) = L(c), and the lists of the
costs ¢; are the same for ¢ as for o, only in a different order.
Ifthe costsin o’ are not vetin the desired nonincreasing order,
we catl iterate the above interchanging process so as to bring
the largest ¢; to the front of the list, then the second-largest as
next, and $0 on, terminating in an arrangement in which L is
still maximized and has nonincreasing costs, proving the first
statement in the lemma. Starting with a sequence for which
L(g) = Opt(k,T), the second statement in the lemma is an
immediate consequence. a

Next we verify condition (¢) above.,

Lemma 3.2. Let T be an edge-weighted tree, k > 2 an
integer, and ¢ a sequence of k vertices xy,x3,. ... xg of T for
which L(o) = Opt{k, T). Suppose x; is a cut-vertex of T for
some i, | < i < k. Then each component of T — x; contains
at least one of the predecessors xy,x, ..., xi_1 of x; in 0.

Proof. Supposeo isasequence forsucha 7 with L(z) =
Opt(k, T). Suppose to the contrary that some x; is a cut-vertex
of ' with i > 1, but some component of T — x; contains none
of the predecessors x;,x;,...,% -1 of x;. If no x; is in that
component then we could increase L{o) by replacing x; in o
by any vertex in that component, contradicting the optimality
of o. Therefore, some x; is in that component, and we have
J = i by assumption. Let us also take j to be the minimum
with respect to these properties.

Consider the sequence ¢’ obtained from o by interchang-
ing terms x; and x; while leaving all other terms the same;
that is, let o'(i) = x;, 0'(j) = x and o’(¢) = o(r) for
¥ # 1,7. Then by minimality of j we have c(i,o’) = ¢(i, o) +
dist(x;, x7), while ¢(j,0') > 0, and ¢(j,0) = dist(x, x).
This implies ¢i{i,o’) + ¢(j, o) > c(i,0) + ¢(j. o). On the
other hand, for m £ i,j we have ¢(m,o”) > c(m, ) when
m < j,and ¢c(m,c”) = c¢(m,o) when m > j, again using
minimality of j. It follows that L{c’} = L(o), contradicting
L{o) = Opt(k, T). "

The following corollary gives us conditions (a) and (b).

Corollary 3.2.1. Let o be a sequence of k vertices
XL, X240 ., X, kK = 2, int an edge-weighted tree T. If L(c) =
Opt(k, T), then xi and xp must be leaves of T

Proof. Suppose, to the contrary, that x; is a cut-vertex.
Then it cannot have a predecessor in each component of
T — x7 {because it has only one predecessor), contradicting




Lemma 3.2. So x» is a leat. As for x;, observe that inter-
changing the first two vertices in ¢ has no effect on L{o), so
x; must also be a leaf. ®

4. OPTIMAL SOLUTIONS FOR THE DISCRETE
PATH

In this section we study the SSP problem for the path
Pry1 having n -+ 1 vertices and » edges, our main results
being a concise explicit formula solution, and an unexpected
characterization we found for optimal sequences (i.e., those
realizing Opt(n+1, Ppy1)). It might be expected that a length
k sequence realizing Opt(k, P, 1) for each k can be found by
applying the greedy algorithm; that is, by choosing the jth
vertex, | < j < k, to be a midpoint of any interval join-
ing two successive (on the path) previously chosen vertices.
Our first result will show that, indeed, the greedy algorithm
always yields such an optimal solution. We also managed
to characterize all length n 4 I sequences which realize
Opt(n 4 1, Py43), finding to our surprise a rich variety of
such sequences including nongreedy ones.

We denote the vertices of P,y; by the integers 0,1,
2,...,n, where the edges are the pairs {i,i 4+ 1}, with
1 < i < n. The algorithm below produces a length n + 1
sequence of the distinct vertices of Py, of which each ini-
tial segment of length &k, 2 < & =< n 4+ 1, will be shown
to realize Opt(k, Py41). The algorithm is greedy in the fol-
lowing sense. Let the sequence the algorithm produces be
Brn={x(): 1 <i < n+ 1}, and let S be the initial segment
{x{@): 1 <i <k} Thenx(k + 1) is chosen as a vertex x € S
which maximizes min{dist(x,y): y € S;}.

Algorithm GREEDY (n} Input: The discrete path Py
with vertices {0, 1, ..., n} listed in left-to-right order.
Cutput: A permutation 8, = (x(1),x(2),...,x(n+1)) of the
vertices of Py .

1. Initialization

WD =0,x2)=nx3) = [_% .
2. Recursively apply GREEDY (| § |} and GREEDY ([ %)
to obtain respective output sequences

Blaszy = (y(Wy(2),....¥(| 5] + 1)) and

Bram = (21,22, .. ..z([3] + 1))
3. Merge the two sequences f|,,21and B2 by alternating
themn and making the obvious translation in vertex names.
That is, let the desired sequence be £, = {x(1),x{2),...,

x{n+1)), where x(7), 1 < i < 3,is given by the initialization,
and for 4 <i <n+ lis given by

x(0) = [§]+2([ )
x@ =y([5H])

for { even, and

for i odd.

end

The merging in step 3 implies, by a simple induction, that

for any k > 2 the initial k vertices of the sequence S, are
indeed chosen in the greedy fashion. In fact, this merging

also guarantees a balance property of f,, given in the next
lemma.

It is useful to have the following notation. Given a
sequence o of length k£ and integer n < k let L(n, o) denote
>, c(i,o), the nth partial sum of L{c). Also let I{o), the

interior cost of o, be given by I(g) = 25;3 e(i, o).

Lemma 4.1. L{r,B:) + LG — 1, Bea) < L{r — 1,80 +
L, Bra) forany k and r < k+ 1.

Proof. The left-hand side of the claimed inequality is
Lir—1, Br) +L(r — 1, Brs1) +c(r, i), while the right-hand
sideis L(r — 1, B) + L{r — 1, Br1) + (7 Br1)-

We will therefore show by induction on k that ¢(r, 8;) <-
c(r, Bry1), where r < k - 1. This inequality is easily ver-
ified for small %, so assume the statement true for integers
k' < k. From the algorithm CREEDY (x) we see that for
any integer ¢ and any r where 4 < r < u + 1 we have
o, Bu) = o[£, Bruyz1) when r is even and c(r, B,) = -
| "5 . Blujzs) when r is odd. Hence, we are reduced to

showing that c(f%},ﬁwz}) < C((%qaﬁ[(kﬂ)m) and

c([5]: Buerm) = e[, Blasnyag)- But these follow
by the inductive hypothesis. =

We can now show the optimality of the sequence S,
produced by the greedy algorithm.

Theorem 4.2. For the path P,y of length n, we have
Opt(k, Py} = Lk, B,) for any k < n+1. That is, the initial
segment of length k in the sequence B, realizes Opt{l, Ppy1).

Proof. Leto = o, = {x1,x2,%3,...,x;) be any opti-
mal sequence realizing Optik, P,y ), where we may assume
by Corollary 3.2.1 that x; and x, are the end points of P,y .
Tetf(k —2,n) = [{v) = Z{;} ¢(i,o) be the interal cost
of o, where we have parametrized f in its firstinput coordinate
by the number (k - 2) of internal path points which follow
x1 and x7 in the sequence & . Recall that the first two points of
B, are also the endpoints of P, . So we similarly let g(k —
2,0 = Zf:3 ¢(i, B,) be the contribution to L(k, §,) from the
k — 2 internal path points among the first k points of f,,.

It suffices to show that f(r,n) < g{(r,n) for all r, with
r <n— 1, We will prove this by induction on n. The state-
ment being tnvially true for small », assume for some »
that f(x,n) < g(x,n’) whenever n’ < nandx < n' — 1,
and consider any r < n — 1. In the optimal sequence
o = (X1,X2,%3,...,%47) the vertex x5 is at some distance
t < | 3] from one of the end points, say from the “left” one.
Of the remaining r — 1 internal vertices, some number, say g,
are internal vertices in the left subpath of length ¢ while the
remaining » — 1 — g are internal vertices in the right subpath
oflength n—t. Also, the contributions of these sets of internal
verfices to L(o) must realize f (g, ) and f(r — 1 — g, n — )
respectively. We therefore have

frm)y=t+fgn+fr—1—qn—1. 4.0
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By the inductive hypothesis, we know that the appropriate
initial segments GREEDY (¢) and GREEDY (n — 1) produce
optimal sequences of length ¢ and length r — 1 — ¢ in the
subpaths of length ¢ and »n — ¢, respectively. Hence, we have

pao-[3 |5 HED (52D

and

ret=an-o=| "5 e 2|5 )
(=5

We substitute these expressions into (4.1). On associating the
middle term of each of these two expressions with the last
term of the other expression, and replacing ¢ by L%J + %1
equation {(4.1) becomes the following, called (4.1.1):

{55 2)
=21 ))
A1)

=2 2

The braces suggest the next step; to relate the quantities
inside the first and second braces to f-values on paths of
length | 5| 4 [%5%] and length | 5] + | %57 |, respectively.
As background, observe that if in Equation (4.1) we replace
1 by some positive integer ¢ £ ¢, still with /' < | %], then
Equation (4.1} becomes an inequality in which the left side is
at least as large as the right. We will apply this inequality to
the expressions in the two braces. In the first braces, L%J plays
therole of the replacement +' in (4.1), while L%J + {”T”I] plays
the role of ». Here, the assumption f < L%J implies I_%J <
f”—z——*t] , making this application in the first braces valid, so

s )= LD
A5 == )

In the second braces, [£] + | % | plays the role of n. If
[£] = |25, then we let [§] play the role of the replace-
ment ¢/, If [£] > | %% | (in which case  is odd and £ == §),
then we interchange the [%—I in the second braces with the
last term | %5 | of (4.1.1), and we let | %% | play the role
of the replacement #'. This validates the application of the
inequality in the (possibly modified) second braces. We get

sl ) A== 5D
(15 = e D)
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.

or the same inequality with the first term | § | on the left side

replaced by | %5 |.

Combining these upper bounds for the quantities in braces,

we get an upper bound for f(», #) which is analyzed below.
As an abbreviationlet W =g—- 1, X =r—qg—2,Y =1,

and Z = n —t, and then consider cases defined by parity. Our

upper bounds for the quantities in braces imply

ram=f(| 5 [+ [5] 23]+ [5])
JL(BWHJ HEH)

‘We use the facts that for integers I and J,

4.2)

(1) if 1 and J are both even or both odd, then L%J + (%1 =
[§1+14) = 5%, and

(i) if I is even and J is odd, then (%1 4 L%J = 1‘%:1, and
L%j + r%-‘ — I-‘r.;-H_

Case 1. W even, X odd, and Y even, Z odd. Then (4.2)
implies
W+X+1 Y+z2+1
f.ny=f +1,
2 2
W4+X—1 Y+72—1 n
1 Z
+f( 7 thTT3 ) ™ LzJ
rar+l r n—1 i
- -1 Z
=7(5.55) (51 "57) + L3
- ¥ an+1l n r n—1
=822 B2 "2
[ . .
+ LEJ (by induction)
= glr,n).
Case 2. W odd, X even, and Y odd, Z even. This case is

symmietric with case 1, resulting in the reversal of order of
the two f-terms in the second line.

CASE 3. W even, X odd, and ¥ odd, Z even. Then (4.2)
implies
W+X+1 Y+z2-1
flr.my<f +1,
2 2

W4+X—1 Y+7zZ+1 n

1, —

+f( ;T 2 )+ LzJ

~(5557) = 5-157) < B
Eg(;n;l)_'_g(%_l’n—;l)

+ [gJ {by induction)




- ¥ n+1 n r | n—1
=8y flo v
+ L—Z-J (by Lemma 4.1)
= g(r,n).
Case 4. W odd, X even, and ¥ even, Z odd. This case is

symimetric with case 3, resulting in the reversal of order of
the two f-terms in the second line.

Casg 5. W and X the same parity, and ¥ and Z the same
parity. Then (4.2) implies
W+ X Y+Z
f(rn)<f( +1L— )
W4+ X Y+z
+f ( L s ) 5

—1 n r—1n n
‘f( 2) ( ’2)42
- (r——lﬂ) r—lﬁ
=873 2

+ g (by induction)
= g(r,n).

CaSE6. W and X the same parity, and ¥ even, Z odd. Then
(4.2) implies

from)y <f

W4+X
(++l,

Y+Z+1
2

W+ X Y+Z2-—1 n
+f( e )+L§J
r—1 n+1 r—1 n—1 n
_f( 20 2 )H( 27 2 )+L§J
r—1 n+41 r—1 n—1
=
NEEI ISR

-+ L—EJ (by induction)

= g(r,n}.

Case 7. W and X the same parity, and Y odd, Z even. This
case is symmetric with case 6, resulting in the reversal of
order of the two f-terms in the second line.

CAsE 8. W even and X odd, and ¥ and Z the same parity.
Then (4.2) implies

W4X+1 Y4+ Z
ﬂnmsf( LS SA NS ke )

W+X—1 Y+Z

+f 2 +
n
2

rn s
=f(5’5) *f(a‘l 5)*

< r n r 1n +n(b induction)
g 573 g 5713 5 v induction
= glr,n).

CASED. W odd, X even, ¥ and Z the same parity. This case
is symmetric with case 8, resulting in the reversal of order of

the two f-terms in the second line. -

Although the preceding theorem gives us at least one
sequence realizing Opt(k, P, ) for each k, it is natural to
ask for a characterization of all such sequences for a given &.
We have found a surprising such characterization for the
case k = rn+ 1, admitting many more sequences than just the
greedy one, as a corollary to the theorem that follows.

We know from Corollary 3.2.1 that any such sequence
must have {x1,x2] = {0, n}. By symmetry we need only con-
sider the case in which 2x3 < n. As a convenient notation,
for positive integers a and b, let HP(a, b) = max{2” : pisan
integer, and 27 divides a or 27 divides b}

Theorem 4.3.  Suppose t is an integer with2 < 2t < n. The
3-termsequence x1 = 0, xp = n, X3 = f can be extended to an
optimal sequence o = (x1 = 0,Xp = W, x3 = £, X4, . - ., Xnt 1)
of all the vertices of Py, (thatis, Opt(n+1, Pypy1) = L(a))
ifand only if n — 2t < HP(t,n — 1).

Proof. Ourproof will be streamlined by the introduction
of some notation. Letf{n) = Lin+ 1, 8,) —n = Opt(n+ 1,
Pyy1) — n, the total cost accrued by the last # — 1 points
of the sequence B, of n + 1 points in P, 1, these being the
internal vertices of P, because x; and xp are the ends. For
convenience, we let f(0) = f(1) = 0. Note that

=5 (5D (50

by the recursive nature of the sequence of the algorithms
GREEDY (i1). For whole numbers ¢ and » satisfying 27 < n,
let f(t,n) denote £ + £ (¢) + f(r —£), sothat for ¢ > 0, f(z,n)
can be interpreted as the total cost accrued by the last n — 1
points of a sequence o of the n + 1 points of Py, the fist
two points of & chosen as the end points, the third at distance
t from the nearer end of the path, and the remaining points
chosen greedily. Once we decide (about a sequence o of all
7+ 1 vertices of Pyy1) that x3 = O,xn = n,x3 = 1, then
by the previous theorem we can maximize L(o) by choos-
ing the remaining points greedily. Hence, such a sequence
satisfying Opt(n + 1, Pug1} = L{o) will exist if and only
if f(t,n) = f(n). In this setting we use the notation A =
A(t,n) = (n—t) — t, so that x3 = ¢ partitions the path of
length » into paths of lengths r and n — £ = £ 4+ A, these
lengths differing by exactly A. So, it suffices for us to prove
that £ (¢, ) = f(r) if and only if A(t,n) < HP(t,n —1).

Let C1{¢, rn) denote the condition that f{t,n) = f(n), and
et C2(¢, n) denote the condition that A{z,n) < HP{t,n —1).
We proceed by induction on 7. For the basis case n = 2 (fore-
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ing r = 1} it is easy to verify that C1({1,2) and C2(1,2) are
both true, verifying the basis case. Suppose the claim is troe
for all # < s, and consider some t with 2 < 2t < m, where
Alt,my =m — 21,

Case 1. m = 2iand t = 2f are even. From 2f < m
we have 2j < i. Note that A(z,m) = 2A{j,i} and that
HP(t,m—)=2HP{j,i—]).

Now, f(m) = i 4 2f (i), while f(t,m) = 2j + f(2)) +f(2i —
2 =14 2[j +f() + f(i — )i Therefore, C1{z, m} is true
< fltym) = f(m) < f) = j+f(D+fE—)) & C1{j,i}is
true. By the inductive hypothesis, C1{j,1) is true <> C2(j, 1)
is true & A(j, D) < HP(j,i —j) © 2A(,1) <2 HP(j,i —
J) & Alt,m) < HP{(t,m —t) < C2(¢, m) is true. Therefore,
Cl1{t,m) is true < C2(z, m) is true, as desired.

Casg 2. m=2itseven and 7 = 2j + 1 is odd. Note that
HP{t,n — ) = 1, because ¢ and n — ¢ are odd. If C2(¢, m) 18
true, then it must be that ¢ = ¢, in which case the sequence
corresponding to f (¢, m) is greedy even at the third step, so has
maximum cost, that is, C1(¢, m) is true. Suppose instead that
C2(t,m) isfalse, thatis, thatr < i. Then2j < 2(j+1) < i,s0
we have that j+7 (/) +f(i—j) < f(i), and that (j+ 1) +f(j+
D+f(—(j+1)) < f(#) by Theorem 4.2. Thus, we obtain that

Flemy=2+1+4+fQ+D+fQi-2—1)
=2+ 14+j+f(D+HfG+HD+E =D
AU BN VE S AU )
=i—1+[j+f()
FE-MA1G+D
+fGFD+FE— G+ 1))
<i— 1+ @ +F0 <i+f)+£0) =fm).

That is, f(¢,m) < f{m), so C1iz,m) is false.

CaSE 3. m = 2i4+ land 7 = 2j + 1 are odd. We
have 2(2j + 1) < 24 4 1, so by parity considerations,
22f + 1y < 2,802+ 1 < i.Thus, 2f < 2j+ 1 < i and
2(j+1) =i+ 1,sowehavethatj--f(H+fGE—j) < f@and
JH1+f(G+ 1 +f(~7 <f(i+1),again by Theorem 4.2.
Now

Fm) =2+ 1+ + 1) + (2~ 2j)
=1 Hj+HfDHfG+D +i—j G0
=i+ [+f+FE=-NI+ U+ T HG+HD
FE=D 2 i@+ G+ 1) =F(m).

So, C1(r, m) is true < equality holds in the previous inequal-
ity & C2(j, ) and C2(j+ 1,i+ 1) are true (by the inductive
hypothesis) & i — 2/ < AP(j,i—jpand i — 2/ — 1 <
HP(j+1,i—j). We now use the last condition equivalent to
C1(t, m) to prove the equivalence of C1{r,m) and C2(t, m).

Suppose C2(z, m) is true, that is, 2i —4j — 1 < HP(2j 41,
2 —2/) = 2 HP(1,i — j). Because 2i — 4j — 1 is odd and
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2HP(1,i—j)iseven,wehave 2i —4j <2 HP(l,i—j),s0i—
2j < HP(1,i—j), fromwhichbothi—2j < HP(j,i—j) andi—
2j—1 < HP{j+1,i—j) follow, so C1(z, m) is true, as desired.

Conversely, suppose C1{z,m) is true, that is, that { — 2j <
HP{j,i—f) andi—2j—1 < HP(j-+1,i—j). It suffices to show
that i — 27 < HP(1,i — J), because from there it follows that
A—4j—1=2i—4f < HP(1,2 —2j) = HP(2j+1,2i —2)),
thatis, C2(z, m) istrue. If jis odd, theni—2f < HP(},i—j) =
HP{1,i — j). Suppose j and i are both even. Then, because
i—2—1 < HP(j+ 1,i — ) = HP(l,i —j), and
because { — 2j — 1 is odd and HP(j + 1,i — j) is even, we
have i — 2j < HP(l,i— j), again as desired. Last, if j is even
and iisodd, theni—2j—1 < HP(j+1,i—j) = 1, but hecause
i—2j—liseven,itfollows thati—2j = 1 = HP(1,i—j), as
desired.

Case 4. m = 2i+ 1isodd and r = 2 is even. Because
22y = 2i+1and 2i + 1 isodd, we have 2 < i < i+ 1.
Therefore, j + £(j) + £ (i — j) < () and j +£(J) + (i —
j+ 1y <f(i + 1). Thus, we obtain that

Jl.m) =2 +f2) +f2 -2+ 1)
=D FI—j =D+ -+ D
=i+ +fD+HfE=DI+ 1T +F ()

TfE—j+DISi+fO+fUE+1) =F(m).

So, C1(t,m) is true if and only if C1{j,{) and C1{j,i+ 1)
are both true which (by inductive hypothesis) is true if and
only if both C2(j,{) and C2(j,i + 1) are true.

Suppose C2(t, m) is true, thatis, 2i —4f +1 < HP{(2j, 2i—
2j+ 1) = 2 HP(j,1). Then 2{ — 4 +2 < 2 HP({j, 1)
[becavse 2i — 4j + 1 1s odd while 2 HP(j, 1) is even],
so i — 2j 41 < HP(j1). So, C2(j,i) is true because
i—2f <i—2j+1 < HP(j,1) < HP(J,i—[),and C2(j,i+1)
isfrue because i — 27 + 1 < HP(j, 1) < HP(j,i —j+ 1).
Therefore C1(t, m) is true, as desired.

Conversely, suppose C1{t,m) is true, so C2{j,i) and
C2(j,i + 1) are both true, that is, i — 2j < HP(j,i — J)
and i — 2f + 1 < HP(j,i —j -+ 1). It suffices to show that
i— 27+ 1 < HF(j, 1), because then it would follow that
2i—dj+1 < 24+4j4+2 < HP(2j,1) = HP{2},2i ~2j+ 1),
ie. C2(t,m) is true. If i and j have the same parity, then
fromi—2j+ 1 < HP(j,i —j+ 1) = HP(}j, 1) we are
done. Suppose i is odd and j is even. Then from i — 2j <
HP(j,i —j) = HP(j,1), in which the left side is odd and
the right side is even, we have { — 2§ + 1 =< HP(j, 1), as
desired. Last, suppose { is even and j is odd. Then from
i—2j < HP(j,i — j) = | in which i — 2/ is even, we
have i — 2f = 0,s07i—2j+1 = 1 = HP{j,1), as
desired. "

Given a sequence o = (x1,x2,...,%,+1) of the distinct
vertices of Pnyy in which {x1,x} = {0,n}, for each i =
2,3,....ntheset {x;,x,...,x} naturally partitions the path
Pny1 into i — 1 edge disjoint subpaths. Each subpath has
a successive pair of vertices x;, xz, for some | < jk < i,




as its ends. Foreach i = 2,3, ..., n the vertex x;11 lies inte-
rior to one such subpath, splitting it into two paths. Let the
shorter length be #;, and let the longer path have length ¢;+ A;.

Corollary 4.3.1. A sequence o = (x1,%2,...,%n41) Of the
distinct vertices of Pn1 satisfies Opt(n + 1, Ppy1) = Lio) if
and only the following hold: (a) {xi,x:} = {0, 1}, and (b) For
eachi=2,3,...,nwe have A; < HP(t, 1, + Ap)

Proof. The requirement {x;,x;} = {0, n} is from Coro-
llary 3.2.1. As we proceed after that, because we eventually
split up each subinterval until all intervals have length I,
the order in which we split the subintervals is immaterial to
whether the sequence maximizes the total cost. We just have
to ensure each time we split a subpath that the subdivision
follows the criterion of Theorem 4.3.1, if we regard the new
vertex as the third vertex used in the subpath, having already
used both of its ends. B

According to Corollary 4.3.1, an optimal sequence in
a discrete path can be quite flexible. For example, in Py
let’s begin with xy = 0, x3 = 13 = n. Then choosing
x3 =8 wehave i + Ay = 8,fh = 5, and A; = 3. Thus,
Az < 8 = HP(t2, 1+ Ay), showing that condition (b) is sat-
isfied. Thus, the three term sequence x; = 0,x2 = 13,x3 = 8
can be extended to a sequence realizing Opt{14, P14). Now
the choice x4 = 12, taken from the length 5 interval [x3 = 8,
xp =13], vields 13 + Ag,fs = land Az = 3,50 Ay < 4 =
HP(f3, 15 + Az). Again, because condition (h) is satisfied,
the corollary implies that the four-term sequence x; = 0,
xp = 13, x3 = 8,x4 = 12 can be extended to realize
Opt(14, P14), and so on.

We now generalize this example to obtain a special
sequence ., which realizes Opt(n + 1, P,11) while also
making an explicit calculation of Opt{n + 1, P,¢1} espe-
cially convenient. Adopting the notation preceding Corollary
4.3.1, suppose induoctively that the points {x;,xa, . .., x;} have
been constructed, with x; = 0, and x» = » + 1. Choose
one of the i — 1 resulting induced subintervals of [0,#],
say [x;,x], for some 1 < j &k < i. We let x;; be an inte-
rior point in this interval, its distance from one end (either
cne) of the interval being the greatest power of 2 allow-
able. That is, take x;5) to be at distance #; + A; from one
end, and distance #; from the other end, where § + A; is
the greatest power of 2 less than the length x; — x; of this
interval. So we have & + A; = 2M°80@0+201-1 319 hence,
g1 = 1 + 208G o gy 2llog ]
(and we choose arbitrarily between these two alternatives),
For this choice of x;1) wehave HP (5;, t; + Ay = 4+ A > Ay,
so that the sequence 7, = (x),x2,...,%,+1) inductively so
constructed realizes Opt(n + 1, P,41) by Corollary 4.3.1.

For a sequence m, constructed in this manner, let us
abbreviate L(m,) by L(n) and recall I(n) = I{m,) =
Z?igl c(i, @) = I{m,) — n, the interior cost of 7,,. The next
lemma will lead to a formula for Opt{n + 1, Ppy1) in the
theorem following.

Lemma 4.4.  Suppose n is a power of 2, say n = 28, Then
Lim) =2%(L + §).

Proof. Leta, = I(2¥). Then by the construction of 7,
cleatly gy, satisfies the recurrence relation a, = 2a;_| +2%1
{for k > 1), with initial condition ay = 0. From this we get
ap = k - 2%71 and the result follows. a

Theorem 4.5. Writeninbase-2;n = 254292 4. . L2814
2%, where 0 < 51 < 52 <+ < 8. Then Opt(n+1, Pyyq) =
=ikl B2

Proof. It follows from the construction of s, that L(xn}
obeys the recurrence L(n) = n + L{n — 2%) + [{2%). Solv-
ing this recurrence and using Lemma 4.4 we get L(n) =
[n 4+ (r—2%) 4 (n = 2% —2%) - 4201 ] 4 [, 2% 4
Spq 257 o g2%2 1 625171, The result now fol-
lows by observing that Opt(n + 1, P,41) = L(n) by the
construction of 7, and Corollary 4.3.1. u

5. SSP FOR CONTINUOUS STRUCTURES
AND BOUNDS ON THE PERFORMANCE RATIO

OF THE VERTEX GREEDY ALGCRITHM

5.1, Solution of SSP for Continuous Paths

In this subsection we define the continuous version of the
sequential sum problem, in the setting of the metric space
associated naturally with any edge-weighted graph G. This
will be a tool in obtaining our upper bounds for L{o) for any
edge weighted graph.

Let us regard each edge uv € E(G) of weight w as a
continuous interval of length w having end points u and v.
Then define the associated “continuous™ metric space con-G
as follows. The underlying point set V(con-G) of con-G will
be the set of all vertices of G (these will be called original
vertices of ), together with all “internal” points on intervals
{iv: uv € E(G)} as just described, where any two such inter-
vals are understood to be internally disjoint. We shall define
the metric o (x,y) for any pair of points x and y (internal or
not) in the natural way as the length of the shortest route
between x and y in con-G as follows. Consider any sequence
§ = (X = X0, €1, X],€2,X3, . . ., €, X = V) in con-G starting
at x and ending at y, where each x;,i #£ 0,k, is an original
vertex of (¢ and each ¢; is an edge of 7 (viewed as an interval)
containing x; 1 and x;. Define A;(x,y) = ;;1 dist(x;_1, x;),
where dist(x;—1,x;) is the usual Euclidean distance between
xi—1 and x; on the interval corresponding to ;. Finally, let
p(x,y) be the minimum of A;(x, ¥) over all such sequences s.
This defines the metric space con-G associated with G.

As examples, con-K> is just an interval of length 1, while
con-K ; is a set of p intervals each of length 1 glued together
at a central point, which is also an end point of each of them.

The SSP problem can then be defined on con-G in the
obvious way, with p(x,y) playing the role of the graph
distance dist(x,y) in G for the discrete case. In particu-
lar, for a sequence o ={(xj,...,x) of distinct points of
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con-G, we can let c(f,0) = miny <y pxs %) for i > 2,
with ¢(1,0) = 0. Now the notations L(g) = ';‘:1 cli,o)
and Optlk,con-G) = max{L{o) : ¢ = (xy,...,x%) is a
sequence of distinct vertices in G} carry over directly, where &
is finite but allowed to be arbitrarily large for any fixed G. The
SSP problem on con-G is then to determine Opt(k, con-G) for
a given G and k.

This continuous version of the SSP is naturally related to
the discrete version defined previously. Let ¢ = xy be any
edge in a weighted graph G. An elementary refinement of
(7 is any graph G’ obtained from G by “inserting” a point
v of degree 2 “along” ¢ while preserving total edge weight.
More precisely, define G by V(G') = V(G) U v}, E(G) =
(E(G) — {e}) U {¥x, vy}, where the weights of the new edges
vx and vy are positive and satisfy w(vx) + wivy) = w{e),
and all other edge weights in &' remain what they were
in G. A graph H obtained from G by any sequence of ele-
mentary refinements is called a refinement of G. Here, we
allow ( to be a refinement of itself. Then Optlk, con-G) =
max{Opt(k, H): H is a refinement of & having at least k
points}, so Opt(k, con-G) depends on & and the underlying
topology of G, but not on where in G its degree 2 points are,

Inverse to the operation of refinement there is the opera-
tion of reduction. When H is a refinement of G, we will say
that G is a reduction of H. When G is the unique reduction
of H having no points of degree 2 (such a G is sometimes
called “homeomorphically irreducible”), then we denote G
by red(H). Note that this definition allows red(H) io have
loops (arising from the reduction of certain cycles), but our
interest is confined to the case where red(H) is without loops.
See Figure 4 for examples of reduction and refinement.

In Figure I, the sequence o of 10 points from con-KXj 3
(where each edge of Kj3 has weight 1) are placed at dis-
tances from the center that are multiples of L The fact that

Loy = 1mp11es that Opt(10,con-K;3) > -3-, and that
Opt(10, T) > 232 for some refinement T of K3 having at
least 10 points (in fact one possible such T is the tree shown
in Fig. 1).

We begin the study of the continuous SSP by showing
that the natural greedy algorithm sclves the SSP problem
in con-K7. Toward that end, for each integer n > O let
S I iy R R L
b+ L+ 427l where we set £(0) = 0.

We begin with a concavity property of the function f.

X
NSO iz N 077 PoNe 7

4
) 4 %

2 2 2
%y % s *3

2) The weighted graph G
and sequence & = (X, X, «..r xbj

b} red{(G) ¢) The initial cover subsequence

Covio,T} = (x|, %5, X4, Xg) for the interval
partition consisting of edges of red(G)

FIG. 4.
of (b).

red(G) and an initial cover of G; graphs (a} and (c) are refinements
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Lemma 5.1. Suppose integers s.t and real rumber o satisfy
O0<t<sand0 <o <5 Thena+af(@)+(1—a)fls—1
< f(s + 1), with equality if and only if o = % andt=[5/2]
or [s/2].

Proof. Seta = [s/2], and b = [5/2]. First observe that
s+ = % +%f(a) +%f(b),because %f’(a} isthe sum of the
terms of even index & in the sum defining f (s+1), while % fb}
is the sum of the terms of odd index & > 3 in the sum defining
F(s -+ 1). Next, note that o + o f(6) + (1 — ) f(s — ) is a
linear function in o (for s, ¢ fixed), so its maximum value over
the interval 0 < o < li isachieved ate = Qora = % or both,
that maximum value then being max { (s — 1), % + JZ— fio+
-é— Fls—n). Now, f(s—1) < f(s+ 1), because f is increasing,
so it suffices to prove that % + %f'(t) + %f(s - <fs+ 1),
with equality if and only if # = a or b. But we have already
observed that equality holds at values ¢+ = a and b. Further,
f isincreasing and “concave down” as a function on integers,
50 % fo+ % f(s—1) achieves its maximum at precisely those
inputs where ¢ and s — ¢ are as nearly equal as alowed, which
in this case is at the integer values ¢ = ¢ and b. =

In con-K>, consider the infinite sequence of points 0, 1,
i1 31357 1 3 5 7 9 1313 Lo e,
7:4-4-3°%°8°8° 16 16° 16° 16° 167 16> 16° 167 32> n
be the finite subsequence formed by the first 7 > 2 terms
of the preceding sequence. It is easy to verify L{u,) =
L + f{n — 2}, and that p,, is greedy. Observe now that if
M > 0is aninteger with 2 — 1 < M < 281 — 1, then
fM) = £+ Mzaﬁl with k = {log,(M + 1)]. Hence, for
n>3, L(un) = T n—2) = 14542222 < 20k where
k= logy(n—1)]. Inthefollowmg theorem we prove for this
topologically simple metric space that the greedy sequence
ix produces the greatest cost among sequences of the same
length.

Theorem 5.2,
Opt(n, con-K3) =
k= |loga(n — 1)1

For poasitive integers n ¢ have

L{ps) = 1+ & ol

=
=

3 w
+% where

[ 1L

Proof. 'We need only prove the first equality. The claim
is trivially true when n < 2. Forn = 2, let 1 = (v,
Va,...,vy) be a sequence of points in con-K3, with L(z) =
Opt{n,con-K»}, Because L{i,) = 1 + f(n— 2), it suffices
to show by induction on 7 that

L(t) < 1 4+ f(n— 2) for all 7 of length n in con-K3. (5.1)

The basis case n = 2 has already been handled. We assume
inductively that (5.1) holds for 2 < n < § 4 2, and consider
the case n = 5 + 3.

We first note that without loss of generality v, = 0 and
ve = 1.To see this, suppose for contradiction that v, is neither
0 nor 1, and that without loss of generality v1 < 2. If each
v; for i > 3 is less than v2 then clearly the sequence is not
optimal, becanse we can increase L(t) by changing vy tobe 1
and keeping all other v; the same, contradicting the optimality




of 7. Therefore, some v; exceeds v2, and we can let v; be the
first such v; in t. But upon creating t’ from 7 by interchanging
the values of v; and v; and keeping all other v; the same, we
reach the contradiction that L(z"} > L(t). Therefore, vo must
be an end of the interval [(3,1]. Becanse interchanging the
order of v and v, does not alter the cost of the sequence {and
therefore yields an optimal sequence), vi must also be an end
of the interval [0,1]. Therefore, without loss of generality,
vy = 0 and v; = 1 as claimed.

Let @ = w3, and assume without loss of generality that
D<u=< %, where t of the points v, vs, . . ., veqa are in [0, o],
the remaining s — ¢ in {o, 1]. We now apply the inductive
hypothesis twice; first to the subsequence of 7 + 2 points
consisting of 0,«, followed by the ¢ points in (0, a), and
second to the subsequence of s — ¢ - 2 points consisting of
1, o, followed by the s —# points in (&, 1}. In each application,
we are working with scaled versions of the interval [0, 1], one
with a scaling factor «, and the other with a factor 1 — a.
Then by the inductive hypothesis, L(z) < | + o + af (1) +
(1 —a)f(s — 1), so that by Lemma 5.1 we have L{(1) <
1+f(s+1)=14+f(n—2),proving (5.1). m

5.2. Upper Bounds on the Performance Ratio
of the Greedy Algorithm for the OST

We now use our result (Theorem 5.2) on Opt(n, con-K3)
to derive an upper bound for L(c)/w(o) in any weighted
graph G and any sequence ¢ from V{G), recalling that w(c}
denotes the weight of a mininoum Steiner tree interconnecting
the points of ¢. Such a bound is then also an upper bound on
the performance ratio of the greedy algorithm for the OST.

Start with any subgraph H of G spanning the vertices of
o, where later H will be taken to be a minimum Steiner tree
for o, Our basic idea is to partition con-H into a collection
I ={h,I,...,1,} ofintervals (i.e., scaled copies of con-K3),
where any two intervals are internally disjoint but may have
either one or two end points in common. Letting o; be the
induced subsequence of o whose points lie on [;, we use the
values of L(o;) derived from Theorem 5.2 to give an upper
bound for L{o) itself.

We call such a collection I an inferval partition of H, and
we let the weight{I;) be the length of I; (see Fig. 5). Each point
v € o is viewed as belonging to some interval {; through the

a) A weighted tres T

b) Aninterval partition of T having
6 intervals with indicated weights

FEG. 5. Aninterval partition of a tree.

identification of con-G with G described earlier. For each
I; € I, let x(I;) be the first point of o (if such a point exists)
contained in /;. Note that it is possible to have distinct 7 and §
for which x(J;) = x({;) because a point can be in more than
one interval of the partition by being an end point of several
intervals. We refer to the set {x([;) : ; ¢ I} as an initial
o-cover of I, and denote it by Cov(o,I) (see Fig. 4¢).

Theorem 5.3. Let G be an edge-weighted graph, and o a
sequence of n vertices of G. Let H be any subgraph of G
contains the vertices of o, and let | = {1, f2,...,1,} be an
interval partition of H withweight(l;) = w; for1 <i < p. Set

P r
W= w = weight(H) and K = [ [w}".
=1

i=1

Then

W
L(a)g%logz(lf-(%) )+ 3 c(x,a)+—2-w.

xeCov{o,0)

Proof. For each point x € o, assign x to one of the at
most degyy (x) intervals of J containing x, calling it I, ). Note
that because there may be several such candidate intervals, it
is possible that x = x(f;) while ¢t(x) £ i. Let V{i) = {x &
o i = a(x)} be the set of points of & assigned in this way
to [;, so that {V (i)} is a partition of the set of points of &.
Let R(i) = V(i) — x(I;), and n; = |V (i)|. For each x € R(7},
let d(x) = min {dist(x, ¥} : ¥y € V(i) and y precedes x in ¢}.
Then

14
Lo)y=>" " elx,0)

i=1 xeV{i}

P
= Z c(x,J)+Z Z clx, o),

xeCovio,D =1 xR (0
where the sum
Z clx,a)
XER(D)

is understood to be O if R{i) is empty.
Consider the sum

p
0=> ) o)
i=1 xeR(®)
above on the right. For each { we have
D exoy= > dny < L ilogym) + 2wy
. ; = : = Wi 20 (H; A Wir
xeR() xER(D)

using Theorem 5.2 and scaling by a factor of w;.
Thus,

1 3
Q<5 > wilogy(n) + 5 W.

i=1
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We now maximize this upper bound for @, viewed as
a function of the p variables n;, subject to the consiraint
ZLI n; = n. Applying Lagrange multipliers we find that the
maximum is achieved at the values »n; = %n Substituting
these values into the upper bound for @ we obtain

12
5; logz(

1 . P ( n )W + 3 W
= — 10 . — — s
282 W 2
where K is as in the statement of the theorem. The theorem
follows. a

)+%W

The following upper bound on the performance ratio of
the DGA follows immediately.

Corollary 53.1. Ler G be an edge-weighted graph, and o
a sequence of n vertices of G. Let T be a minimum Steiner
tree in G for the vertices of o, and let I = (I, 1, ..., I} be
an interval partition of T with weight (I;} = wlforl <i<p
Set W =30 w; = weight(T), and K = ]_[ ', w;". Then

L{o) 1 nyW
wo) © 3w o8 (K (W) )

Z c(x, o) —E—%

L1
W xeCovig I}

1 1 &
= 5 loga(m) + gwi log, (w;)

1 1

Z clx,o) | + %

xeCov(o,l)

Proof. The ineguality follows directly from Theorem
5.3, by letting 7" play the role of H. The equality follows
by algebra. s

The flexibility in choosing an interval partition of T allows
us to view the above bounds on L{¢)/w(o) in various ways,
some leading to an improverment on known bounds and a
proof of a conjectured bound on the performance ratio of
the DGA in certain special cases. To start on this, we need a
basic lemma concermning the induced cost of subsequences in
arbitrary graphs. The straightforward proof is omitted.

Lemxma A. Let o and ¢ be seguences of distinct ver-
tices in an edge-weighted graph G, with o a subsequence
of o. Then (a) If a(1) = o(l), then ) .., cx,0}) <
ZXEDL' c(x, a); () eroz clx,0) = Exeae—{az(l)} clx, o) +
cl(ee(1), o), where as usual o (1) [resp. «(1)] denotes the first
point of o (resp. ).

We can now further develop our results on Lio)/w(a),

exploiting the flexibility in the choice of interval partition of
the Steiner tree T in Corollary 5.3.1.
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Corollary 5.3.2.  With the same hypothesis and notation as
in Corollary 5.3.1 we have;
(a) Ifw; = -‘;—’forau i,1 <i<p, then

LJ) < —10 (n) — ! 10 (p
wio) = 2 g2 2207
1 3
+—= Z cx.o) | + =
w xeCovio ) 2

1 1
< Elogg(n) + 5 logo(p) +O(1),

(b) Suppose red(T) has s edges, and red(G) has r edges.
Then

L
;% = Llog, () + [logy(9)] + 2
< 5 logy(m) + [logy ()] + 3.

(c) Again, with v being the number of edges in red(G),
suppose n = r*. Then

L(c) 142
< 1 1.
we) = ( 2 | lemm oM
Proof. For (a), the first inequality follows from Coro-
Llary 5.3.1 upon substituting

W 1 &
w; = — into — ilo ;
i » W ; wilogs (wy)
and simplifying.

The second inequality of (a) will follow from showing that

—| > o) | < Mloga(pl.

xeCov(o.l)

Let T* be a minimum Steiner tree in G for the set Cov(s, 1),
and set W* = weight(T™). Also, let & be the subsequence
of o consisting of just the vertices of Cov(v, [} (i.e., in the
same relative order as they appear in o). Recall that (1)
and o (1) are the first vertices of « and o, respectively. Now,
because every point of o belongs to some interval of 7, and
« (1) is the first point in the initial o -cover of I, it follows that
(1) = o(1). Hence, by Lemma A we have

Z elx,0) < Z clx, o).

xeCov{g ) xeCov(a.l)

By inequality 2.2 (from Theorem 2 in [4], we have

w1 2o e ] = Tlog|Covio, M1 = Mogy(p)].

xeCov(o,l)




Nothing that W > W*, because T is a subtree of G spanning
Covi{o,I), we have

W Y. cxa) Eﬁl/;

xeCovio, D)

Z clx, a)

xcCov(a,f)

= [log,(p) 1.

For (b), apply the second inequality of (a) to the interval
pattition [ of 7" whose intervals are precisely the edges of
red(T). There are s such edges, giving the first inequality
of (b).

For the second inequality of (b), we need only show that
s < 2r. Now by the connectedness of T, each edge xy of
red(G}), when viewed as an interval of con-red{G) with ends
x and y, may “host” up to two distinct edges of red(T"). This
is because xy may contain at most two edges, xv; and yvs,
where v1 and vy are end points of red(T') lying in the interval
xy, such that xv; and yv; are disjoint subintervals of xy in
con-red(G). Hence, s < 2r as desired,

Part (¢) follows immediately from the second inequality
of part (b) using the upper bound r < n'/*, combining the
logarithms, and simplifying. "

The tightness of the upper bounds in Corollaries 5.3.1
and 5.3.2 is explored in the Appendix. We analyze there the
values of L{c") for the graphs K} , and con-K ,, and certain
sequences o, showing that the upper bounds can be matched
by lower bounds up to a small constant additive term.

In the concluding remarks of [4] the problem of find-
ing the worst-case performance ratio for DGA was posed,
where DGA is the dynamic greedy algorithm for solving
OST described in our first section. While the lower and
upper bounds (2.1) and (2.2) for this performance ratio of
1+ % [log,(n — 1)} and [log, (n)], respectively, were known
for on-line sequences of n vertices, the authors conjectured
that % log; () 15 actually correct as an upper bound, persum-
ably up to a constant additive term. But recall that any upper
bound for L{z)/w(o) is also an upper bound for the per-
formance ratio of VG, and hence of DGA on sequences of
length |a|. Part (c) of Corollary 5.3.2 therefore implies that
this conjecture is true when the instance graph G is taken from
any collection of graphs in which r, the number of edges in
red(G), is bounded by a constant, We may sammarize this as
follows.

Corollary 5.3.3. Let K be a constant, and let 2 be any
collection of graphs such that for any G € Q the number
of edges in red(G) satisfies e(red(G)) < K. Then for any
G € Q and any sequence o of n vertices in G we have
Lig)/w(o) < %logz(rt) + O(1). Hence, the performance
ratio of VG and hence of DGA on sequences of length n
taken from this collection of graphs is upper bounded by
1 logy (n) + O(1).

Some natural examples of collections 2 satisfying the
hypothesis of Corollary 5.3.2 are the set of all refinements
of some fixed irreducible graph G (i.e., where red(G) = G),

the set of all refinements of k-regular graphs on v vertices with
k and v bounded by some constant K, and generally any col-
lection £2 of graphs whose set of reductions {red(G): G € £}
contains at most a finite number of isomorphism types (or
“topologies™). Thus, such a collection £2 could well be infi-
nite (as in the preceding examples), but any G € £ is a
refinement of one of at most a finite number of irreducible
graphs which “generate” £2 by refinement.

We do not know whether the %].ogz(n) + O(1) upper
bound conjecture is true in general without the hypothesis
of Corollary 5.3.3. But part (¢} of Corollary 5.3.2 does yield
an improvement on the known upper bound [log, ()] for
the performance ratio of DGA applied to a graph G when
n is large enough compared to r; that is, when the num-
ber of degree 2 points in ( is large enough compared to 7.
Indeed, as & increases (in Corollary 5.3.2¢), we get progres-
sively better improvements on [log,(n)], which converge to
the conjectured % log, (1) upper bound.

6. CONCLUDING REMARKS

We have examined the on-line Steiner problem, through
a study of the parameter Opt(r, G) and the upper bound
L{g)/w(c) for the performance ratio of the vertex greedy
algorithm for the OST. We computed Opt(n, P;) and its
continuous analogue Opt(n, con-K3), both by the greedy
algorithm and by a characterization of optimal sequences,
the latter leading to an explicit formula in the discrete case.
The result on Opt(n, con-K») was used in deriving a general
upper bound on L{o ) /w(c), which in turn, yielded the coro-
Nary Lo} /w(o) < % log, (m) +O(1), where |o| = n, for any
collection of graphs whose homeomorphic reductions have a
number of edges bounded by some consiant. This proves the
conjectured performance bound of %logz (n) + O(1) in [4]
on DGA for all graphs, when restricted to any such collec-
tion. Our results also imply upper bounds on L{z) /w(c) for
any graph G that improve on the known [log,(n)] upper
bound and converge to the conjectured % log,(n) + O(1) as
the proportion of degree 2 points among all the points grows.

In the Appendix we show the tightness of the gen-
eral bound by examining the stars con-Ky,. There we also
develop constructions that lower bound the maximum of
Opt(n, T} /weight(T) over all trees on »n vertices, in particular
finding examples for which this ratio is larger than the same
ratio for the continuous path con-Ks.

Finally, we should mention the cycle C,; on n points with
all edges having weight 1. Then Opt{k, C,) = Opt{k + 1,
Pypi) — nand 2Optk, con-C,,) = Opt(k + 1, con-K3) — 1,
as can be seen by viewing the cycle C, as a path of length »
with end points identified.

Many issues remain to be explored; for example the
following.

1. Maximize Opt(k, T) over all trees T having weight 1. By
Theorem 2.1 each lower bound for this maximum is also
alower bound for the worst case performance ratio Ca {k)
for all algorithms A for the on-line Steiner problem.
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2. Determine the complexity of the SSP problem when
restricted to trees. Is it polynomial time solvable?

3. Determine Opt(x, con-Kq,) for all ».

4, Proving the conjectured bound L) /w{c) < %logz(n)—i—
(1) for trees naturally implies the same bound for any
graph & because distances in any spanning tree of (- are
atleast aslarge as they are in G. Hence, the firstinequality
of Corollary 5.3.2a shows that proving

> clmo) = W-logy(p)

x=Covio.n

for any weighted tree T would imply the conjectured
%logg(n) + O(1) bound for all graphs, where p is the
size of some interval partition of T with equal interval
weights {call this a “balanced partition™). This in tum
reduces to proving L(¢) < W-log, (p) for any sequence
o satisfying [o| < p, where p is the size of some bal-
anced partition of T. Thus, a natural starting place s to
prove L(o) < W . log,{|E(T)|) in any tree with edges
all having equal weight, where |o] < |E(T)| and the
balanced partition of T consists of the edges of T

APPENDIX: CONSTRUCTIONS SHOWING
TIGHTNESS OF BOUNDS

Tightness for the Bounds of Corollaries 5.3.1 and 5.3.2

To examine the tightness of the bounds in Corollary 5.3.1,
we now consider the sequential sum problem for con-Kj p,
where the edges of the orignal K, are equally weighted,
say with weight 1, Apart from tightness of the bounds, we
also believe that determining Opt(k,con-K ,) is the next
natural step after our determination of Opt{k,con-K3). We
will need the following notation. Let z be the center point of
con-Kp.Letey,ea, ... e b_e the p end points of the branches
B1, By, ..., By of con-Kj ;, respectively; that is, of the p paths
of length 1 from the center z to the ;. Denote by (i, ) the point
of con-K1, lylng on the path B; at distance 4,0 < 4 < 1,
from the center z {see Fig. 1). Thus, for I <i < p,z= {0
for all i.

We construct a greedy sequence &, of points in con-K ;,
modeled on the sequence T = (v(1),7(2),...) = (0,1,
%, Alr, %, %, % %, % %, ...) which was optimal for con-Kj.
Begin by letting 8,(1) = (1, 1) = (1, 7(2)), 5,(2) = (2, 1) =
(2,7(2),....8(p)=(p.1) = (p,t(2).and §,(p+1) = z.
Assume inductively for 5 > 1 that we have defined 8,(r)
forevery 1 < r = ps+ 1. Then let §p(ps + 1+ /) =
(ot +20 for 1 < j < p, thereby defining 8,(r) for every
1 = r = p(s + 1) + 1. Nofice that the restriction of §, to
each branch simply reproduces the sequence 7, and that 8,
alternates evenly and identically among the p branches. For
example, the values of Sp(riforp 4+ 2 = v < 2p 1 are
(L5, 20, (p1),andfor2p +2 < r < 3p + 1 they
are (1, 1), (2, 1), ..., (p. ), ete.

Trivially, Opt(k,con-K1,) = L(k,§,). Given that 6, is
a natural, greedy sequence, one might wonder whether this
lower bound is optimal. Taking £ = 10 and p = 3 we can
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see that it is not, as evidenced by the sequence o = {( 1,1),
2,0, G0, (L, @P.GH (L3, 2.9, 3.3z}
Then L{c) = %2—, which exceeds L(10, 83) = %. Again, see
Figure 1. But while evidently Lk, &,) is not always optimal,
the next theorem gives a slight improvement on the upper
bound for Opt{k, con-K ;) implied by Corollary 5.3.1 {taking
w(e) = p in that corollary).

Theorem A1,  Opt(k,con-K) ) < Lik—p+1,8,)+p—1

Jork = 2p.

Proof. Leto = (x1,x2,...,%;) be a sequence of points
in con-Ky p which realizes Opt{k, con-K1 ,); that is, L(g) =
Opt(k,con-Ky ) = fol c(i, o). Further, let Z; = {x; 1 x; €
B;} be the set of points in o lying on the ith branch of con-Kj
for 1 < i < p. As a convention, if x; = z for some 1, then
by symmetry we assume that the nearest predecessor of x;
lies on branch By, in which case we consider x; to be a point
of Bj.

Our first step is to show that the first p peints x1,x2,.. . %
may be taken to be the end points ey, e2,...,e,. Now the
proofs and conclusions of Lemmas 3.1 and 3.2 carry over
to any tree structured metric space. Hence, we may suppose
that x;, xp are leaves, say x1 = ) and xp = e2. Suppose
that x3 # e;, i > 3. Then x3 must be a cut vertex. By the
monotonicity condition of Lemma 3.1 we know that x3 lies
on some branch different than B; or B;, say Ba. But now
Lemma 3.2 forces a predecessor of x3 in o to lie on B3,
a contradiction. Repeating this argument we have x; = ¢; for

1=i=p.

Next we define a bound d(x;) on c(i,o). For 1 < i < p,
letd(x;) = 0. Fori > p+1let d{x;) = min{dist(x;, x;} : j <
i,x; on the same branch of con-Ky ; as x;}. Clearly, ¢(i,0) <
dix;) fori=p+1.

First, we relate 7{o) on con-Kj, to L(r) on con-Kj.
Because ¢{i,o) = 2for 2 < | < p, we have

k
L) =2p— 1)+ ) dx). (D
i=1

Now bound the sum in (1) by

p

k p
D d) =) dm) =Y L(Z, 7).
i=1 j=l1

f=1 xeB;

The terms of L(r) are nonicreasing for i > 2, so the last
sum is maximized when the |Z;| are as nearly equal as possi-
ble subject to summing to k. Accordingly, for each r > 2p,
define Sp(r) = Zf:] L{#;(r), 7), where £ (r) are the unique

P ) =7

integers (after possible reordering) satisfying > -,

and |t;(r) — #;(#)| = 1. Using (1) we then get

n
Lio) < ZL(fj(k)’ D+2{p—1)=5k& +2{p—1.
j=1

(2)




It remains to compare S, (k) = :?:i L{t;(k), 7) to L{k —
2,8,). Now $,(2p) = p.5,2p+ 1) = p+ 5, L(p+1,8,) =
2p—1,L(p+2,8,)=2p— %, and in general S, (2p + ) —
$,(2p) = Lp+1+4+r,8,) —Lip+ 1.8, forr > 0. It
follows that S,(2p +#) = L(p + 1 +7r.8) —p+ 1, or
changing variables S,(k) = [{k —p+1,3,) —p+1.0n
combining this expression for $,(k) with the bound (2) we
get

Loy <Ltk—p+1.8)—p+14+2(p—1)
=Lk-p+1.8)+p—1.
[ ]

Corollary A.1.1. Fork > 2p + 1 we have

k—1
2p— 1+ g Llog;_ (T>J + N (k) < Opt(k, con-Ki )

k—
< 3p—2+g Llogg (pp)J SN~ p+ 1),
where

r—1 —17’).2’5+l
2L+2

=51

Sfor any integer r > 2p.

N{r)=
and

Proof. We begin with a calculation of L(k, d,), whose
first p nonzere terms are c(2.8,) = 2,¢(3,8,) =
2,..,e(p.ép) = 2,0(p+ 1,8;) = 1. The next p terms
are all %, the next 2p terms are }1, the next 4p terms are
%, and so on. Starting from c(p + 2,8,), the terms are
arranged in successive blocks of length p - 2, i > 0, with
constant term value 2,—1“ If we let p - 2L be the length of
the longest complete block of identical terms contributing
to Lk, SP), then because there are k¥ — 1 nonzero terms in
L(k,8,) we have that p + 37 p - 2F < k — 1. By maximal-
ity of L we have p + SFt p -2/ > k — 1. Tt follows that

L= Llogg(%)J — 1. Now the contribution to L(k, 8,) of

a block of length p - 2 is g;—f; = £. Hence, adding together
the first p 4+ 1 terms, plus the contribution of the L + 1 com-
plete blocks, plus the terms (of constant value 2—}+—2) remaining
beyond the last complete block, we obtain

L(k,8,) =2p — 1+ ;—’ [mgz (?)J TN, (3)

Combining this with the previous theorem and the triv-
ial lower bound Opt(k,con-Ky,) > L(k, &), the corollary
follows. 2

The preceding bounds for Opt(k, con-K+ ) allow us to see
how strong are the bounds in Corollary 5.3.2. We apply this
corollary to the sequence 8, letting both G and T be Ky 5, with
interval partition consisting of the edges of K . In the upper

bound, the initial cover sum satisfies erCov(S,,,I) clx, o) =
2(p—1),because Cov (8, /} consists of the endpoints of K7 .
Hence, the first inequality of Corollary 5.3.2a (with W =
p.w; = 1 forall i, and £ = n) gives the bound g%_@ =<
1log, (‘%) +1- 1%' To get a nearly matching lower bound,
consider (3). The term AN (k) has its integer local maxima
at integers k = 2°p, with s an integer, where its values are
N(k) = § —27°. With these values of k we get L(k,5,) =
%L]ng(]f;—l)J + % — 1 —27%. Allowing for the rounding
down in Llogz(i‘j}l)j by at most 1, we find that (3) implies

L) o 1 10g2(%) + % -+ o(1) as k grows at these special

vafues. This matches the first upper bound of Corollary 5.3.2a
to within an additive term of 24-0(1). On the other hand, using
mntegers k of the form & = 2°p+-pwe get N(k—p+1) = 0,and
then the upper bound on Likdy) implied by Corollary A.1.1
improves on the first upper bound of Corollary 5.3.2a) by an
additive term very close to % + 1 as k grows at these values.
An even tighter match between fowar and upper bounds will
come after our next theorem.

We have already seen that L{k, d,) fails to be optimal for
the graph con-K , when & = 10. We will now see that this
failure occurs infintely often. Specializing to the case p = 3
to simplify the calculations, where we let 8§ = &3, we will
construct a sequence {y (i)},7 > 1, of vertices in con-X, 3 for
which L{k,y) > L{k, &) for infinitely many &. On the other
hand, itis not true that L(k, ) is optimal for all k£ sufficiently
large because we will show that the reverse inequality holds
for infinitely many k.

Let {s(i}}.i > 1, be a sequence of vertices in con-K 3.
For a pair of distinct vertices s(a} = (x.j) and s(b) = (v,j),
x < y, in the sequence lying on the same branch B; (where
now z is understood to lie on all three brances simudtane-
ously), define the segment (s{a), s{b)) to be the set of points
{(z,/) : x < z < y}. Now for an integer £ = max{a, b},
we say that s{a) and s{b) are k-consecutive if there exisis no
vertex s(m), m < k, lying in the segment (s(c), s(&)).

The sequence {y(}}, I < i < n, (where n is a free
parameter) is constructed by the following procedure,

Initialization:

1 Forl <i=3y®=(LDandy@+i)= (2.
2. Lety(M =2z

Fork > 8 do

l. Among pairs y(r) = (&, i) and y(s) = (b,i) of
(k — 1)-consecutive points with »,s < k, choose a pair
maximizing dist(y (i}, ¥ (/)).

2. Define (k) = (2,1 (that is, we take ¥ (%) to be the
midpoint of the segment (y (r), ¥ (5))).

3. If k = n, stop.

4.k — k41

od.
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Notice that the sequence {y (k)} is “greedy” for k = 8§,
because y (k) for such & is chosen so that c(k, ) is the max-
imum possible given the previously constructed points y (i),
1 < i< k—1.Infact, the only nongreedy term in this sense is
y(4d) = (_%, D) (giving c{4, 1) = %), where the greedy choice
would have been y (4) = z (giving c(4, ) = 1). By contrast,
the sequence {8{7)} is greedy for all terms (i.e., for i > 2).
QOur next theorem shows that the values of L{k, ) and L{k, ¥}
alternate exceeding each other infinitely often as &k grows.

Theorem A.2.  Let {ny} and {n;},i,j = 1, be the sequences
of integers defined by m; = 10 + 92" — 1), and n; =
44+ 32 — ). Then (a) L(n;,8) » L(n;, y) forj > 1, and
(b) L(m;, ) > L(my, 8) fori > 1.

Proof. The sequences {c(k,8)} and {c(k, )}, k = 1, of
terms contributing to L(§) and L(y) can be partitioned into
successively longer blocks of constant terms. We will show
that the indices k of last terms ¢{(k, 8) (resp. ¢(%k, ¥)) of these
blocks form the sequence {n;} (resp. {m;}). Evaluating L{k, &)
and L(k, ) at these indices & vields claims {(a) and (b).

The first four terms of {c(7, 8)} are 0,2,2,1. After that we
have three terms €(Z,3),5 < i < 7, of constant value 3 L fol-
lowed by 6 terms (i, §), 8 < i < 13, of constant Value 7.and
so on. In general, past the first four terms, we find a block of
3 . 2 many terms c(z 81432 <i< 14324 >0,
of constant value = 2,+1 Let us call such a block of terms the jth
§-block. Then the number of terms of L(§) up to (and includ-
ing) the jth §-block is n; = 4+3-2§:O 2'=1+3.2" The
jth 8-block contributes 2 7 32— % to L(n;, 8), so after adding
in the first four terms we obtain L{n;,8) =5 + 3 2(G+1).

The initial 10 terms of {¢{i, §)} are 0, 2, 2,% % % '§ % ;—
_%. Past these we can similarly identify the block of 9 - 2
many terms c(k,¥)1+9 2 < k < 14+9.2%41 >0,
all a having consiant value of 57 T 21+, , as the ith y -block. Then
the number of terms of L(y) up to (and including) the ith
y-blockism; = 10495 28 =14+ 9.241 Agwith §,
the ith y-block contributes % to L(m;, ), so after adding in
the first 10 terms we obtain L(m;, y) = 24 %(i + 1).

Let us now calculate L{m;,8) and L(n;,y) to show the
claimed inequalities.

For L{m;, §), we ask what is the maximum j for which the
setof summands comprising L{m;, §) contains the jth §-block;
that is, the maximum j satisfying 1 +3 - 2+ < 1 4+9. 2871,
Simple arithmetic shows this to be j = 7 + 1. The summands
if Ly, &) beyond this (i- 1)’st §-block (of which there must
bem —my =149.270 -1 —3.242 =3 .27 many)
belong to the (7 + 2)'nd d-block, and hence, all have constant
value 27% Hence, we get

L0mi,8) = L(ni1,8) + =321

23 3
2;+3 =g Tl

22 3 .
< ? + E(I+ 1) :L(misy)s

proving (b).

160 NETWORKS—2005

To calculate L{n;, 1), we similarly ask for the maximum

i for which the set of summands comprising L(#;, ) con-
tains the ith y-block; that is, the maximum / satisfying
1492+ < 1 4 3. 2% This maximum is i = j — 2.
Here the number of summands of L{n;, ) past the (j — 2)'nd
y-blockisn; —m;_p = 3-271, all belonging tothe (j — 1)'st

y-block and thus all having constant value 55 2} Ii follows that

3.1 22+ 0 1)+1
3.0 3

Linj,y) = Limj2,v) +
< 54 E(jJr 1} = Ly, &),
proving (a). L]

Working with con-K 3 (in effect, any refinement of £; 3)
as our underlying graph, we note that Li"%—”—) is within the
additive term of roughly 1.18 of the first inequality upper
bound of Corollary 5.3.2a for i sufficiently large.

Constructing Trees T with [Opt (n, T)/weight{T)]
Achieving the (1/2 log, (n)} Upper Bound

The conjectured bound Lg% <1 log, (o) + O(1) for all
sequences o of vertices of a graph G is achieved by G = P,
for each r (Theorems 4.2 and 4.5) and by its continuous ana-
log con-K; (Theorem 5.2), recalling that Opt(r, con-K3) =
%logz(r) + ((1). Taking a hint from the conjecture, one
might ask whether there exist non-path weighted trees T and
sequences ¢ on V{T), with |V(7'}] and |o| arbitrarily large,
such that

(—) > Opt(ja|, con-K3). (*)

w(o)

If the conjecture is false, then there must exist infinitely many
trees 7' and corresponding sequences o for which -E—g% >
Opt(lo|, con-Ka) + h{|a|) where i(r} grows without bound
as n grows. If the conjecture is true, then the left side of (*)
(for any T and o) can exceed the right by at most an absolute
constant. In this appendix we construct infinitely many non-
path trees T and corresponding sequences o satisfying (*),
but in all these examples the left side exceeds the right by at
most a constant (in fact, a small one) as |o| grows. We were
unable to find a sequence of examples where the left exceeds
the right by an unbounded amount as |cr | grows Thus, the path
topology does not maximize the rauo but the conjecture
may still be true.

In our examples we take ¢ to include all vertices in 7',

so then fpg‘;)) = Wef‘g(;)m So with this in mind we define the

normalized cost L' (o) of a sequence o = (x1,x3,...

vertices of a tree T with V(T) =k by L'(c) = %.

For future reference recall that if we let f(#) = % + % +
f+ititstat oty forn > 0, withf(0) =0,
then by Theorem 5.2 we have Opt(n, con-K3) = 1+ f(n—2).
Recallthatif M > Oisanintegerwith 2% —1 < M < 2FH1 1,
then f (M) = % N e -

2k+l

,xg) of




FT ......... TT
| | ]

m+1 vertical paths

FIG. 6. CT(k,r,m).

The Cascade Tree. Let k. 7, and m be positive integers.
Let P be a path on the rm + 1 vertices {vo, vi,.. ..V},
taken in consecutive order from one end to the other. For
0 < i < m,let ; be a path of length & on the £ 4 1 vertices
(Wi, Wils -« Wikl

The Cascade Tree, denoted CT(k,r,m), is constructed
as follows. For each {,0 < i < m, attach ; onto P by
identifying the vertex w;o of (; with the vertex v;. of P.
Here, the subscript i» denotes the product of { with .} Thus,
CT(k,r,m) has the m + | leaves woy, Wik, ..., Wyx, has
m — 1 vertices of degree 3 (namely wy o, w20,..., Wn-10)
and all the remaining vertices have degree 2. There are
m{r + k) + (k + 1) vertices altogether. See Figure 6 illus-
trating CT(k, 7, m).

We will be interested in the Cascade Trees with (k, r,m) =
(25,2571 2P}, for suitably chosen nonnegative infegers s
and p. Denote these trees by G{s, p), having n = 3 - 27 4+
2% + 1 vertices.

Choosing a sequence ¢ of all the vertices of G(s,p)
is equivalent to labeling the vertices with the integers
1,2,3,...,n, and for ease of explanation, we choose to adopt
this viewpoint. Label wo 4 with “1” and wi, ; with “2” (in other
words, let o (1) = woy. and 0 (2) = Wy, ;). We next label the
remaining m — | leaves as we would by applying the greedy
algorithm to the ordered set {wix, woy. ..., Wp—14}. Now
note that G(s, p) contains m paths 7;, for 1 < i < m, (over-
lapping, i.e., sharing edges) with end points w;__ 5 and w; ;.
Each T; has length 2512 g power of 2, and its end points have
been labeled.

The next m labels we use for the midpoints of
T1,79,..., Ty in succession, These new labeled vertices fur-
ther subdivide each T; into two subpaths (2m in all, each half
as long as a 7}), with labeled end points. All but two of the

6 10 4 11 7 13 5 14 8

L & &

9 212 15

1 3 2

FIG. 7. Labeling of G(1,1).

TABLE 1. Values of hiG,p) ford < p < 3.

r 0 1 2 3
no 5 8 14 26
rOpy 2 Y2429 Lmo2sas 5 adod

midpoints of these new subpaths are the vertices of degree 3
of G{s,p), and we use the next m -~ 1 labels for these mid-
points. Now all the labeled vertices subdivide G{s, p) into,
and are the end points of, 3m + 1 nonoverlapping subpaths
with labeled end points, and we label the remaining vertices
of G{s,p) by using the greedy algorithm on the interiors of
these subpaths. See Figure 7 for the labeling of G(1, 1).

We now determine the cost of this labeling o. For fixed
5, let @, denote the interior cost, I{e). Note that G(s,0) is a
path of length 2°12, so by Lemma 4.4, ay = (s + 23251, For
p > O,note that c(3,0) = 225 4 25+L .00 /0 — o3l 4 954w,
Hence,

ap = 2ap_1 + 2.§+l + 25+p L 82371,

where the last two terms are there to avoid double-counting
the interior cost of all the vertices on the subpath of length
2% from o (3) to the nearest vertex of degree 3. Solving this
recurrence, we obtain

ay =2"Bs + 10 +27) - 2P + (s — 2)], forp > 0.

Let A(s,p) = L'(o), the normalized cost of o. Then
(n— Dh(s,p) = 2T 42751 4 4, and we get

‘ 2454+ Gs+144+2m20 5
his,p) = ==+ a0, p).
(s.p) G P ID S +h0.p)

Some values of 4(0, p) are tabulated below. For convenience,
the noumber of vertices » is also given (Table 1).

On the other hand, with n = 3 - 2577 + 2% + 1 let
F(s,p) = Opt{n,con-K»). Recall also the function f(n} sat-
isfying Opt{n,con-K3) = 1 + f(n — 2). Note that n — 2 =
(3.27+1)-2°—1,so0because 2712 =4.27 = 3.2 1 | »
27 we have

25+p+1 25‘+ﬁ+2 1.

—l<n—2«

Hence, f(s,p) = | +f(n—2) =1 + "L 4 n=122270
S +£(0,p).
Some values of {0, p) are tabulated below. (Table 2).
Hyvidence for the following can be seen from the tables,
and is easy to show.

TABLE 2. Values of f{0hp) for 0 = p = 3.

r 1] 1 2 3
n 5 8 14 26
: 13 _ a5 105 .,
flop) 2 ¢ =2375 ~2813 2 ~3281
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FIG. 8. A tree T on eight points for which Opt(8,T) = Opt(8, Py).

Theorem A3, Foreachs > 0,h(s,p) > f(s,p) if and only
if p = 1 or 2. Furthermore, the difference h(s,p) — f(s,p)
is approximately 0.05357 for p = 1, and approximately
0.03365 forp = 2. =

Ag a consequence, we have the following.

Corollary A3.1. An example exists [namely, G(0,1} in
Fig. 8] for which h(s,p) = (I + &)f(s,p), where ¢ =
0.02255. .

More generally, consider the Cascade Trees with
(k,r,m) = (2°,2°71(2" — 1),2P), for suitably chosen non-
negative integers s and p and ¢ > 1. Denote these trees by
G{s,t,p), having n = (2"t — 1) . 297 4 2% 4+ 1 vertices.
Note that G(s, 1,p) = G(s, p).

Welabel G(s, 7, p), obtaining the sequence ¢, as for G(s, p)
above. Again, for fixed s and ¢, let a, denote the interior cost
I(o). Note that G(s,t,0) is a path of length 2°7+, 50 by
Lemma 4.4, ag = (s + t -+ 1)25F. Here, we have, for p = 0,

ap = 2ap_q + 27T 4 2P0 1y — 27 52

Solving gives a, = 25U [(2 428 424 2p) - 2F — (s + 2p —
]2 + (s — 2)], forp = 0.

Let g(s,t,p) = L'(0). Then (n — g(s.t,p) = 251 +
2s+p+1(23 o 1) o ap.

So,

hi
g(Ssrsp) = 5 +g(03 I;P)

t —p2P—(@+p+22 T

s P
SR LAY AT
LI R S Yo TR SR TR

Still with n = (27t — 1) - 2742 125 4+ 1 let f(s,1,p) =
Opt(n, con-K3). Note that n — 2 = 25722 - 1) 425 — |,
from which we get

2S+p+t 2Y+p+i.‘+1 _ 1

—l<n-2<

Hence, f(s.t,p) = 1 +f(n—2) = 5 +f(0,2,p) = 1+
= e

For which ¢, and p is g(s,t,p) > f(s,t,p)? Some values
of g(s,1,p) — f(s,t,p) are tabulated below. Note that, when
p=0,g(st.p) =f(st,p) (Table 3).

The graph G{0, 2,2}, achieving the maximum difference
g(0,2,2) — £(0,2,2) of 0.07651 among these examples, has
30 vertices. Evidence for the following can be seen from
Table 3.
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TABLE 3. Values of g(s,t,p) —fis,e.pyforl = p = 7,1 =t = 7;
arbitrary s: Only positive values are given, rounded to five decimal places.

p— 1 2 3 4 5 6 7

1 0.05357 0.03365 — - - - -
0.06250 0.07651 0.05674 001542 — — -
0.04738 0.06327 0.05882 0.04199 0.01793 —
0.03150 0.04344 0.04341 0.03634 0.02524 001187 —
0.01962 0.02753 0.02852 0.02555 0.02034 0.01389 0.00676
0.01175 0.01666 0.01765 0.01642 0.01396 (01083 0.00732
0.00685 0.00979 0.01052 0.01003 0.00887 0.00734 0.00561

~1 v Lh s W) R

Theorem A4, Exceptforp=3andt =1,ift > p—2,
then g(5,1,p) > f(s,t,p), forall s.

The proof of Theorem A.4 follows as a corollary to the
following.

Theorem A.S5. Let p > 1 be fived, and let K = £+,
Then g(s.t,p) > f(s,t,p) if either of the following condi-

tHons hold.

(i) t = Kp—35/2, or
(ii) p=4andt=2.

Proof. 1t is elementary to show that g(s,7,p) >
fG.op) & kp—r—1 <« 2—=27"4 277 Hence, if
t > Kp—35/2,then kp — t — 1 < 3/2. On the other hand,
t>1,s0that 2 — 277+ 277 = 2 277 > 3/2 and we
are done. If p = 4 and ¢ = 2, then it is easy to check that
KEp—t—1<2-27"42777" Y

Proof of Theorem A.4. It is easy to see that Kp — p <
1/2ifp = 5. Hence,if p = 5,t = p—2 =t > Kp —
5/2, whence the result follows from Theorem A.5(1).

Similarly by Theorem A.5(1), if p = 1, then K = 3, so
gis,t,p) > fis,e,pyforallt = 1;if p = 2, then K = 5/3, so
gis, t,p) > fis,t,p) forallt > 1;if p = 3, then K = 9/7,
80 g(s,f,p) > f(s,1,p) for all £ > 2; and finally, if p = 4,
then K = 17/15, so g(s,1,p) > f{s,t,p) for all ¢ > 2, using
Theorem A.5(i1). This proves the Theorem A.4. =

Corollary A.5.1. An example exists for which g(s,t,p) =
(1 + eYf (s, t,p), where ¢ > 0.02255. This example is
G(0,1,1) = G(0, 1), as obtained previously.

The Waterfall Trees. Oune way to view the Cascade Tree is
as a path, with copies of some other path “attached” at regular
intervals, from end to end, on the original path. So one way
to generalize these is to take a path and attach other (not
necessarily isomorphic) paths at intervals (not necessarily
regular) on the original. This we do now, but with the attached
paths having certain well-chosen lengths, and the intervals
chosen carefully.

We will describe the construction inductively. The idea
behind it is to end up with the following picture. Take a path
of a certain length, attach to it paths of lengths that are pow-
ers of two (not necessarily the same lengths), such that the
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FIG. 9. W(3,0).

shortest distances between pairs of leaves is a constant power
of two, 2%, say, for suitable k. The length of the original path
is determined by the lengths of the attached paths and by k.

Inductively, we define the Waterfall Tree, W{k,s), s > 0,
k > 5+ 1, having two disjoint induced subpaths of length
2% — 1, each containing a leaf of W(k, 5), as follows. For
each & = 1, W(k,0} is obtained by taking two copies of a
path of length 2%, {vg,v1.. ... vy} and {wo, wy, ..., wa}, say,
and identifying the vertices and edges of the initial segments
(paths) of lengths 1 = 2° namely identify vo with wq, v{
with wy, and the edge (vg, v1) with (wq. wi). Hence, W(k, 0)
has 2¥+1 — 1 edges. Note that W (k, 0) has two edge-disjoint
induced subpaths of length 2% — 1, each containing a leaf.

For arbitrary W{k,s), with s > 0,k > s 4 1, we start
with two copies of W(k,s — 1}. Each copy has an induced
subpath of length 2% — 1, containing a leaf, and so, because
k = s+ 1, within each of these subpaths there is an induced
subpath of length 2° containing a leaf. Call one of these
subpaths {vg,vi,...,v2} on one copy of Wi{k,s — 1) and
{wo,w1,...,wa} on the other copy, where vy and wy are
the leaves: We form W (k, s} by identifying the vertices and
edges of these subpaths, namely by identifying vg with wy, v
with wy, ..., v with wye, and identifying the edges join-
ing successive pairs of these. Note that the number of edges
of Wik,s) is 2° less than twice the number of edges on
Wik,s — 1). See the Figures 9, 10, and 11 for diagrams of
W(3.0), W(3.1), and W(3,2), which illustrate this construc-
tion for k = 3, and s = 0,1, and 2. (The points of degree 2
in these examples are not included in Figures 9 and 10 for
simplicity.).

We remark that W (&, 0) is isomorphic to the Cascade Tree
G0,k —1,1).

From the construction, it is easy to see that Wk, s) has
25FE 1 1 leaves, fo, 71, . . ., f241, say, which can be ordered
so that (1,4} = 2%, for 1 < i < s + 1. Further, one of
the two disjoint induced subpaths of length 2* — 1 contains
tp and the other contains fp-1. Solving a simple recurrence
shows that Wk, s) has 271 — (5 + 1)2° edges (and so
n=nik,s) =2 1 (541127 4+ 1 vertices).

FIG. 10. W3, 1).
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FIG. 1. W(3.2).

We now describe a labeling of all the vertices of W(k, s)
to obtain a sequence . We first label the leaves as we would
the ordered set {zg,11,...,%sn } using the greedy algorithm.
‘We then proceed as we did for the Cascade Trees above. We
label the (noninduced} subpaths joining the leaves #;_; and
fi, for 1 <i < s, one vertex at a time, as we would using the
greedy algorithm, at each stage adding one label, for every i,
hefore proceeding to the next label for any i. Figure 12 shows
the labeling of W{3,2).

Let cw(k,s) = L'(c). Then cw(k,s) can be determined
as for the Cascade Trees by solving a suitable recurrence
relation. The details are left to the reader. We get

3 s k+D2—(s+8)(s+1)/4
cw(k,s)—1+5+ TG D) .

Let fw(k, sy = Opt(n(k, s), con-K»). Then, because 257 —1 <
n—2 < 25D 1 we have

s (k+1D2F— (41
Fvlk,sy =1+ + S

Some values of cw(k,sy — fw(k,s) are tabulated below.
{Table 4).

The graph Wi(4,2), achieving the maximal difference
cew(4,2) — fw(4,2) of 0.09375 among these examples, has
117 vertices. Evidence for the following can be seen from
Table 45 the proof of which is left to the reader.

Theorem A.6. Exceptfors =0,k =1 ands =1,k =2,
we have cw(k, §) > fw(k, s).

Corollary A.6.1. An example exists [ramely, W (3, 1) with
28 vertices] for which cw(k, s} = (1 + e}fw(k, 5), where g >
0.02645,

There are clearly other directions in which we can gen-
eralize the above. In the inductive step of the construction

TABLE 4. Valves of cw(k,s) — fw(k,s)for I <k <7, 0 <35 <6, and
k > 5+ 1: Only nonnegative values are given, rounded to five decimal places.

kLN s 0 1 2 3 4 5 6
1 —
2 0.05357 0
3 0.06250 0.08929 0.07212
4 0.04738 0.07917 0.09375 0.08929
5 0.03150 0.05544 0.07147 0.07917 0.07813
6 0.01962 0.03547 0.04744 0.05544 0.03939 0.05917
7 0.01175 0.02159 0.02951 0.03547 0.03945 0.04144 0.04140
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FIG. 12.  Labeling of W(3,2).

of the Waterfall Tree we also tried identifying subpaths on
2" edges, where ¢ < 5 (or possibly ¢ > s, for appropriate k). In
the few cases we considered the differences in cost, although
positive and relatively large, have not been as large as for
W4, 2) above.

Suppose we have a tree 7' on & edges, and a labeling
sequence o of all the vertices of the tree, starting with two
leaves #1 and 1> say, giving the sequence. Suppose that the
normalized cost L' (o) of o is larger than Opt{k + 1, con-K3).
Consider the following “doubling” construction.

Take two copies of T" and identify the vertices correspond-
ing to f. Call the resulting tree 27, having 2k edges. Now
define the following sequence, which we call 20, of all ver-
tices of 2T as follows. Label the tree 27" by first labeling
the two vertices corresponding to #1 in the two copies of T;
that is, let 20(1) and 20 (2) be the two vertices correspond-
ing to #;. Next label the identified vertex corresponding to
ty [i-e., let 20(3) be the identified vertex 2], Finally, label
the remaining vertices using the labeling of o, from o (3)
onwards, on each of the two copies of T in succession. That
is,let20(i) = o(i—1),4 < i < k+2, where o isrestricted to
onecopy of T, andlet 20 (i) = o (i — k), k+3 <i <2k +1,
where now ¢ is restricted to the other copy of T.

In light of some of the previous examples, it might have
been hoped that this “doubling” construction may generate a
tree 27, and sequence 2¢ whose cost exceeds that of conk;
by more than the original tree T'. That this does not occur can
be seen from the following theorem.

Theorem A.7. lLetT be a tree on k + 1 vertices, and o a
sequence of all the vertices of T for which L' (a) > Opt(k+1,
con-Kp). Following the above notation, let 2T be the tree
on 2k + 1 vertices obtained by “doubling” T, and 2c the
sequence of all vertices of 2T. Then

L' (26} —Opt(2k + 1, con-K3) <L'(0) — Opt (k + 1, con-K>),
with equality if and only if T = con-K»,

Proof. ILetd dencte the distance from #; to o in T, and
recall the notation () for the internal cost of ¢. Because
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c(2,20) = 2d and ¢(3,20) = d, we have L(20) = 2d +
d+2H{g) =3d 4+ 2L{o) — 2d = d + 2L(o). It follows that
L'2o) = %f(g) =L(o) + 5";—{ Because d < k, we then
get L'(20) — L (o) < 1, with equality if and only if d = £.
Recall the sequences u, realizing Opt (n,con-K3) for any
n > 2 defined just after Lemnma 5.1. These sequences are
nested, so that 1%+ is the initial segment of length & +1 in the
sequence ftzi+:. From the construction of these sequences,
the “leftover” terms funz 41 (i), k+2 < i < 2k—+1, are just the
midpoints of all the subintervals of [0, 1] induced by the points
of u**1, because the latter points are also op (8,1 < i <
k4 1. Hence, Opt(Zk + 1, con-K3) — Opt{k + 1, con-K») =
%. Finally, this gives L'(20) — L'(¢) < % = Opt(Zk + 1,
con-Ka} — Opt(k + 1, con-K3), with equality if and only if
T =con-K». s
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