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Let Q(n) be the n-dimensional hypercube, and X, a set of points in Q(n). The Steiner
problem for the hypercube is to find the smallest possible number L(n,X) of edges in any
subtree of Q(n) that spans X. We obtain the following results:

(1) An exact formula for L(n,X), when IXI :S 5.
(2) The boundL(n,X):s (k~l) + (2 + 0(1)) ((og(k))/k)(Z) as k--oo, when Xis the set of

all points in Q(n) of a given weight k + 1, provided (k/(log(k)) I + 11k :S n.

(3) NP-completeness of deciding L(n,X) even when every point of X has weight at
most 2.

1. INTRODUCTION
Let G = (V, E) be an undirected graph with vertex set V and edge set E, and

let X ç; V be a subset of the vertices of G. The Steiner problem for G is to find
the minimum number of edges in any subtree of G that contains X among its
vertices. Any sub tree of G achieving this minimum wil be caled a Steiner tree
for X. Apar from its intrinsic graph theoretic interest, the Steiner problem is
motivated by various layout problems in VLSI design and in communication
networks and by the construction of phylogenetic trees.

This problem has been considered for various classes of graphs G (see the
survey (10)). We mention, in particular, the grid, where NP-completeness was
proved (6) and polynomial algorithms for special sets X were found (1).

The related rectilinear problem is as follows: Given a set X of points in the
plane, find the shortest rectilinear Steiner tree for X, that is, the shortest tree T
in the plane siich that V(T) :J X and each edge of T is either vertical or
horizontaL. It was shown in (7) that ts/tm :2 2/3, where ts is the shortest rectiln-
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2 MILLER AND PERKEL

ear Steiner tree and tm is the shortest rectilinear spanning tree (i.e., one whose
vertex set is identical to X).

In this work, we study the graph Steiner problem in the case when G is the n-
dimensional cube Q(n), motivated by the importance of this graph and its
derivatives (the butterfy and shuffle exchange networks) as parallel architec-
tures and by a connection with phylogeny. The graph Q(n) is defied as follows:
The vertex set of Q(n) is the set of all 2n n~tuples of zeros and ones (viewed as
strings ofO's and l's), i.e., the vector space n = Zî (where Zz denotes the field
of two elements), and where two vertices are adjacent if and only if the corre-
sponding n-tuples differ in exactly one coordinate position. If x is a vertex of
Q(n), we wil denote by x(i) E '¡O,n the ith coordinate of x.

The relation between the Steiner problem and phylogenetic trees is made
clear in the case when Q(n) is the underlying graph. Here, we consider a vector
of O's and l's (i.e., a vertex of Q(n)) as a description of some individual-
perhaps a genetic string in which each entry may take on one of two possible
values. Then, a set of individuals may be viewed as a subset X of Q(n). A rooted
Steiner tree for X is then a possible explanation of how these individuals are
related and how they evolved from a common ancestor (the root). Here, each
edge of the tree represents an evolutionary change in exactly one of the the n
entries. An overview of the literature on this subject is given in the forthcoming
survey (8).

Throughout this article, if x and yare in n, then we wil denote by d(x,y) the
distance from x to y in Q(n), i.e., d(x,y) is the Hamming distance function,
being the number of coordinates in which x and y difer. For convenience, and
when unlikely to cause confusion, we wil denote by 0 the vertex 00. . .0 and

by 1 the vertex 11 . . . 1. Define the weight of x to be wt(x) = d(x,O) = the
number of nonzero coordinates of x. So d(x,y) = wt(x - y) and x is adjacent to
y in Q(n) if and only if d(x,y) = 1, that is, if and only ifwt(x - y) = 1. It is easily
checked that Q(n) is regular of degree n. Further, the diameter of Q(n) is n, and
given any vertex x, there is a unique vertex y with d(x,y) = n (we call x and y
antipodal vertices).

We may also define Q(n) inductively by letting Q(O) be a single vertex, and
then Q(n) is obtained by taking two copies of Q(n - 1) and joining correspond-
ing vertices.

The rest of the article is divided into three parts: The first gives some general
upper bounds for L(n,X) and exact formulas for the same when IX! :S 5. The
second uses a beautiful result of Frankl and Rodl (5) on the generalized Turan
problem to. give an upper bound for L(n,X), when X is the set of al points of
some fixed weight in Q(n). Finally, in the third part, we investigate the com-
plexity of the problem by showing that even the restricted subproblem of deter- .
mining L(n,X) when each point of X has weight at most 2 is already NP-
complete.

2. GENERAL UPPER BOUNDS AND EXACT RESULTS
Given a set X of vertices in Q(n), denote by T(X) any Steiner tree for X, and

let L(n,X) be the number of edges in T(X) (naturally L(n,X) is independent of
which Steiner tree for X we pick).
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The following basic facts concerning reX) are clear, so their proofs wil be-
omitted.

Lemma 2.1.

(i) The leaves of reX) are al elements of X.
(ii) L(n,X) :S 2n - 1.
(üi) Let x be in X, and let S be a union of (nonempty) connected components of

reX) - x. Let Y be the set of vertices of X contained in S. Then, S +. x is a

Steiner tree of Y U x.

Let L(n,k) = max-(L(n,X) : X ç; Q(n), IXI = k)-. Clearly, L(n,2) = n, realzed
by letting X = -(XiXZ)- be a pai of antipodal vertices. The case k = 3 is covered in
the following theorem:

Theorem 2.1. Let X ç; Q(n), with IXI = 3, and denote by r = reX), the number
of coordinate positions in which all three elements of X are equal (either all
equal 0 or all equall). Then, L(n,X) = n - rand L(n,3) = n.

Proof. Let X = -(Xi,XZ,X3)-. We first define the centroid c of the set X. For
eachj = 1,2, . . . , n, let c(j) = 0 if and only if two or more of Xi(j), xz(j), X3(j)
are 0, and let c(j) = 1 otherwise. Now define the point c by c = c(1)c(2) . . .
c(n). It is then clear that in any coordinate position, c difers from none of the
Xi, i = 1, 2, or 3, in those coordinate positions where they are al equal and
difers from exactly one of the Xi otherwise. Thus,L7=1 d(c ,Xi) = n - r, and so
L(n,X) :S n - r.

Consider the opposite inequality. Since each leaf of reX) must be an element
of X, it is clear that r(x) can have no vertex of degree (in r(X)) greater than 3
and can have at most one vertex of degree exactly 3. If reX) has precisely one
vertex d of degree 3, then it is clear that all other interior vertices of reX) have
degree 2 and each vertex of X must be a leaf of r(x). Also, d must difer from at

least one of the Xi in any coordinate position in which the Xi are not all equal.
Hence, L(n,X) :2 n - r. If the tree has no vertex of degree 3, then it is a path,
and again an endpoint of this path must differ from at least one of the other two
x¡'s in any coordinate position in which the Xi are not all equal. Thus, again, we
get L(n,X) :2 n - r, and, hence, L(n,X) = n - r.

Now from above, L(n,3) :S n. Let X = .¡,I,x)-, where X =1 0 or 1. Then,
L(n,X) = n, so that, in fact, L(n,3) = n, completing the proof. .

For arbitrary k and X = -(xi ,Xz, . . . ,Xk)-, the definition of the centroid in the
proof of Theorem 2,1 can, of course,-be extended by taking c(j) (for j =
1, . . . , n) to be 0 if and only if 0 occurs as the jth coordinate of a majority (at
least half) of the Xi (for i = 1, . . . ,k) and taking c(j) to be 1 otherwise. This
leads to the following:

rhe Centroid Upper Bound (CUB): L(n,k) :S minUk/2jn, 2n - l)-.
The CUB turns out, however, not to be best possible, except for the cases

k = 2 and 3. However, we can use the CUB with the centroid idea to get a

,l.
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better upper bound as follows: Let X = -(xi ,Xz, . . . ,Xk)- with k even. Let Y =
-(Xi,XZ, . . . ,Xk-I)- let c be the centroid of Y, and let Tbe the tree on Yobtained
by using the centroid construction, so that ITI :: ((k - 2)/2)n. Then, it must be
the case that for some subset Z of Y of cardinality k - 2 we have 2:zez d(c,z) ::
((k - 2)/(k - 1)J((k - 2)/2)n. Without loss of generality, let Z = -(xi,
Xz, . . . ,Xk-Z)-' Now, if T(Xk-Z,Xk-1 ,Xk) denotes the Steiner tree~on -(Xk-Z,Xk-1 ,Xk)-

(of size :: n, by Theorem 2.1), then attaching T to T(Xk-Z,Xk-I,Xk) and deleting
all the edges from c to Xk-I gives the following:

(ii)

Pro,

L(n,k) :: min n~j n, 2n - 1 J, for k odd (the CUB), and

(i) ~

suppo
there i
1. Sin(
ofn -
coordi
Q(n) fi
P' thei
tion.

(ii) .

In a r

The Modifed Centroid Upper Bound (MCUB):

L(n,k) :: min n k - 1 + k ~ iJ . ~, 2n - 1 J, for k even.

(Note: When k is odd, breaking the set X up into a sequence of lk/2J subsets of
size three, each intersecting the next in a single vertex, and then using L(n,3) ::
n, leads again to the upper bound given in the CUB for k odd.)

For k = 4, the MCUB gives L(n,4) .:: l(5/3)nJ. For example, with n = 3, the
setX = -(, a = 011, b = 101, c = 110) satisfies L(3,X) = 5, whence L(3,4) = 5.

In fact, the MCUB upper bound is exact for k = 4, i.e., L(n,4) = l(5/3)nJ, the
extremal set being obtained as follows:

Let A-, B, and C be subsets of the coordinate set N = -(1,2, . . . ,n)- that
partitionN, and such that IAI = IBI = rn/31, and ici = n - 2rn/31. Let X = -(, a
=OAIB1c b= lAOB1c c= lAIBOC1 where ife=OorlandMisasubsetofN, , f" ,
then eM means place the symbol e in all the côordinate positions determined by
M. We wil show later that L(n,X) = l(5/3)nJ.

Before considering k ? 3 in more detail, we have the following definitions
and results. Let T be a connected subtree of Q(n). Any vertex of T whose
degree (in T) is at least 3 wil be called a branch point of T. Let x be a leaf of T,
and y, the closest branch point of T (if any) to x. If there is such a branch point,
then the smallest connected subgraph of T containing y and all leaves of T
whose closest branch point is also y wil be called the cluster determined by y.
Thus, the cluster determined by y can be viewed as a subdivision of a star with
central pointy, that is, sub graph that can be obtained from a star (with centery)
by, if necessary, inserting points of degree 2 along edges of the star. The
endpoints of the cluster are precisely those endpoints of T having y as their
closest branch point in T.

ZZ, . .
m, anc

string,
. done.

Let.
with i
Zm+l, .
change
leads t

Coroll:
branch
denote
all but

Pro~
for son
and Y(ll
vertice
to 1. E

same.
definiti,

Lemma 2.2. Let X Ç;Q(n), and T(X), a Steiner tree on X. Let Y = X U
-(branch points of n. Let x,y E Yand such that the path Pin T(X) from x to y
contains no vertex in Yother than x and y.

Lemm~
i = 1, .
n - 1 c

" conca
have tl

(i) If för some 1 :: i :: n, xCi) = y(ž), then z(ž) = x(ž) = y(ž) for all vertices z

inP.
(i) I
(ii) i



STEINER PROBLEM IN THE HYPERCUBE 5

(ii) If for some 1 :: i :: n, x(ž) =f y(i), then we may either assume that z(i) "=
x(i) for all vertices of P (other than y(ž) or z(ž) = y(ž) for all vertices Z of P
(other than xCi)).

Proof

(i) Without loss of generality, suppose i = n, and x(n) = yen) = O. Now
suppose that some vertex in P has its nth coordinate equal to 1. Since x(n) = 0,
there is some pair of adjacent vertices Zi and zz, such that Zi(n) = 0 and Zz(n) =
1. Since d(z¡,zz) = 1, we can write Zl = wO and zz = wI, where w is some string
of n - 1 zeros and ones. Thus, the path P' obtained from P by changing the nth

coordinate of every vertex in P to a 0 (and deleting duplications) is a path in
Q(n) from x to y (since yen) = 0) and IP'I -: IPI. Replacing the path P in reX) bypi then leads to a tree T' on X containing fewer vertices than reX), a contradic-
tion.

(ii) Again without loss of generality, suppose i = n, x(n) = 0, and yen) = 1.
In a manner similar to the proof above, we may assume that if P = (Zl,
ZZ, . . . ,zp), where x = Zl and y = Zp, then for some m -: p, Zj(n) = 0 for allj::
m, and Zj(n) = 1 for allj:; m. Then, Zm(n) = wO and Zm+i(n) = wI, where w is a

string of n - 1 zeros and ones. We may assume 2:: m :: p - 2 or else we are
done.

Let P' = (ZI,ZZ, . . . ,Zm,Z;"+Z, . . . ,Z;,y), where for j:2 m + 2, z; denotes Zj,
with its nth coordinate changed to O. Let P" = (x,zí,zz.... ,Z;"~i,
Zm+l, . . . ,zp), where, for j :: m - 1, z; denotes Zj, with its nth coordinate
changed to i. Then IP'I = IP"I = IPI, so replacing P by either P' or P" in reX)leads to the result. .
Corollary 2.1. Let X ç; Q(n), and let reX) be a Steiner'tree on X. Let y be a
branch point of r such that the cluster C determined by y is defined. Let Z ç; X
denote the set ofleaves of C. Choose i, 1:: i:: n. Then, we have z(ž) = y(ž) for
all but possibly one Z E Z.

Proof Suppose that u and v are elements of Z such that u(ž) = v(ž) =f y(ž),
for some i, 1 :: i:: n. Without loss of generality, suppose i = n, u(n) = veri) = 1,
and yen) = O. By Lemma 2(ii), we may assume that the nth coordinates of all the
vertices (except y) on the subpaths of reX) from u to y and from v to yare equal
to 1. But then the vertices adjacent to y on these subpaths are one and the
same. This common vertex is then a branch point of reX), contradicting'the
definition of the cluster C. .
Lemma 2.3. Let X be a set of vertices of Q(n - 1), X= -(x¡ ,Xz, . . . ,Xk)-' For
i = l, . . . ,k, choose Sž E -(,1) ánd denote by XžSž the vertex of Q(n) whose first
n - 1 coordinates agree with Xž and whose nth coordinate is Sž (i.e., XžSž is Xž
"concatenated" with s;). Define Xs to be the set -(xžsž : 1 :: i :: k)-. Then, we
have the following:

(i) If all the Sž are the same, then L(n,Xs) = L(n ~ 1,X).
(ii) If all but one of the Sž are the same, L(n,Xs) = L(n - I,X) + 1.

j,~.I
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Proof First we have the following notation. Let Tbe a tree in Q(n - 1). We
wil denote by TO the tree in Q(n) obtained by concatenating every vertex of T

with a O. Clearly, TO is also connected, and ITOI = ITI. Let 7T: Q(n) ~ Q(n - 1)

be the canonical projection obtained by "truncating" the nth coordinate of

elements of Q(n), i.e., if e¡eZ . . . en is a vertex in Q(n), then 7T(eieZ . . . en) =
eiez. . . en-¡ in Q(n - 1). Then, it is clear that if T is a tree in Q(n), then 7T(T),
obtained by projecting every vertex of Tinto Q(n - 1), is a tree in Q(n - 1) and
that ITI :2 17T(T)I.

TheOi
as abi

(i) If T(X) is a Steiner tree onX in Q(n - 1), and if all the ei are the same, say
all equal 0, then T(X)O is a tree containing Xe and I T(X) I = IT(X)OI. Also,
it is clear that 7T(T(X)O) = T(X), so that T(X)O must, in fact, be a Steiner
tree on Xe. The result follows.

(ii) Without loss of generality, we may assume that ei = 0 for 1 :: i :: k - 1
and ek = 1. Let XO denote -( xiO : 1 :: i :: kj. Then, if T(XO) denotes a
Steiner tree on XO, we have I T(XO) I = L(n - 1,X) by part (i) above.
Adding to T(XO) the edge from XkO to xk1 shows that L(n,Xe) :: L(n -

I,X) + 1.

Prc
IBI =
IN(A)
B, re~

edges
since
of thi:

NOi
three

No'
(none
the se

+L(r.
A Ul
we ar

Thi
-(Xi,XZOn the other hand, if T(Xi) denotes a Steiner tree on Xe, then 7T(T(Xe))O is a

tree on Xe not containing the vertex xk1, so I T(Xe) I :2 L(n - I,X) + 1; hence,the result follows. ...
We now need some notation for coordinates on which vertices are identical,

as well as notation for certain types of vertices, obtained by repeating a single
string a number of times and then truncating the last copy.

Let X ç; Q(n), and N, the set of coordinate positions as before. Let M ç; N.
Denote by M(X) the subset of M consisting-of those coordinate positions in M
on which all elements of X agree, i.e., i E M(X) if and only ifi E M and either
the ith coordinate of every element in X is a 0 or the ith coordinate of every
element in X is a 1. So M(X) = M n N(X).

If x is a string of 0' s and l' s, oflength c, say, and if d and e are integers with 0
:: e ~ c, then (x; d, e) wil stand for the string of O's and l's of length cd + e

obtained by taking (d + 1) copies of x (concatenated, one following the other)
and truncating the first cd + e entries (or, alternatively, deleting the last c -e
entries). For example, if x = 01100 (so c = 5), d = 3, and e = 2, then

Ca~
leaf).
of X.

Ca~

(x; 3, 2) = 01100011000110001, of length 17.

In t
are Ie:
the di
that ~

measi
Cle

N(XI,.
u disa
dT(x4,

Thi

Weare now in a position to consider the case k = 5.
Let X ç; Q(n) with IXI = 5. LetNI = N\N(X), Nz = UAçXand IAI=4NI(A), and

N3 = N\(N(X) U Nz). For A,B ç; X with ¡AI = IBI == 3, and X = AU B, define
t(A,B) = IN3(A)1 + IN3(B)I. Let t = max-(t(A,B) : A, B ç; X, IAI = IBI = 3, and
X = A U Bj. Thus, Ni is the set of coordinate positions on which either 3 or 4
points of X agree; Nz, the set on which some 4 points of X agree; and the N3,
the set ôn which some 3 points agree but no set of four points agree. We have
N = Ni U Nz U N3.

Ca.i
of de!
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Theorem 2.2. Let X C Q(n) with IX! = 5. Let r = IN(X)I, s = INzl, and let t be ~
as above. Then, L(n,X) = 2n - 2r - s - t.

Proof First suppose that r = s = o. Then, N3 = N. Let A, B ç X with IAI =
IBI = 3, and X = A U B, such that t(A,B) = t. By Theorem 2.1, L(n,A) = n -
IN(A)I and L(n,B) = n - IN(BJI. If T(A) and T(B) denote Steiner trees on A and
B, respectively, then the subgraph of Q(n) obtained by taking all vertices and
edges in T(A) together with al the vertices and edges of T(B) is connected,

since it contains the vertex in A n B and contais X. Taking a spanning subtree
of this subgraph gives L(n,X) :: L(n,A) + L(n,B) = 2n - t.

Note that in every coordinate position there are exactly three O's or exactly
three l's, so that t :2 1. Thus, certainly, L(n,X) :: 2n - 1.

Now let T(X) be a Steiner tree on X. Suppose there is an x in X and a
(nonempty) connected component S of T(X) - x such that IYI = 2, where Yis
the set of vertices of X contained in S. Then, by Lemma t.l(in), I T(X) I = L(n,A)
+ L(n,B), where A = Y U x, B = X - Y, are such that IAI = IBI = 3, and X =
AU B. Thus, by Theorem 2.1, I T(X) I = n - IN(A)I + n - IN(BJI :2 2n - t, and
we are done.

Thus, suppose no such x in X, as in the previous paragraph, exists. Let X =
-(Xi,XZ,X3,X4,XSÌ. Then, we have the following cases to consider:

Case (i). T(X) has a vertex, u, of degree 5 (and so every element of X is a

leaf). Clearly, iIi every coordinate position, u difers from at least two elements
of X. Thus, I T(X) I = 2:i=1 d(u,x;) :2 2n, a contradiction of L(n,X) :: 2n - 1.

Case (ii). T(X) has exactly one branch point, u, of degree 4:

xi

Xz . . . u . . . Xs . . . X4

X3

In this case, without loss of generality, we may assume that Xi, Xz, X3, and X4

are leaves and that xslies on the path of T(X) from u to X4 (u could be xs). See

the diagram above. By Corollary 2.1, u must be the centroid of -(Xi,XZ,X3J, so3 'that 2:;=1 dT(u, x;) = n - IN(xi,xz,x3)1, where by dT we mean the distance as
measured in T(X).

Clearly, dT(X4,XS) = n - IN(X4'Xs)l. Now since we are assuming r = s = 0,
N(xi ,XZ,X3) ç; N(X4,XS)' Also, if u = Xs, then IN(x4'xs)I = 0, while if u =1 Xs, then

u disagrees with Xs on N(X4,XS). Hence, dT(u,xs) :2 IN(x4,xs)l, so that dT(u,xs) +
dT(x4,xs) :2 n.

Thus, IT(X)! :2 2n - IN(xi,XZ,X3)1 :2 2n - t.

Case (iii). T(X) has two braÍ1ch points, one, u, of degree 4 and the other, v,

of degree 3:
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X¡ Xs hand
ifj E

Xz' . . U . . . v

X3 X4 leadi

As in Case (iì), U is the centroid of -(x¡,Xz,X3f and 2:f=¡ dT(u,x;) = n -

IN(x¡,XZ,X3)1' Again, using Corollary 2.1, v agrees with X4 and Xs on N(X4,XS)
and, thus, dT(v,x4) + dT(v,xs) = n - IN(x4,xs)l. Also, v disagrees with u on

N(X4,XsL so dT(u,v) :2 IN(x4,xs)l. Thus, I T(X) I :2 2n - IN(xi,XZ,X3)1 :2 2n - t.

Ca

Case (iv). T(X) has exactly one branch point, u, of degree 3:
As

X4 . . . Xz . . . u . . . X3 . . . Xs

di
Xl

and
For vertices a, b, and c, denote by N(ã,b,c) the set of coordinates where b

and c agree with each other but disagree with a, i.e., N(ã,b,c) = N(b,c) -
N(a,b,c).

Then, N(xz ,X4) = N(xi ,Xz ,X4) U N(Xi ,Xz ,X4), and N(X3,XS) = N(xi ,X3 ,xs) U

N(.x,X3,XsL where in both cases, the unions are disjoint. Thus, for i = 2 and 3,
we have

di

N(
whil(

dT(xi,xi+z) = n - I N(Xi,Xi+i I = n - IN(xi,xi,xi+i1 - IN(xi,Xi,Xi+il.

Now observe that, since s = 0, N(Xi,XZ,X4) n N(.x,X3,XS) = ø, while ifj E

N(Xi ,XZ,X4) U N(Xi ,X3 ,xs), then exactly two of -(Xi ,Xz,X3f agree on position j.
Thus,

leadi
H(

3

¿: dT(u,x;) :2 IN(xi,xz,x4)1 + IN(.x,x3'xs)l.
i=1

Al
Let ¡

2, . .
r+ .5
= 21

Lem
requ

Hence, I T(X) I :2 2n - IN(xi,xz,x4)1 - IN(xi,x3,xs)1 :2 2n - t.

Case (v). T(X) has two branch points, u and v, both of degree 3:
V:

Xz . . . u . . . v . . . X4 . . . X3

Core

Xl Xs
Pi

with
and
The4

Using the notation above, dT(x3,x4) = n - IN(x3,x4)! = n - IN(xs,x3,x4)1 -

IN(xs,x3,x4)1, and dT(u,xl) + dT(u,xz) = n - IN(xl,xz)l= n - IN(xs,xl,xz)1 -

IN(xs,x~,xz)l. We again have that N(XS,X3,X4) n N(xs,xi ,xz) = ø. On the other
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hand, ifj E N(xs ,X3 ,X4J, then v disagrees with one of X4 or Xs in positionj, whil&

if j E. N(xs ,Xi,XZ), then v disagrees with one of U or Xs in position j. Thus,

dy(u,v) + dy(v,x4) + dy(v,xs):2 IN(xs,x:i,x4JI + IN(xs,xi,xzJI,

leading to I T(X) I :2 2n - t as before.

Case (vi). T(X) has three branch points, u, v and w, all of degree 3:

Xz . . . U . . . w . . . v . . . X3

Xi Xs X4

As in Case (v), we have

dy(u,xi) + dy(u,xz) = n - IN(xi,xzJI = n - IN(xs,xi,xzJI - IN(xs,x¡,xzJI

and

dy(v,x3) + dy(v,x4) = n - IN(x3,x4JI = n - !N(XS,X3,X4JI - IN(xs,x3,x4JI.

Nowifj E N(XS,X3,X4J, then w disagrees with one of v or Xs in positionj,
while ifj E N(xs,x¡,xzJ, then w disagrees with One of u or Xs in positionj. Thus,.

dy(u,w) + dy(w,xs) + dy(v,w) :2 IN(xs,x3,x4JI + IN(xs,x¡,xzJI,

leading to I T(X) I :2 2n - t as before.
Hence, I T(X) I = 2n - t.
All that remains to be considered is when one, or both, of r or s is not zero.

Let m = n - r - s = IN31 and, without loss of generality, assume that N3 = -(1,

2, . . . ,mi. Let X' be the set of vertices in Q(m) obtained by deleting the last
r + s coordinates from the elements of X. Then, by what we did above, L(m,X')
= 2m - t, where t is as before. Then, by applying Lemma 2.3(i)r times and

Lemma 2.3(ii) s times, we see that L(n,X) = 2m - t + s = 2n - 2r - s - t, asrequired. .
Using Theorem 2.2, we can now determine L(n,S).

Coronar 2.2. For n :2 3, L(n,S) = 2n - rn/101 - r(n - 4)/101-

Proof. We first show that L(n,S) :: 2n - rn/101 - r(n - 4)/101- Let X ç; n
with IXI = S, and let r, s, t, etc., be as in Theorem 2.2. We wil assume n :2 3
and prove that t :2 rn/101 + r(n - 4)/101. As was pointed out in the proof of

Theorem 2.2, L(n,X) :: 2n - 1, so we are done if n = 3 and 4.
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First suppose that r = s = O. Then, given any coordinate position, exactly

three vertices of X agree on that position, so if we let :¿ = -(Ai, . . . ,AIoÌ be the
10 distinct subsets of X of size three, there is a mapping 0 from the set N = -(1,
2, . . . ,nÌ of coordinate positions to:¿ given by O(ž) = the subset of sizeÙree of
X that agrees on position i. Then, given A, B ç; X with IAI = IBI = 3 and X = A
U B, t(A,B) can be interpreted as follows: t(A,B) = IO-I(A)1 + IO-I(B)I. We wil
show that there exist subsets A, B ç; X with IAI = IBI = 3, and X = A U B, such
that t :2 t(A,B) :2 fn/l01 + f(n - 4)/101.

Consider the restriction e : -(1,2, . . . , n - n ~ -(A¡, . . . ,AIoÌ of the map 0 to
the coordinate positions 1 through n - 1: In analogy with the functions t(A,B)

and t discussed above, we let i-(A,B) = le-I(A)I + le-I(B)I, when IAI = IBI =3
and X = A U B, and we let i- = max-(i-(A,B): IAI = IBI = 3, and X = A U BÌ.

SO suppose, as an inductive hypothesis, that there exist i andj with 1 :: i =1 j
:: n - 1, such that O(i) U O(j) = X and i(O(i), O(j)) :2 f(n - 1)/101 + f(n - 5)/101.

If n is congruent to neither 1 nor 5 (mod 1O),(then f(n - 1)/101 = fn/101 and
f(n - 5)/101 = f(n - 4)/101, so since i-:2 fn/l01 + f(n - 4)/101, by the inductive

hypothesis, we are done because t ;: i-.
So suppose n == 1 (mod 10) and write n = 1 + 10q. Then, by the induc-

tive hypothesis, we know that there are subsets A¡ and Aj in :¿ such that i- =
i-(A¡, A) ;: f(n - 1)/101 + r(n - 5)/101 = 2q. If i-(A¡,A) ? 2q, then t :2 i- :2
i-(A¡,A¡) :2 rn/101 + f(n - 4)/101 and we are done. So we may assume that
i-(A¡,A) :: i- = 2q for all 1 :: i,j:: 10. It suffices to show that t(O(n),A¡) = 2q + 1
for some i since then t :2 t(O(n),A¡) = 2q + 1 = rn/l01 + f(n - 4)/101. .

Now define a graph P with vertices the elements of 
I, with two elements of Ibeing adjacent if their union is X. Then, it is not difficult to see that P is

isomorphic to the Petersen graph. For 1 :: k:: 10, let nk = I-(i: 1 :: i:: n - 1,
e(ž) = AkÌ/. Then, since t = 2q, we have nk + np :: 2q for all 1 :: k =1 p :: 10 withAk adjacent to Ap in P. Further, ~L~i nk = n ~ 1 = 10q.

We claim that nk = q for all 1 :: k :: 10. Without loss of generality, suppose
first that n¡ = q + a, for some a :2 0, and suppose that Ag, A9, and Aio are the
three vertices adjacent to Ai. Then, n¡:: q - a, for i = 8, 9, and 10. Also, it can
be seen that on the remaining six vertices of the Petersen graph, there is a
matching of three edges. Thus,

shov
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be a~

Ap in
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then f
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IOq = ¿ nk :: (q + a) + 3(q - a) + 3 . 2q,
k=1

as reqi
If 01

N repl
rm/l01
rm/101

NoVl

whence a = O. Thus, nk:: q for alII :: k:: 10. Then, from the fact that ~L~i nk

= IOq, we must have nk = q for all 1 :: k:: 10. Then, IO-I(O(n))1 = 1O-I(O(n))1 + 1
= q + 1, and, thus, t(O(n),A¡) = 2q + 1 for any i for which O(n) U A¡ = X, as

required.
Finally, suppose n =' 5 (mod 10) and write n = 5 + IOq. Then, by the

inductive hypothesis with m = n - 1, we know that there are subsets in I, A¡
and Aj, say, such that i- = i-(A¡,A) :2 r(n - 1)/101 + r(n - 5)/101 = 2q + 1. If
i-(A¡,A) ): 2q + 1, then t :2 t(A¡,A) :2 fn/l01 + fn - 4/101 and as above we are
done. So we may assume that t = i-(A¡,A) = 2q + 1. Also we are reduc;ed to

Then
t=t(A
finishin.
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showing that for some Ai adjacent to O(n) we have t(O(n),Ai) / 2q + 1, sinêe it

would then follow that t i2 t(O(n),Ai) :2 rn/101 + r(n - 4)/101. Again, letting nk
be as above, we have nk + np:: 2q + 1 for all 1 :: k =1 p :: 10 withAk adjacent to
Ap in the Petersen graph defined above and 2:1~1 nk = n - 1 = 10q + 4.

We claim that nk = q + 1 for four values of k with 1 :: k:: 10 and nk = q for
the remaining six values of k. Without loss of generalty, suppose first that ni =
q -+ 1 + a, for some a :2 0, and suppose that As, A9, and Aio are the three

vertices adjacent to Ai. Then, ni :: q - a, for i = 8, 9, and 10. Again, on the

remaining six vertices of the Petersen graph, there is a matching of three edges.
Thus,

10

10q + 4 = 2: nk :: (q + 1 + a) + 3(q - a) + 3(2q + 1),
k=1

whence a = O. Thus, no nk is greater than q + 1, and if nk = q + 1 for some k,
then np:: q for each Ap adjacènt to Ak. Now the maximum size of an indepen-
dent set in the Petersen graph is 4, so lOq + 4 = 2:1~1 nk :: 4(q + 1) + 6q,

whence equality holds; and the claim is true. Without loss of generality, nk = q
+ 1, for 1:: k:: 4, and nk = q, for 5':: k:: 10.

Let O(n) = As, and note that IO-I(As)1 = IÕ-I(As)1 + 1 = ns + 1. If 1 :: S :: 4,
then for any Ai that is adjacent to As in P (so that i :2 5), we have

l(A"Ai) = IO-I(As)1 + IO-I(Ai)1 = ns + 1 + q + 1 = 2q + 2.

If s :2 5, then there is an Ai, 1 :: i :: 4, which is adj acent to As in P, so that again

t(A"A¡) = IO-I(As)1 + IO-I(Ai)1 = ns + 1 + q + 1 = 2q + 2,

as required.
If one (or both) of rand s is not zero, then a similar argument as above, with

N replaced by N3, and n replaced by m = IN31 = n - r - s, shows that t :2

rm/101 + rm - 4/101. Hence, by Theorem 2.2, L(n,X) :: 2n - (2r + S. +
rm/101 + rem - 4)/101) :: 2n - rn/101 - r(n - 4)/101.
Now write n = 10d + e, with 0:: e -: 10. Let X = -(Xi,XZ,X3,X4,XS!, where

Xi = (0 000 000 0 0 0; d, e) = 0,
Xz = (0 1 1 1 0 1 1 1 0 O;d, e),
X3 = (111 0000111; d, e),
X4 = (1 1 0 1 11 0 0 0 1; d, e), and
Xs = (1 0 1 1 1 0 1 0 1 0; d, e).

Then, it can be checked that, with A = -(Xi ,XZ,X3! and B = -(X3 ,X4,XSJ, we have

t = t(A,B), and then L(n,X) = 2n - rn/101 - r(n - 4)/101, by Theorem 2.2,finishing the proof. .
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Using the above results, we can consider the case IXI = 4 in more detaiL. (See
the MCUB earlier).

Let X ç; Q(n) with IXI = 4. As notation, we let N¡ = N\N(XJ and Nz =
UAk;Xand IAI=3 N¡(AJ. Now we let N3 = N\(N(XJ U Nz), and for A ç; XwÍthlAI =

2, we let teA) = /N3(AJ/. Finally, let t = max-(t(A): A ç; X, IAI = 2J. .

Theorem 2.3. Let X ç; Q(n) with IXI = 4. Let r = IN(xJ/, s = INzl, and t as
above. Then, L(n,X) = 2n - 2r - s - t.

W(k,.
stil c

n), w

as k-
As

maxÌI
no su

was Sl
edges

Ger
C(n,k
every
with h
nate p
corres
nate b

collect
point 5

correSJ
k poini

C(n,2k
interesi
for smc

Proof As before, we may assume without loss of generality that r = s = O.
LetX = -(x¡,XZ,X3,X4J and letA ç; X, ¡AI = 2, such that t = teA); say A = -(X3,X4J.

Letxs = X4 and apply Theorem 2.2 to the set -(x¡,XZ,X3,X4,XSJ. It is not difficult to
show that the maximum value of t(A,B), as defined just before Theorem 2.2, is
teA' ,B'), where A' = -(Xi ,xz,XSJ and B' = -(X3,X4,XSJ, and that this in turn is teA)

as defined above.Hence, L(n,X) = 2n - 2r - s - t, as required. .
Corollar 2.3. For n :2 3, L(n,4) = l(S/3)nJ, the value given by the ¥CUB.

Proof LetX ç; Q(n) with IXI = 4. Again, we may suppose r = s = O. There
are exactly six distinct subsets of size two that can be chosen from X. Given
any coordinate position, there are exactly two O's and two 1's (since r = s = 0),
and so for each A ç; X, with IAI = 2, we have N(AJ = N(X\AJ. Thus, t~' rn/31.
Hence, by Theorem 2.3, L(n,X) :: 2n - rn/31 = l(S/3)nJ.

Now write n = 3d + e, with 0:: e :: 2. Let X = -(Xi,XZ,X3,X4J, where

Xi = (0 0 0; d, e) = 0,
Xz = (0 1 1; d, e),
X3 = (1 0 1; d, e), and
Xs = (1 r 0; d, e).

Theorei

Then, we see, using Theorem 2.3, that L(n,X) = 2n - rn/31, and we aredone. . Prooj
complet

Let X
collectic
ktobec
is some
where X
Gnx¡,

3. SETS OF CONSTANT WEIGHT AND THE TURAN PROBLEM
Let W(k + 1,n) denote the set of all weight k + 1 points in Q(n). In this

section, we describe an upper bound for L(n, W(k + 1,n)) that follows by apply-
ing the work of Frankl and Rodl (SJ on the generalized Turan problem.

Observe first that a trivial upper bound for L(n, W(k + 1,n)) is obtained by
noting that the subgraph of Q(n) induced by W(k + 1,n) U W(k,n) is connected.
It follows that L(n, W(k + 1,n)) :: IW(k + 1,n)1 + IW(k,n)1 - 1 = (k~¡) + m _ 1.
Of cours&, one would expect to improve this bound since there are surely more
economical ways of dominating W(k + 1,n) by weight k words than to use 

all of
We cla

To see t1
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W(k,n). Nevertheless, the dramatic improvement implied by the result of (S) ~

stil comes as a surrise; assuming certain growth conditions on k (relative to
n), we have

( n ) (log(k)) (n)L(n,W(k + 1,n)):: k + 1 + (2 + 0(1)) ~ k

as k -? 00.

As background, recall the Turan problem for graphs. This is to find the
maximum number of edges a graph G on n points can have so that G contains
no subgraph isomorphic to Ki (the complete graph on t points). This problem
was solved in (9). Equivalently, one may ask for the smallest size of a set S of
edges in Kn' such that every Ki subgraph of Kn contains some edge from S.

Generalizing to hypergraphs, one may ask for the minimum possible size
C(n,k + a,k) of a collection S of k-sets from a ground set X on n points so that
every (k + a)-subset of Xcontains at least one element from S. The connection
with hypercubes is then naturfll. First, we view. the elements of X as the coordi-
nate positions used in describing the points of Q(n). Each subset G of X then
corresponds to a point, which we denote peG), of Q(n) having l's in the coordi-
nate belonging to G and O's in the remaining coordinates. Similarly, for a
collection S of subsets of X, we let peS) be the subset -(peG): GeSì of the

point set of Q(n). We shall be interested in the case a = 1, since under this
correspondence, the number C(n,k + i.,k) wil be the fewest number of weight
k points of Q(n) needed to dominate W(k + l,n). It was shown in (3) that
C(n,2k + Ij2k)/(zlD :: t + 4-k by using Hadamard designs, among many other
interesting results on the Turan problem for hypergraphs (2). This result is good
for small k, but for large k, the following is stronger.

Theorem 3.1 (S). For k -? 00, one has

(log(k)) (n)C(n,k + 1,k) :: (1 + 0(1)) ~ k'

Proof. We reproduce the construction underlying the theorem both for
completeness .and since we will need certain of its features later.

Let X =-(,2, . . . ,nì be a ground set of n elements, and let (;;) denote the

collection of m element subsets of X for any 1 :: m :: n. Consider an integer r ~
k to be chosen later, and assume without loss of generality that n = rt, where t
is some positive integer. Now parition X as X = Xo U Xi U Xz U . . . U Xl-i,
where Xi = -(c: 1 :: c:: n, c == i(mod rH. For any subset G C X, let S(G) = -(i:
G n Xi =1 0ì, and s(G) = IS(G)I. For any integer e, 0 :: e :: r - 1, define

Ve = tPe (~): e +'2: x == 0,1,2, . . . . , or r - s(P)(mod r) 1.
xeF

We claim that for any e and any Ge (kii), there exists Pe Ve such that peG.
To see this, for any geG, let y(g) = e + ~xeG-tgJ x. The numbers beg): geGì

i
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form a set of s(G) distinct numbers modulo r. Hence, by the pigeon hole
principle, one can choose a w such that yew) == i (mod r) for some i satisfying
0:: i:: r - s(G). The set F = G - -(w)- then satisfies Fe Ve and Fe G, thereby

proving the claim.
Finally, it can be shown (see (S)) that with r = Lklllog(k)JJ there must exist an

s such that
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(n) 1 log(k)IVsl ~ k Lk/log(k)J log(k) - 1 .

Taking p(Vs) as our set of weight k points to dominate the weight k + 1 points,the theorem is proved. .
We wil need some notation to analyze connectedness in the sub graphof Q(n) induced by p(Vs) U (kfi). For a given G C X with IXI = n, let

Cong(G) be the multiset of congruence classes (mod r) of all the elements of G.
Now let W be any multiset of size k drawn from the set-O, 1 ,2, . . . , r - 1) We
write Block(W) for the set of all G C X such that Cong(G) = W, and we shal
refer to any collection B of subsets of X satisfying B = Block(W) for some Was
a block. For example, with k = 4, r = 3, and n large enough, we have
GeBlock(W), where G = -(3,6,4,8)- and W = -(,0,1,2)-. Note that any set Ve can
be partitioned as a disjoint union of blocks since if Ge Ve, then any. Heel
satisfying Cong(H) = Cong(G) must also belong to Ve. Finally, for any subset
Me W(k,n), we let Nb(M) = -(ueW(k + 1,n): uveE(Q(n)) for some veM)-.

4. NF

The
con sic
intege
(4). Iii
severe

Lemma 3.1. For any block B, the subgraph of Q(n) induced by pCB) U
Nb(p(B)) is connected.

Proof. Let G,HeB. We wil construct a sequence of "exchanges" leading
from G to H. Corresponding to this sequence is a path in Q(n) from peG) to
p(H) whose points alternate between pCB) and Nb(p(B)).

More precisely, let G EB H be the symmetric difference of G and H, and say
G EE H = -(Xi,XZ, . . . ,Xc,Yi,YZ, . . . ,Yc)-, where x¡eG\H, y¡eH\G, and X¡ ==
y¡(mod r) for all i:: c. Now let Go = G, and inductively let G¡ = G¡_i U -(Yri/zi)-for
i odd and G¡ = G¡-i \-(xii for i even, 1 :: i:: 2c. An easy induction shows that
Gzc = H, while G¡ e B for i is even and p(G¡)P(G¡+I) is an edge of Q(n) for all i.
Hence, p(GO)p(Gi) . . . p(Gzc) is a path in Q(n) from peG) to p(H) alternating
between pCB) and Nb(p(B)), as required. .

ST(2):
integei

Theor4

Pro(
ST(2).
problei
problei

This lemma can now be applied to give our bound onW(k + 1,n).
VERTl
cover"
edge oj

Theorem 3.2. L(n, W(k + 1,n)) :: (k~l) + (2 + 0(1)) ((log(k))lk)(k) as k ~ 00,
provided (P/(10g(k)J1+1/k :5 n. Let j

V( G) =
w(G) oj
w(ž,j) l

Proof' A natural approach for constructing a subtree T of Q(n) spanning
W(k + 1,n) is as follows: We start with the subset W(k + 1,n) U Vs of Q(n),
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where ivsi satisfies the bound in the proof of Theorem 3.1. Now this set may ndt
induce a connected subgraph of Q(n). So write Vs = Ui Bi as a disjoint union of
blocks, and for each i, choose a point uiep(B;). By the lemma it is then only
necessary to "connect up" the Ui. We can do this by including in our set the
origin 0 of Q(n) and a shortest path, call it Pathi, from 0 to Ui for each i. Thus,
the graph H induced by the set W(k + 1,n) U Vs U (Ui Pathi) of Q(n) is a
connected subgraph of Q(n) spannng W(k + 1,n). Now just let T be any span-
ning tree of H.

It remains to estimate the number of points in H. The quantities IW(k + 1,n)1

and ivsi being (k~ I) and the estimate of Theorem 3.1, respectively, we concen-
trate on IUi Pathi! Now an upper bound for the number of blocks in Vs is rk
since each block is specifed by a selection of k elements (with repetitions
allowed) from the set -(0,1,2, . . . ,r - 1) Hence, we need at most rk points Ui.
Since each Ui has weight k, it follows that IUi Pathil :: krk. Now using the value
r = lklllog(k)J chosen in the proof of the theorem and the lower bound
(k) :2 (nl k)k, one can show that krk :: ((log(k))i k) (k) provided (kZ/log(k))I+I/k :: n.
Hence, with this bound on k, we find that the contribution to IHI from
IUi Pathil is at most ((log(k))lk)(~), and it follows that IHI :: (k~l) +(2 + 0(1)) ((og(k)Jk) (~) as required. .
4. NP-COMPLETENESS FOR THE WEIGHT 2 SUBPROBLEM

The complexity of the Steine.r problem in the hypercube can be addressed by
considering the following decision problem: Given a set X C Q(n) and an
integer k, decide if L(n,X) :: k. This problem was shown to be NP-complete in
(4). In this section, we strengthen this result by showing that the following
severely restricted subproblem, which we call ST(2), is NP-complete.

ST(2): Given a set X C Q(n) consisting of points of weight at most 2, and an
integer k, decide if L(n,X) :: k.

Theorem 4.1. ST(2) is NP-Complete.

Proof. We describe a polynomial time reduction VERTEX COVER ~
ST(2). This suffces by the well-known NP-completeness of the vertex cover
problem and the fact that ST(2) is clearly in NP. Recall that the vertex cover
problem is defined as follows:

VERTEX COVER: Given a graph G and integer k, decide if G has a "vertex
cover" of size:: k, that is, decide if there exists a set S C V(G) such that every
edge of G is incident on at least one point of S, and IS 1:: k. .

Let -(G,kf be an instance of VERTEX COVER, where G has n points and
V(G) = -(1,2, . . . ,nf. The corresponding instance of ST(2) wil be a collection
w(G) of points in Q(n) defined as follows: For each edge ij of G, 1 :: i,j:: n, let
w(ž,j) be the point of Q(n) with l's in the ith and jth coordinates and O's
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everywhere else, and as usual let 0 be the origin. Now, let w(G) = -(w(i,j):
ijeE(G)- U -(0)-. The corresponding instance of ST(2) is then -(w(G),IE(G)1 + k +
1) = -(w(G),lw(G)1 + k)-.

We claim that G has a vertex cover of size :: k ~ L(n,w(G)) :: Iw(G)1 + k.

The direction =? is straightforward. Let S C V(G) be a vertex cover of G of
size at most k. Then S corresponds naturally to a collection of weight 1 words in
Q(n), namely, E(S) = -(e(i): ieS)-, where e(ž) is the point having a 1 in the ith
coordinate and O's elsewhere. Now the set w(G) U E(S) induces a connected
subgraph of Q(n) since E(S) dominates all the weight 2 points while the points
of E(S) are all joined to the origin. Since this set also spans w(G), it follows that
L(n,w(G)) :: Iw(G)1 + ISI :: Iw(G)1 + k.

The direction Ç: is more involved. We wil need some notation and terms.
For a set X C Q(n), denote by X(r) the set of weight r words in X, i.e., X(r) =
X n W(r,n). For any veQ(n), we let support(v) be the set of coordinates of v that
are 1. Now suppose every point of X has weight at least r, and let k ~ r. The k-
shadow(X) is the set -(weW(k,n): support(w) C support(w') for some w' in X)-.
Similarly, if every point of X has weight at most rand k ? r, then we let k-
shade(X) be the set -(weW(k,n): support(w) :: support(w') for some w' in'X)-.

Observe first that it suffices to show that for any connected subgraph H C
Q(n) containing w(G) there exists a connected subgraph H' C Q(n) containing
w(G) such that IH'I :: IHI and all points in H' have weight of at most 2. For if
this were to hold, then H'(l) would correspond to a vertex cover of G (by the
correspondence ieG ~ e(i)eQ(n) described earlier in the proof). As~uming then
that iHl :: Iw(G)1 + k, it would follow from IH'I:: IHI that IH'(11 = IH'I - Iw(G)1
:: IHI - Iw(G)1 = k. Thus, G would have a vertex cover of size at most k, as
required.

Our strategy for building H' is to find a set D C W(1,n) satisfying

(Property A) 2-shade(D) :J H(2)

and

(Property B) IDI :: IH\w(G)I.

For then, the graph H' induced by w(G) U D would satisfy the requirements of
the preceding paragraph (and, in fact, D = H'(1)).

The set D wil be a disjoint union D' U D". The first component D' wil
"simulate" H(3) in the sense that 2-shade(D') :J 2-shadow(H(3)) :J H(2) n (2-
shadow(H(3))). The second component D" wil be H(1)\D', and wil therefore
satisfy 2-shade(D"):J H(2)\(2-shadow(H(3))). Hence, Dwil satisfy Property A.

As notation, a subset R C Q(n) wil be called a 3-2 component of H if it
satisfies the following:

(a) R C W(2,n) U W(3,n), R(3) C H, IR(3)1 :2 2,
(b) the graph induced by R in Q(n) is connected, and
C.c) R is maximal in Q(n) with respect to (a) and (b).
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A point weH(3) wil be called isolated if it is not contained in any 3-2 compo-
nent of H, and we let n = -(weH(3): W isolatedf,

First, we show that for any 3-2 component R there is a set DR C 1-
shadow(R(3)) such that 2-shade(DR) :: 2-shadow(R(3)) and IDRI :: IR(3)1. We
can construct DR inductively as follows: LetR(3) = -(Wi,WZ,. .. ,Wkf, k:2 2.
The elements of R(3) may be considered as triangles in a graph on n points (the
points of a triangle being the coordinâtes in which the corresponding element of
R(3) is 1) and the elements of R(2) as edges of the graph contained in these
triangles. The indexing of the Wi may be assumed to be such that we can
"grow" R(3) by starting with Wi, and inductively having formed the subsetRi =
-(Wi,WZ, . . . ,W;f, the subset Ri+1 = Ri U -(Wi+if wil have the property that Wi+1

has an edge in common with some Wt, t :: i. Finally, Rk = R(3). We can then
build DR as follows: Let Zi and Zz be the two vertices (corresponding to points in

R(1)) in the intersection of the triangles Wi and Wz. Clearly, allS edges in -(Wi, Wzf

are covered by Zi and Zz (equivalently, the corresponding S points in the 2-
shadow of -(Wi,Wzf lie in the 2-shade of Zl and zz). Inductively having con-

structed the set Di = -(ZI,ZZ, . . . ,Z;f contained in Ri such that the 2-shade of Di
contains the 2-shadow of Ri, we let Zi+1 be the vertex of Wi+1 (if any) not lying in
Wi. Then, let Di+1 = Di U -(Zi+lf. It follows by induction and the. choice of Zi+1
that IDi+¡1 :: IRi+11 and 2-shade(Di+l) :J 2-shadow(Ri+I). Letting DR = Dk, we
have found our required set in 1-shadow(R(3)).

Now we let D'(component) = UR DR, where the union is over all 3-2 compo-
nents R. Then, 2-shade(D'(component)) :J 2-shadow(UR a3-Z component R(3)) = 2-
shadow(H(3)\n) and ID'(component)1 :: IURa3-Zcomponent R(3)1. We have thus

simulated H(3)\û by D'(component) and also shöwn that ID'(component)1 ::
IH(3)\nl. It remains to simulate n.

Consider then a point (or triangle) wen. Since H is connected, it follows that
either

(i) H contains some point x(w)el-shadow(w), or
(ii) if (i) does not hold, then H contains some point y(w)e4-shade(w).

Let Xl and Xz be two points in I-shadow(w) for which I-(X¡,XZf n H(1)1 is a
maximum, and x(w)e-(xi,xzf if (i) holds. Let Yew) = -(X¡,Xzf. Clearly, 2-
shade(Y(w)) :J 2-shadow(w); so we have simulated w by yew).

We remark that in case (ii) there cannot exist a point w'eH(3) n -(3-
shadow(y(w)), since then wand w' would be in the same 3-2 component of H,
contradicting wen. Thus, we have

Property(w). If wi =1 Wz, then y(wi) =1 y(wz).

We can now build the required setD. For each wen, let Y = Uwefl yew). So.
by the above 2-shade(Y) :J 2-shadow(0). Now let D' = Y U D'(component),
D" = H(1)\D', and D= D' U D". Then, since 2-shade(D'(component)) :J
2-shadow(H(3)\0), we have

2-shade(D) :J (2-shadow(H(3))) U (H(2)\2-shadow(H(3)))

:J H(i).

L
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H(3)n 3-2 components

H(2)n 3-2 components

2-shadow(H(3))

n = H(3)\3-2 components

2-shadow( n) H(2\2-shadow(H(3))

FIG. 1. The set D and property A.

origin

Thus, D satisfies Property A above. A pictorial representation of how D satis-
fies Property A is given in Figure 1.

Toward proving that D has Property B, set Z = (D' \H(l) n Y = Y\H(1). We
claim that it suffces to show that Izi :: 101 + IH(4)1. For if this were true, then

ID'\H(1)1 :: !(D'\H(1)) n D'(component)1 + I(D'\H(1)) n YI
:: ID'(componerit)I + 101 + IH(4) I .

:: IH(3) I + IH(4)1.

Hence, we would have

IDI :: ID' n H(l)1 + ID"I + ID'\H(l)l
:: IH(l)1 + IH(3)1 + IH(4) I

:: lH\w(G)I,

thereby proving Property B for D, and the proof would be completed.
We are therefore reduced to showing that IZI :: Inl + IH(4)1. Pick weO. If

case (ii) holds for w,then l-(w,y(w)JI = I Y(w) I = IY(w)\H(l)l. If case (i) holds for
w';then 1 = l-(wJI:2 IY(w)\H(l)l. Thus, IZI = I Y\H(1) I = LwenIY(w)\H(1)I:: 101 +
14-shade(w)1 (by Property yew)) :: 101 + IH(4)1, as required. .
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