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ABSTRACT. Let K be a pure n-dimensional simplicial complex. Let Ty K} be the
automorphism group of X, and Jet I',¢ K} be the group of permutations on n-cells of
K induced by the elements of T K). Given an abelizn group 4 we consider the
problem of finding the minimum number of points MEM(A) in K such that
[o(K} = A4, and the minimum number of #-cclls MITHAYin K such that T,(K) = A4
Write A = [l - Z7", where each [actor Z = appears e( p*) times in the canonical
factorization of A. For 4 containing no factors Z . satislying p* < 17 we (ind that
M 4) = MENA) = Zpe pPe(p®) when n > 4, and we derive upper bounds for
MM A4) and M§T{ A4) in the remaining possibilities for 4 and 2,

1. Introduction. A simplicial complex K is defined as a pair (V, &) where V' 1s a
finite set (whose elements are called points) and & is a set of subsets of V' (called
simplexes or cells) with the property that § € Sand @ 7« C fumply a € &, while
5 € ¥ implies {x} € &. The dimension of a simplex 8 having n + 1 points is #, and
the dimension of a complex K is the maximum dimension of any simplex of K. We
also say that K is a pure r-dimensional simplicial compiex {or an r-complex) if K has
dimension r and the maximal simplexes of K all have dimension 7.

We will be concerned with pure n-dimensional simplicial complexes for n = 2.
When n = 2, such a complex will be called a plex for brevity. Following the notation
of Dewdney [3] we denote by K, the set of r-cells of K|, so that in particular if we
identify each point x with the O-simplex {x} we get Ko = V. If S C ¥ then we
define (S, the complex induced by S, as the complex having § as point set and
having as simplexes those subsets of S which are simplexes in K. If D C o, define
(D), the complex induced by D, as follows. We define the point set V((D}) by
V(DY = U, . {x Eaz x € ¥V} and the set of simplexes &({D}) by S({DY) =
U, (B €5: 8 Ca).If v € V(K) and K has dimension », then the set of points in
¥ — p which are contained in n-cells with v will be called the neighborhood of v and
will be denoted by N(v). A 1-1 and onto map /: V(K ) = V(K") between n-dimen-
sional complexes K and K is called simplicial when &« € K, if and only if {{ f(x):
x € a}) € K{,,- If such a map f exists, we say & and K’ are isomorphic and we write
K = K'.If Lis an induced subcomplex of K, we write f( L) for ({ f({): 1 € V(L)}).
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‘The point group and cell group of an r-complex are defined in the natural way.
We let I'(K), the point group of K, be the set of all fenctions f: ¥ — ¥ which are
simplicial. The subgroup of I'y( K ) consisting of all elements fixing v € V(K) will be
denoted by T,( K),. When the complex K is understood, I)( X ), may be abbreviated
(T,),- An automorphism o in [(X') naturally induces a permutation & on K, as
follows. If &, B € K|,,, then we write ¢(a) = B if o{a)y= (B). The set of permuta-

“tions on K, given by {§: 0 € I',(K )} is clearly a group, will be called the cell group

of K, and will be denoted by T',( K). Hence there is a surjective homomorphism =:
Io(K) - T'(K) defined by m(«) = & Finally when o is a group element, (o) will
denote the subgroup generated by o, and {x} will denote the least integer greater
than or equal to the real number x.

The purpose of this investigation is to study the following problem. Given an
arbitrary finite abelian group A, find the minimum number of n-cells M’ {("(A)in an
n-complex K satisfying I'(K)= A, and find the minimum number of points
M{(A) in an n-complex K satisfying To(K) = A.

letd =11 Z;&P“) via the decomposition theorem for abelian groups, where e( p®)
is the number of direct factors isomorphic to Z,. for a fixed p* We solve the
problem of determining M{"(4) when n > 4 for those 4 all of whose direct factors
7, satisty p* = 17. The same problem is solved when » = 2 or 3 for those 4 having
the additional property of e{ p*) being bounded by a certain function of p® for all
p*. We also determine M[?(A4) for those 4 all of whose direct factors Z . satisfy
p =9,

Given the group 4 and the integer n, we construct n-dimensional simplicial
complexes K{™(4) and K{"( A) having cell automorphism group and automorphism
group (respectively) isomorphic to 4, that is, T,,( K {"(A)) = 4 and T(K{V(4)) = 4.
These constructions form the crux of this work, and are used in Theorems 8, &, and
10 to give upper bounds for M{"(4) and M{*(A) for abelian groups 4 and integers
n. The required lower bounds are found by determining (in Lemima 11.1) the
minimum degree in any faithful action of an arbitrary abelian group. These facts are
combined to yield our main result, Theorem 11, which gives the exact values of
M{M(A) and M{P(A).

The motivation for this work originates with results of Arlinghans [1], Meriwether
[10], Babai [2], and Sabidussi [12] for graphs, ie., dimension 1. Meriwether first
found the minimum number of points in a graph with giver finite cyclic automor-
phism group, and Arlinghaus generalized this result to cover arbitrary finite abelian
gToups.

As n varies it is interesting to observe the relationship among the exact values and
bounds for M{"(A) and M§™(A4), and among the constructions used in realizing
these bounds. It will be seen that as » increases these numbers and the constructions
from which they arise assume a rather simple and elegant form. This would present
an example of the interesting phenomenon in which one is able to better understand
a geometric invariant as the dimension of the space in question increases. In this
regard, we note that the determination of M{"(4), the minimum number of lines in
a graph with line group A, is completely open and is an extremely difficult problem.
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It was also found that the class of 2-compiexes which realize the pumbers M{(Z )
and M{*(Z ) was unique and could be utilized, by means of the topological cone, to
give the complexes which vielded the values of M{"/(4) and M{ (DAY, if n =2, for
all finite abelian groups A. It is precisely the {act that 4 is a direct proeduct of pnime
power cyclic subgroups which makes this construction possible. In the same way, it
is expected that a determination of M{")(G) and M§”(G) for p-groups G should
vieid upper bounds (which are probably exact) for M Hyand M§"(H) when H is
nilpotent.

The text is organized as follows. In §2 a set C of 2-complexes is defined, each
member K of which satisfies | K5, |= p® and T5(K) D Z,. for given p and a. A
characterization is then found for the subset € C C consisting of complexes K’
satisfying I,(K’) = Z ., and a formuia is developed for the number of isomorphism
classes among the set of 2-complexes in €\ C’. From the resulting fact that C\C" s
ponempty for p® =9, it follows that M{*(Z,.) = p* for p* > 9. We conclude §2
with a characterization of all 2-complexes K satisfving | K, |= p* and admitting an
element in I,(K ) which is a p"-cycle. One consequcnce of this result is that the set of
2-complexes K satisfying | K |= p® and Ty(K) = Z . ts shown to be identical with
C\ ¢, In §3 bounds for M{"(4) and M{"( 4) are obtamed by construction. Letting
A =1 Z."(f’ ), we construct the n-complexes K {"( A) and K{"(A). which yield the
upper bounds for M{"(A4) and M{"(A) respectively, by forming them, in ali but
certain “small” cases, as disjoint unions of the complexes K “”(Z"“’ N, i=0,1, over
distinct prime powers appearing in the factorization of 4. The charactenzauon and
enumeration in §2 is used in determining which prime powers p® admit the
construction K{"™(Zr7), i = 0, 1, in effect, how large p* must be.

A general description of the method used in constructing K ("’(Ze&P 1) is i order
here. We begin by choosing a pair, say R and S, of nonisomorphic 2- complexes from
the set C~ C". By the result of §2, each of these is known to have cell group Z .. We
then attach e( p®) — 1 copies of R and one copy of S together to form a kind of
“tower” complex having e( p*) “floors”. The bottom floor of this tower is a cone
over R, while each of the top e{ p*) — 1 floors is isomorphic to a cone over S. From
the nature of the coning operation (to be defined in §3) it will follow that the cell
group of each floor is the same as the cell group of either R or 5. We will then see
that the cell group of the entire tower contains the direct product Z"SF’ ), this group
arising from the action of Z . on each of the e( %) flocrs mdepeadentiy That the
cell group of the tower comams notking more than Z"”’ ) ie., that

rn(Kgﬂ(z;gP”)) =27,

will follow from the nature of the tower construction. Specifically. any element of.

the cell group lying outside of the subgroup Z"”’") just described must be a
nonidentity permutation on the floors of the tower (since all elements acting
invariantly on each floor are accounted for in the subgroup Lo ). But such a
permutation will be impossible since the tower has been * rooted at its bottom
floor. That is, 2 nonidentity permutation of the floors must move the bottom floor to
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some other floor (by the nature of the consiruction), and this is impossible since R
and S were chosen to be nonisomorphic complexes.

 The complexes K{(2.:77) are formed using an essentially different method,
based on a higher-dimensional version of graph complementation. In these com-
plexes too, however, the basic building blocks are the 2-dimensional complexes in

“theset Oy (7.

Finally, we remark that our main result, Theorem 11, gives M{®(4) = M{"(A4) =
3 pe( p™), n = 4, for all 4 with the exception of certain “small” cases.

2. A set of extremal complexes. Throughout this section the word “cell” will be
used interchangeably with 2-cell. Qur first task will be to construct plexes having p®
cells and cyclic cell group Z .. It will be seen that this is possible for p® == 9. These
plexes will later be used in the comstruction of r-complexes, r 2 2, that provide
upper bounds for M(4),i = 0,1, and 4 finite abelian.

Letn = p® be a fixed prime power. We will define a set C of plexes, each having n
2-cells. For j satisfying 3 <j < n, form the plex C(n, j) by letting ¥(C(n, j)) =
{1,2,3,...,n}, and C(n, )y = ({1 +i,2 + i, j+ i) O0<i<n—1} addition
performed modulo n. We iltustrate the i-skeleton of the complex C(8,4) m Figure
2.0

1

FigURE 2.0. The 1-skeleton of C(8,4)

Observe that there exists an isomorphism f: C(n, j) — C(r, n + 3 — j) given by
f(kY=n-+3—k, 1<k <n. Thus for n even there is a one-to-one correspondence
between the two sets of complexes S = {C(n, jh 3<j<{n/2} +1} and T =
{C(n, /) {n/2} +2<j<n} given by C(n, j) = Cln,n+3—j), 3<j<{n/2}
-+ 1, where corresponding complexes are isomorphic. For n odd the two sets are
S=1{C(n, jyp3<j<{n/2}}and T= {C(n, j) {n/2} + 2 <j < n}, the complex
C(n,{n/2} + 1) corresponding to itself under f. Hence, for all n, the set C of
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complexes defined by C = {C(n, j}: 3= {n/2} + 1} contains at least one
complex from each 1somorphism class in the collection of complexes C(n, j),
3 < j < n. In analyzing the complexes C(n, j), we therefore restrict our attention to
the subset C of them. Notice that for each member C(#, j) of C there exists an
element r = (12 - - - n) of [ C(n, j)) and that {v)=7Z,. We also have (¥)=Z, a3
a subgroup of IL,(C(n, j)), and it follows that I,(C{n, /3) D &, for 2l Ok, j) € C.

We begin by isolating those plexes C(n, j) of € which satisfly IN(C(n, j) = Z .
Let €’ be the subset of C consisting of plexes C(n, j) whose parameters »n and J
satisfy at least one of the following conditions:

l.n=<§,

2.7=73,

I.n=2j,n>16

4 n=2j—-2n=16,

5.=27—3,n=9

6. j> —3j +3 =0 (mod n), p =1 (mod ).
In Theorem 1 we show that no member C{n, j) of C' satisfies IL(C{n, j)) =2Z . In
the considerably more involved Theorem 2 it is proved that [,(C(#, /3 = Z, if and
only if C(n, j)e C\C',

TueoreM 1. Let C(n, j) € ', then we have U)(C(n, j)) = Z,.

PrOOF. As noted previously, we already kinow that I,{(C(n, j) D Z, = (%) for
any n and j. Hence for each C(n, j) € C' we need only construct an element
o € T(C(n, jHsuchthat & & (7).

Suppose first that j =3 in C{x, j). It has already been observed that ¢ =
Qin/24 Yk, n+ 3 — k) gives an isomorphism o: C(#n,3) — C(n. n). Since C(n, n)
is identical with C{r,3), 1t follows that ¢ may be viewed as an clement of
To{C(n,3)). Clearly & & (7}, and hence I} C{n, 3)) = Z,, as required.

Now suppose # = 2 j - 3. We will show that C(n, j) = C(n.3). To do this, define
the map /2 C(n, 3} — C(n, j) given by f(k) = 1 + {k — 1){n/2}. First we show that
fis I-1. For if not, then for two distinct points k|, k, € C(n.3) we would have
(k)= flk,) (mod n), that is, 1 +{(k; — D{n/2} =1 + (k, — H{n/2} (mod n).
Since n is an odd prime power we have ({n/2}, n) = 1 and hence &, = k, (mod #).
This shows that f is one-one, and since il is a map between finite sets it must also be
onto. It remains to show that f is simplicial. By the linearity in the definition of f, 1t
suffices to show that f(1,2,3) € C(xa, j);- But this follows immediately on observ-
ing that (1) = 1, fQ) = 1+ {n/2) =j,and f(3) = 1 + 2{n/2} = n + 2 = 2. Thus
the assertion C(a, j) == Cn,3) is proved. It follows that T{(C(n. 7)) = I{C(n, 3))
=7,

Let us now pass (o the case n = 27 — 2. Here we define o as

o= ) T (ks k)
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It is obvious that ¢ is cne-one and onto. To see that o is sirplicial, take a typical
2-cell D = (k, k -+ 1,k +j— 1). By definition a( D) = (j + k — 1, j + k, k), and
noting that 2/ + k — 2=k (modn) we get o(Dy = (j+k— 1, j+ k27 + k—
e C(n, j )e2y» @s required. Clearly ¢ & {#) since o has two fixed points.

Now suppose n = 2 j, n = 16. We define ¢ by

o=(n)n/2) 1 (k3r2—k) 1] (k,n—k).
kodd keven
n/A<k<3n/4 k<n/2

It is perhaps easiest to understand o by considering the following “intuitive”
description of it. We let o act on the even numbered points as a reflection about the
pointwise fixed axis {#, n/2}, and on the odd numbered points as a reflection about
the axis {n/4,3rn/4) while interchanging the two points of this last axis. Clearly
then ¢ is 1-1 and onto. Let us now show that o is simplicial by considering its action
on a typical 2-cell D= (k. k+ 1, k+ (n/2) — 1). By symmetry and from the
description of o given above, we may assume without loss of generality that &
satisfies n/4 < k < n/2. Suppose first k is odd. Then observing that 3n/2 =n/2
(mod ny and writing k + (n/2) — 1 as n — {{(n/2) =k + 1) we find that o(D) =
{n/2) — ko n/2)—k+ 1(n/2)y — k +(n/2) — 1) & C(n, j)y,, as required. Now
suppose k is even, Here we rewrite & + (n/2) — 1 as 3(n/2) — (n — k + 1) and we
get o(D)={(n—k,n—k+1n—k+{(n/2)—1))E Cln, j) Thus o is sim-
plicial and hence it is an automorphism of C(#n, j). Finally, we note that & (7)
since o has two fixed points.

Now suppose 7> — 3/ + 3 = 0 (mod n) where n is a power of a prime p satisfying

=1 (mod6). We define 6 by o(r) =373+ r(l —j) for r € C(n, j). Let
D= {(r,r+1,r+j— 1) be a typical 2-ceil of C(n, j). We get by definition
olr,r+ 1 rtj— 1=z, 29, 25p, where z, =3j =3+ r(} —j) z,=3j— 3t
(P4 X1 — ) 25=3j— 3+ {r+j— 1)1 —j) Observe that z; —z, =7 — 1, so
that to show o is simplicial we need only show that z; =z, + 1 (mod #). This in
turn is equivalent to ( + 1 — (1 — ) =1 + (r + 1)1 — j) (mod #). But we have,
using simple manipulation and j* — 37 + 3 =0 (mod n), that (r +j — 1}1 —j) =
(r+ 11— —+3j=2=(r+1}1—/)+ 1 (mod n), as desired. We remark
that the condition p = 1 (mod6) arises since the congruence ;j2 — 3j+ 3 =0
{mod p~) has solutions (exactly two in fact} if and only if p = 1 (mod 6). To see this,
first reduce to the equivalent congruence (2 / — 3)® == -3 (mod p®). It is well known
113, p. 94] that if p = 2 and « > 4, then -3 is not a quadratic residue mod p* Hence
we may restrict our attention to odd primes. By employing formal Taylor series one
may prove that (2 — 3)* = -3 (mod p*) has either 2 or no solutions according to
whether 3 is a quadratic residue mod p or not. We are thus reduced to determining
the Legendre symbol ( =). By elementary properties of the symbol and quadratic
reciprocity we have

(313161 (=31
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Hence there is a solution if and only if p = 1 (mod 3), which combined with p being
odd implies that p = 1 {mod §), as required.

Finally, if # < 8 one may verily directly that there exisl nontrivial elements of
I',(C{n, j)) having fixed points, and hence in these cases too one has T5{C(n, j)) =
Z,. When n="7, we know in fact that C(7. j) for any j is isomorphic to the
projective plane on seven points and hence [T,(C(n. )= 168. U1

Tn order to prove the converse to Theorem 1. we will require additional terminol-
ogy. Suppose f2 C(n, j)— Cln, k) is an isomorphism of plexes with the property
71,2, jy= (1,2, k). The inverse image /~'¢(1,2) can be any one of three possible
i-cells, and each of these may be mapped onto (1.2} in two ways. This suggests six
classes of isomorphisms satisfying f{1.2, j}— (L2 kS THL2), T2, 0, T ),
T D, T2, ), THL2D where we define T#*(a, b) by T*a, b) = {I
Cln, )= Cn, k) (1,2, = (1,2, k), fla) = L. f{&) = 2}. We remark that if a
pair of complexes C(n, j) and C(n, k) are isomorphic, then the set of maps [ as
defined above, denoted by T#(n, j, k), is the disjoint union of the six classes given.
The indices /, k, and n are omitted. from the symbols T%(a, b) as they will be
understood by context. Suppose that [ € T*(a,b). (|b—a|.n) =1 and that f has
the additional property f(a + (r — (b — a)) = r. 1 < r<n, with all integers read
modulo 7. Thus f maps the hamiltonian cycle a, b, 2b — a, 3p—2a...., ain Cln, j)
onto the hamiltonian cycle 1,2,...,n in the image C (n, k). This map f will be
denoted by T(a, b), and thus T(a, b) € T™(a, b).

Let us make some observations concerning the maps T{a, b} acting of a fixed
plex C(n, j) as domain. From the definition it is clear that T(a.b)™' is given by
T(a, Y H(x)=a+{x— Db~— a) and hence T(a, b}x) =1+ (x —ay/(b—a}
Therefore given the ordered pair (a, b), the image complex I{a, b)C(n, j)i 1s
uniquely determinéd. For example, if we write T(1, Y C(n. 1)} = C(n, k), then
T(1, j)2) =k and thus k 1s determined by k = T(1, j}2) = (/ — NH"t4 1, in-
verses being taken in the group of units in Z,. The fact that 7(1, /) C(n, j} -
C(n,(j— 17+ Disan isomorphism can be verified by considering its action on
an arbitrary 2-cell {x, x + 1, x +j — 1} of C(n, j). Letting

zZ]-’r(x*l)/(j‘-hl)

and using k= (j — 17!+ 1 we find that T(1, j){x, x + Lx+j—1)={zz+k
—1,z+ 1)& C(n, k)g, Furthermore, (1, j) is 1-1 since (j — L,n) = i, and
hence it is onto by finiteness of n. Now given any of the five remaining ordered pairs
(a,b) one may in a similar, way find the uniquely determined & for which
T(a, b)Y Cln, )} = C(n, k), and hence prove that T{a, b} is an isomorphism. The

results are summarized in Table 1 for later reference. Observe that the pairs of plexes '

Tla, M C(n, Nl = Cn, k) and T(h,a)XC(n, H] = Cla,n= 3~ k) are related by
a reflection about the axis {1, n/2 + 1} when # is even and the axis formed by
{n/2} + 1andthe” midpoint” of the 1-cell (1, n) when nis odd.
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TaBLE 1. The values of & for which T(a, b)[C(n, j)] = C(n, k}

(a, b) k

(L) J

2,1 n+3—j

(L, /) (j— D+

(4D n+3—(j—-h -1
@ ) (-2 1

{(j,2) nE3F (-7 —1

For a fixed j, we will denote by 7V the set of isomorphisms {T(a, b): {a, b} C
{1,2, j}) defined above. The elements of 7/ will often be referred to as division
isomorphisms.

Let f: C(n, j) — C(n, k) be an isomorphism between two complexes in C\ C". By
a translation of the indices in ¥(C(n, k)} we may suppose that f € T™(a, b) for
some ordered pair (4, b). Our first objective is to show that in fact f = T(a, b). That
is, ali isomorphisms (up to a translation) are division isomorphisms. We will require
the following observation, stated as 2 lemma for future reference.

LEMMA 2.1, Let C(n, k) € CNC". Then {k — 1, k, 1) is not a 2-cel of C(n, k).

Proor. If not, then we must have n + | = 2k — 2 or 24 — 3, both contradicting
Cn, ky € C\C".

We are now ready for the theorem which will lead to the converse of Theorem 1.
In the proof and subsequent discussion, C(n, j) will often be abbreviated as C( )
since n wilt be fixed by context.

THEOREM 2. Suppose n 2 9 and that two complexes Cin, J), Cln, k) € C\C" are
isomorphic, say, by the isomorphism f. C(n, j) —» C(n, k). Then f is a division
isomorphism, up to a transiation of the indices of C{n, k). That is, f = 7 = T{a, b} for
some r and some ordered pair (a, b), where » = (123 - - - n) € T(C{n, k).

PrOOF. First some preliminary remarks are in order. As a convention, the points
of C(n, ) will be unprimed while those of C{r, k) will be primed. Also it should be
emphasized that the hypothesis requires both {{n, /) and C{n, k) tobein O\ C7, 50
that in particular we have 4 <</, k << {n/2}. Thus, for example, if {r',7 + 2 &
C(k)yy for some r’ € F(C(k)) we may conclude that £k =4, a conclusion which
would be false without the above restriction on k.

Our method is as follows. We prove that for each ordered pair (a, b), if g is an
isomorphism in T*(a, #), g0 C{n, j) - C{n, k), then g = 7{a, b). Note that this
suffices to prove the theorem. For let f be any isomorphism, f: C(n, j) — C(n, k),
and suppose that {12, j>= (" r+ 1, r+ &k — 17 Then letting = = (127¥
") & T(C(k)), we have = VVUA(L2, jy= (1,2, k), and hence v U7 Vf €
T*(ay, by} for some ordered pair {a,, by). Now letting g = 7~ "'f, we know by the
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result above that 7, "'/ = T(a, b), and the theorem will be proved. Observe
further that to show g = T{a, b) it suffices to prove that g(2h — a) = 3'. For then
letting 7, = (12 -~ - n) € TH(C(j)) we see that the map

7 g% C(j) = Clk)
satisfies 7, 'g7f™% € T*a, b) and hence

T 'g*r,"’"“(?.b —a)=3".
But this implies g(3b — 2a) = 4. Proceeding inductively by using the maps
7y U Hg{rm BT one then shows that g(a + (r + 1}(b —a)) = r + 2" for all r,
and hence g = T(a, b) as required. In practice, the proof of g~'(3'y = 2b — a often
proceeds by considering all possibilities for g™ '(3") subject to the hypotheses that g is
simplicial and C( ), C(k) € C~C’, and eliminating all of them except g~ (3') = 25
— a. The required result follows since then either g~ '(3") = 2b — a as desired, or
g~ (3" # 2b — a in which case the hypothesis C{k) € C\ €’ must be violated.

There are, of course, six possible sets of mappings T*(«a, b) to consider. We carry
out the details here only for the case involving T*(1, /). the other cases being
essentially similar computations. A full treatment of all the cases may be found in
[11]. .

Suppose then that f € T*(1, 7). Thus we have /(1) = 1", f(j)}= 2", and f(2) = k'
Qur first step will be to show that ™ '(k — 1’y =n + 3 — j. We remark that since
(k — V, k', 1) & C(k}),, by Lemma 2.1, it follows that /7 '(k — U, k', 1) & C(J)g
since f is an isomorphism.

It is convenient to consider first the case n = 27— 1. This condition yields
Fik—1ye i+, j+2,n) If i k—=1)=n, then (n.2)=1F "(k~1,k"
€ C(f)), so that combining with C(j} & C’ we get j=4. This gives n =T,
contradicting () & C’. Suppose then that f~'(k — 1) =+ 1. Then we have
(Z' k= 1= f{j, j+ 1)€ C(k),, and it follows that k = 4. Now by preservation
of cells we have { / '{(n"),1, j+ D= {rn 1,k — 1) € C(}q. so using n =2
— 1 it follows that f {»"y =7+ 2. But now k — 4 gives (/. j + )= f(n',2) &€
C(J)qay, and thus j = 4. We then have the contradicion n =7 and C(j) € .
Finally assume that f~'(k — 1) = j + 2. Arguing as above we get f '(n) =/ + L.
Now (n',2)= f{j + 1, j)& C{k),, so we have k = 4. But this implies k — 1" = 3’
and (j, j+ 2)= fY2,3)e C(f)q so that j = 4. 1t follows again that n = 7 and
C(j} € C’, a contradiction. We have thus shown that no isomorphism f € 7T7(1, j)
yields an image plex (kY€ OC"whenn =27 — L.

We may henceforth assume that n 7 2/ — 1. It follows that /" (k — 1) € {n + 3
—j,nyif j =4, while ik =1 =n-+ 3 —j exclusively if j # 4. Suppose then

that j =4 and f~'(k — 1) = n. In order to preserve cells we have (f~'(n"), 1, n) _

=YV, k= 1)E C(j)y so we get [Ti(n)=j— 1. This gives (x',2)=
F(J =1, j)E Clhk)y, and hence k = 4. It follows that  f, 1y = /(2,3 € C(/)).
But combining n=2; — 1 with C(j) € C\C" we get n=27+ 1 and hence
(j, ny & C()a, a contradiction, We are thus reduced to TN k—y=n+3—
as desired. We also note that since (/"i{n),Ln+ 33— = n, I k- 1H&
C{j)ay, wealsoget fT{(n) =n+2—J
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We may now prove that f = 7(1, j). As has been previously cbserved, it suffices
to show that f~Y(3") =2j — 1. This will be done using the following descending
induction. It has been shown that f k — 1V =n+3—j=f kY —{j — 1 and
liiny=n+2—j=F 17— (j— 1). Let us then assume that for some integer
R satisfying 3 < R < k, we have proved that /1)y = f1(r + 1) = (j — 1) for all
r in the ranges R<r <k and R— &k + 1<r<1. Our object is to show that
FYR—1)=fNRY—(j— ). Letm= (k= RX1 —j) + 1 for brevity. Then we
have (R — 1) = N(f {R) N N(f (R — k+17) = Nim) N N(m + 1). Since
n =2k — 1wehave (R — I', R, R — k + 1) & C(k)g, and hence

FYY{R-1,R, R—k+ Y& C( o

Thus f7(R — 1) = m +j — 1, so it follows (using m == 2j — [) that f (R — 1) =
m—{(j—2).Butthisylelds f {R—1NV=m—~(j—D=1+k—-R(1—j)=2
—{(k— R+ 1)(j—1)=fYRY)—{j— ). Our induction is completed and we get
the desired resuls £ /(3 =2 — 1. O

We are now ready for the characterization of those complexes C(n, jy e C
satisfying [,(C(n, j)) = Z,. We write C(f) for C(n, j) in the proof since n is fixed.

TueoreM 3. Ler C(n, j) € C. Then we have 15(Ci{n, jH =2, if and only if
C(n, jye C\C".

PROOF. We already know from Theorem 1 that if C(j) & ', then I(C(f) = Z,.
Hence necessity is proved.

Suppose now that C(j) € €\, and assume to the contrary that [,{C( /) = Z,,.
Then there exists an automorphism ¢ € T (C()) such that ¢ & (1), where 7 = (12
-+ n). Thus ¢ is an isomorphism ¢: C(j).— C(j) which is not a power of T(1,2).

By Theorem 2 we know that o is a division isomorphism. Thus o = T(a, b) for
some ordered pair (a, &), and we consider each pessibility for (g, b} in turn.

Suppose first that o = 7(1, 7). By definition o(1) = 1, o(;7) = 2, and ¢(2) =/, s0
that we must have (f — 1) =1 (mod n). When n = p* > 9 with p odd the two
solutions to this congruence are j = { and 2 (mod »), neither of which is permitted
for a plex C(j) € C. When n = 2% 2 16 there are four solutions, j = 0,2, n/2 + 2,
and n/2. The first three are disallowed by definition of C while the last implies that
C(j) & ¢, as required. Next suppose o = T(j, 1). Since a(j) =1, o(l) = 2, and
6(2) = j, we must have (1 —j}j— 1)=2—j (modn). Thus j*—3;+3=0
(mod 1), and we get C(j) € . Assume now that ¢ = T(2, 7). Using o(2) = 1,
o( /) = 2, and o(1} = j, we find that (j — 2)(/ — 1) = 1 {med #), and again we get
j* =37+ 3=0 (modn) leading to C(;) & C’. Next assume o = 7Y j,2). Since
a(ji=lLo=2, and o(I) =/, we get 2 — /)i — 1) =1~ (mod n) and thus
(j— N — D=0 (modn) Writing n = p" for prime p and using n > 2j — 2>
— 1 we find that p|j— 3 and p|{j— 1. It follows that p =2 so n=2'. Since
C{j) € C\C’ and # is even we must have n =2+ 2 and thus j <27". Now
observe that one of j — 1 and j — 3 has congruence class 2 medulo 4, and it follows
that the largest power of 2 dividing (7 —. 1)(j — 3) is at most 21, This contradicts
n|(j— 1(j — 3}, and the theorem is proved. [1
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We now turn our attention to the problem of determining the number of
isomorphism types of plexes C(n, j) € C satisfying T,(C(n, /) = 2Z,. We will call
this number f{(#). The following lemma/is useful in the determination of f(n).

LEMMA 4.1, Let C( Y € CNCL

(1) Forany « € T/, a # T(1,2), if «( C(J)) = C(k) € C, then ko= .

(2) For any two distinct a, f € T4 if (C(j)) = Clhe;) and BTN = Clk,) with
C(k,), Clky) € C, then ky # k.

ProOF. We will make vse of Table 1 which gives the value of & satisfying
T(a, DIC(j)) = Clk) for any T(a, b) & T".

For statement (1), let us assume the contrary and then consider each possible & in
turn. We need not consider & = T(2, 1) since TR, )C(H]=C(n+3—jy& C
Suppose then that a = T(1, j). By Table | we must havej = (j — )" ' + 1 (mod n),
implying that j(; — 2) = 0 (mod #). Since n is a prime power and n > j it follows
that n = 2. The condition n > 2 j — 3 and the congruence above imply that # = 2/,
contradicting C(j) € C\C’. Now suppose e = T(j, 1). The contrary assumption
forces j=n-+3—(j— 1)7' — 1 (mod n), which immediately leads to the con-
tradiction j* — 37 + 3 =0 (med n). Next assume that a = T(2, j}, so that our
assumption givesj = (j — 2)7 ' + 1 (mod n). Again we getj* — 3/ + 3 = 0 (mod n),
a contradiction. Finally if @ = T(j,2), then j=n + 3+ (j—2)7" — 1 (mod n).
This leads to (j — 3){j — 1) = 0 (mod n), implying that » = 2’. Now combining the
congruence with n22j + 2 we find that 27 does not divide (j — I}j — 3), a
contradiction. '

In proving statement (2), we will again assume the contrary and then consider all
possible pairs &, # € 77. We may immediately elimunate pairs 7(a, bY, T(b, a) from
consideration since not both T{a, B C(j) and T{k, a)[C(j)] are members of C. In
addition we may assume that neither a nor § is 7(1,2) or T(2, 1) stnce T{(}, 2){C(/)]
= ((j) thereby reducing to statement (1), while T(2, D[C(j)} = C(n +3 = & C.

Let us then consider the remaining pairs e, 8 in tumn. Suppose a = 7(1, ;) and
B = T(2, j). Our contrary assumption and Table 1 yield

(j— 1)_1 +1 54(_['“2)_] +1 {modn).

which gives 2 — 3 = 0(mod n}, contradicting C(j) & €. Now suppose a = (1, j)
and 8= T(j,2), so that (j— 1)+ 1=n+3+(;—2)7" -1 (modn). This
leads to the contradiction j2 — 3j + 3 =0 (mod n). If « = 7(j. 1) and 5 = T(2, j),
thenn+3—{j— 1y '=1=j~—2)"+ 1 (modn) and again we get the con-
tradiction j* — 3 + 3 =0 (mod »). Finally if a = 7(j, 1} and B = T(j,2), then
nt3—{(j—=D""-1=a+3+(;—2)7" — 1 and we arrive at the contradic-
tion 27 — 3 = 0 (mod n). The lemma is proved. [}

For convenience, we make the following definitions. Let Q(n) be the set of
integers j for which C(n, j) € C and I,{C(n, jh =Z4,, and let Y{n) be the set of
integers j for which C(n, j) € C and Ty (C(n, j)) = £,. Forj € Q(n} define A(/) to
be the number of plexes C{(n, k), k € Q(rn), in the same isomorphism class as
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C(#n, 7). Finally, for reals r and s denote by [r, 5] the set of integers n satisfying
r < n < 5. Thus we have the partition {1, {n/2} + 1} = @g(»n) U Y(n).
It is now possible to calcuiate /(n).

THEOREM 4. Let n 3= 9 with n = p® for p prime, and let m = {n/2}. Then the
number I(nY} of isomorphism classes among the set of plexes C(n, j) € C satisfying
T (C(n, i =1, ( equivalently C{n, jy € C\C') is given by

{m+1];%(m—2[m+l]"1)—l wheanl(mOd6j
p\ 7 orp =3,
I{n)= ‘
(n) [m+l]+i(m42{m‘“ll)_l when p = 5 {mod 6),
r 3 r
%_2 : when p = 2.

ProoF. Our method is to use Theorem 2 to identify the isomorphism classes of
complexes C(n, /) € C with the orbits of C under the action of the group of
division isomorphisms.

Let us begin with the determination of the mumbers A(j) for j & Q(n). By
Theorem 2 two distinct complexes C(/), C{k) € C are isomorphic if and only if
they are division isomorphic, say, by 2 C{j} = C(k). Setiing

T=T/\{T(1,2), 7(2, )},

we may assume that f € T since j 7 k and j, k < {n/2} + 1. Thus we have f €
(T, ), TG0, T2, ), 7(4,2)). Now observe that T(a, DY C(j)] = C(k) if and
only if T(b, a)(C(j3] = C{n + 3 — k). Hence there are at most two isomorphisms
in T whose actions on €( j) yield plexes in C, and thus there are at most two plexes
C(k,), C(k,) € C distinet from C(j) and in the same wsomorphism class as C( 7). It
follows that A{ /) < 3 for all j € ((»). Furthermore, from the definition of T{a, b)
we have an isomorphism 7{a, b) defined only when |a —b| and n—=p® are
relatively prime. Thus we have the upper bounds A{j} < 3 ifj=1or2(mod p)and
A jy=2ifj=1or2(mod p). We now prove that the corresponding lower bounds
also hold, from which equality follows. Suppose first that j = 1 or 2 (mod p). Then
all isomorphisms in 7 are defined on C(j), and from the remarks above precisely
two of them, say T{(a, b) and T(c,d) with |a — b|#*|c — 4|, yweld isomorphic
images of C(j) which are in C. Calling these images C(k,} and C(k,) as above, we
appeal to Lemma 4.1 to conclude that the three integers /, &y, and k, are distinct,
and thus A( /) = 3. 1fj = 1 or 2 (mod p), then precisely one of thej — 1 and j - 218
relatively prime to n, and as above there is one isomerphism S & T such that
B(C(j)) = C(k) € C. Again by Lemma 4.1 we have j # & and so Ajy=2 To
sumrmarize then, it has been shown that forj € Q{n) wehave A(j) = 3ifj = 1 or 2
{mod p), while A{j} = 2if j =1 or 2 (mod p).

In view of this result, it is useful to adopt the following notation. For r = 2 and 3
define Q,(n) as the set of integers j € Q(n) for which M j)y=r, and I{n) as the
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number of isomorphism classes among the set of plexes C(J/} with j € @ {n). Thus
we have the partitions Q(n) = Q,(n} U Qy(n), [L{n/2} + 11= Qa(n) U Ox(n) U
Y(n), and the equality i{(n) = I{ny + Li{n).

We may now proceed to the calculation of I(n). Suppose first that n = p® where
p = 1{modé). Let f(x) = x? — x + 3 and observe that if r is a solution to f(x) =0
{mod r), then sois n + 3 —r. Since these two must be all the solutions, it follows
that there is precisely one integer, call it r, satisfying r € {1, {n/2} + 1] and
f(ry =0 (mod n). Now none of 1,2, 3, and {n/2} + 1 satisfy fixy =10 (mod n} so
that we may conclude by Theorem 3 that ¥(n) = £1,2,3,{n/2} + 1, r}. Let X be
the set of integers J satisfying p << j = (n/2}+ landj=1or 2 (mod p). We claim
Q,(n) = X. From the discussion above we know that @,(n) C X. For the opposite
inclusion, note that if j € X, then not bothj — | and j — 2 are relatively prime to .
Hence we have X 1 Q4(n) = @. Tt therefore remains to show that X M ¥(n) = &.
This amounts 1o verifying that {n/2} + [ & X and r & X. Since p > & it is obvious
that {n/2} + 1= 1 or 2 (mod p). To show r & &, observe that since f(r) =0
(mod p*), we have f(r) =0 {mod p). Butif r =1 or 2 (mod p), then f(r) =1
(mod p), a coniradiction. Now by definition of X and since {n/2} + 1 2= 0 (mod p),
we have | Q,(n}|=]| X{= 2({n/2} + 1)/p}, and thus

I(n) = 4] @a{n) [=[({n/2} + 1)/pL.
Now we also get | Qx(m)|=|0(m) | —| Qx{n)|= (n/2y + 1| Y1 = Q) |=
(n/2} — 2l{({n/2} + 1)/pl — 4.-Thus I(n) is given by fyn) = 11Q5(n)], and
combining this with I(n) = I{(n} + J3(n) we get the required result.

Suppose p = 3. Here we find that ¥(x) is {1,2,3,{n/2} + 1} so that Q(n} =
(n/2) +1—|Y(m)|= {n/2) — 3. Defining X as above (with p = 3) we have
1 X|=2A({n/2} + D3I 1) since {n/2} + 1=0 (mod 3) when n = 3% and it 1s
similarly proved that Q,{n) == X. Thus we get FOL(m) =1 @)Y | — | Qan) |= {n/2}
— 2[({n/2} + 1/3}— L By definition of I{n), r = 2,3, we therefore obtain

1(n) = $10.(m)|=[({n/2} +1)/3] 1
and

1On) = 41 0s(n) 1= H((n/2) = 2[((n/2) + 1)/3] - 1),

from which the formula follows.
Now assume p = 5 (mod 6). We find that

Y(n) = (1,23, {n/2) + 1}, | X[=2[({n/2} + 1)/]
since {n/2} + 1 =0, 1, 0r 2 (med #), and as above Q,(n) = X. Thus
Oy 1= @(n)] — @a(n)i= {n/2) =3 = 2L{n/2} + 1)/,
and we get
I(n) = L{n) + Ln) = 3| Oo(n) | +5]Q5(n) |
=[((n/2) + /9] + ${n/2) -~ 2[Un/2) = 1)/p)) 1,

as required.
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Finally consider the case p = 2. By Theorem 3 the exceptional set ¥(n) is
{L23,n/2,n/2 + 1}, and we get | Q(n) [=n/2+ 1 — [ ¥(n)|=n/2 — 4. Since
p =2, wealso get Q(n) = 0,(n)and Qy(n) = @. It follows that

{n) = 1{Qy(n) |=n/4 -2,

and the theorem is proved. [
COROLLARY 4.1. If p® = 9, then we have M (2,.) = MENZ ) = p°

PROOF. We give the proof only for M{P(Z,.), as that for M, §HZ =} is obtained by
replacing cells by points and cell groups by point groups throughout

The upper bound M{HZ,.) < p* follows from the existence, guaranteed by
Theorem 4, of a plex C( p®, j) satisfying D{C( p*, j)) == Z,. and [ C(p% )y |=p
forp* = 9.

For the lower bound, let X be any plex satisfying 1,(K) =2 ., and let ¢ be a
generator of I,(K). Clearly | o|= p* and || is the least common multiple of the
tengths of the cycles appearing in the disjoint cycle decomposition of 0. Hence a
p°-cycle appears in this decomposition, so that | X, ol=ps O

Let us now observe that the complex C(n, j) can also be defined when 7 is not a
prime power. We can then ask the same question considered above. For fixed ",
what is the number /(n) of isomorphism classes of complexes C(n, /) satisfying
Ty C(n, j) =2Z,7 We give some values of I(n) for small n.

THEOREM 5. I(10) = 1, I(12) = 2, I(14) = 2, I{15) =

We have shown above that M{*(Z ) = p®, and that the minimum was achieved
by the complexes C(p®, j) satlsfylng L(C(p® j) =7Z,. These C(p® j) were
characterized in Theorem 3 (using the parameters p® and ]) as the ones belonging to
the set C'\ C7. Now clearly the group T,(C( p%, j)) contains an element 7 whose cycle
structure (as a permutation on C( p%, j),) consists entirely of a p®-cycle. Indeed, =
is the permutation on C(p® j),, which sends cell (i, i+ 1,i+;—1) to cell
{(i+1,i+2i+j) (indices read modulo p*). Our next objective is to state a
theorem {without proof for brevity) which characterizes the set of all 2-complexes K
such that | K, |= p® and there exists 0 € (K} whose cycle structure (as a
permutation on K ;) consists entirely of a p*-cycle. The main consequence of this
characterization will be that the realization of M{*(Z .} by C(p® j)is unique. That
is, if a Z-complex K satisfies | K, |= p* and T,(K) = po then K = C(p®, f) for
some j.

First we fix some notation. Let K be a 2-complex such that | Koy |= nwith n = p~
a prime power, and such that there exists o & I',(K) which is an n- cycle. Thus we
may wriie ¢ = (a,a, - - a,) where the a, are all the 2-cells of K. Such a plex will be
called n-permutable. If ¢ is any cycle appearing in the disjoint cycle structure of some
element of T5(K'), we denote by K(¢) the complex (a,, a,,...,a,} induced by the
cells appearing in ¢, Now let K be n-permutable and let 4 satisfy (4, n)>1, or,
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equivalently, (d, p} > 1. Then ¢° will have a disjoint cycie decomposition o
e d’c where ¢; is a cycle of length n/(n, d). It is clear that the complexes K(¢,),
1 < i< {(n,d), are mutually isomorphic and that X is the cell disjoint union of these
complexes. Letuing K(c,y= K', we will say that K 1s a K'-superposition or K is a
superposition of K'. If (d, n) = 1, then o is an r-cycle, and we have K(o9) = K(o)
= K. We will then continue to call K a K{o?)-superposition. Observe that K may be
both a K'-superposition and a K'-superposition for nenisomorphic X7 and K (via
different powers of o of course). If X satisfies I',(K) =2, in addition to being
n-permutable then we will say that K is n-cyclic. 1f G 1s a graph, denote by P(G) the
2-complex having V{G) as its points and the triangles of G as 1ts 2-simplexes. We
now define several special classes of plexes, some of which were first introduced in
5] by Harary and Duke m their investigation of the Ramsey numbers of plexes. As
usual, the point set of a plex K wili be denoted by V(K '} and the set of 2-cells by

K5 We now define the n-book B,, the (n,0)-cycle C, 4, the (d, n/d) book-cycle

BC(d, n/d), the d-identified n-cycle ,C,, the n-star S, , and the n-disk D, , as foliows:
(1) The n-book:

V(B,) = {x, y,1,2,...,n),
B(2)={(x,p,i):1<i<n
{2) The {(n, 0)-cycle:
V(Cn,o) ={1L2,...,n,1,2,. n’}

Coom = {{i,i+1,i"y: 1 <i< n, integers read modulo n}.

(3) The (d, n/d) book-cycle:

V(BC(d, n/d)) = (1,2,...,d,1,,2,,....d;: 1 <= n/d)},
BC(d, n/d)gy= ({kok+ Lk : l<i<n/d 1<k=<d).

(4) The d-identified n-cycle:
V(.G = (L2000, . (d— 1)}, dadivisorof i,
G ={(Lit LN 1 <isn i=i(modd)}.
(5) The n-star:
V(S ={2,1,2,....n,1,2,...,0"},
Snzy = <gv’=1) I =<i<n}.
(6) The n-disk:
V(D)= {1,2,...,n, 8},
D= ((Qii+ 1)1 =i=an).

An example of a plex in each of the classes defined above is given in Figure 2.1.
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By ' 5,0

BC(4,2)

Figure 2.1. Examples of special classes of plexes

We are now ready for the first step, Theorem 6, of our characterization., The proof
is lengthy and is omitted for brevity.

THEOREM 6. Lef r r:ange aver divisors of n. Then a 2-complex K is n-permutable if
and only if it is a superposition of one of the following complexes.

(a)B,,

) Cp

() D,

(dy 5.,

{e) C(r, J)s

(f) rPK;.

Theorem 6 may be used to derive the following structural characterization of ail
n-permutable plexes for n a prime power. The proof of this result involves a lengthy
computational argument which we omit here. Details may be found in [11].

For the statement of this characterization we require the following notation.
Recall that for any graph G, we denote by P(G) the 2-dimensional simplicial
complex whose points are those of & and whose 2-cells are the triangies in & while
the l-cells are the edges of G. If ¢ and H are graphs, we denote by G+ H
(vorrowing the notation of [4]) the graph whose point set is ¥(G) U V(H) and
whose edge set is E(G)U E(H)U {vw: v & VG, w e V(H)}. The graph X
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Plrrac |

P(K}+205)

FiGURE 2.2. The complexes P( K, + 3K, ;) and P(K, -+ 2C5)

consists of one point and no edges, C, is the cycle graph on n points, nG is the
disjoint union of n copies of the graph G, and K, is the graph K, + rK|.
ustrations of P(X, + 3K, ;) and P(K| + 2Cs) are given in Figure 2.2.

Our characierization of p®-permutable plexes may now be given.

THEOREM 7. Let n = p® be a prime power with I, m positive iniegers Such that
n/tm € L. Then a 2-complex K is n-permutable if and only if it is a disjoint union of
copies of one of the following complexes.

(a) Some complex listed in Theorem 6,

(b) 1CIm=

(c) B, m),

@ P(K, + K, ),

(&) P(K, +IC,)

The following is an 1mmediate consequence.

COROLLARY T.1. For p® = 9, there is a unique 2-complex K satisfying I{K') =Z e
© and | K, |= p*, namely, K = C(p% J) for some j.

3. The values of M{*{ A) and M{"(4). Let A be an arbitrary finite abelian group.
In this section we use the complexes analyzed in the previous sections and “cones”
over these to form n-complexes, n = 2, that provide upper bounds for M {m} 4y and
M{™(A). Tt will be seen that for “almost ali” groups 4 these bounds are in fact the
exact values of M{"(A4) and M{"(A). In particular, we find the exact values of
M{™{ 4) for dumensions » 2 4 when A has no cyclic prime power direct factors of
order less than 17, and for n = 2 when 4 = Z5®. We also find M{*(A) for all 4
except those having ecyclic prime power factors of order less than 9. These exact
values and others are summarized in our main result, Theorem 11.
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We begin with some definitions. A finite abelian group A4 will be written

A =T, 2", where e( p*) is the number of times a given Z . occurs as a factor in
the canonical decomposition of 4. We write p®|4 if e(p*) = 1, that is, if Z,a
appears in this decomposition. When K is an n-complex satisfving T’ {K) = 4 (resp.
T,(K) = A), then we say K is an n-cell (resp. point) representation of A. If n and k
_are two positive integers, then 8,(n) is defined to be 1 if n =0 (mod k) and 0

otherwise.

Some notation to be used in our constructions wili now be introduced. Suppose L
and K are two r-complexes with v € V(L) and w € V(K ). We define the n-complex
o(Ly ~w(K) by ¥(o(L) ~w(K) = (L) U V(K) — {v,w}) U {Z}, and o(L)
~W(K)y = {0 E Lyt v & a} U {a €K, w galU{(a—0)U{Z} vEuq
aCS LtV {la—w)U{ZhwEgat K} Thus o(L) ~ w(K) is obtained by
attaching K and I together via the identification of v and w. The new point Z may
be referred to as either v or w. If {v,}/, C V(L) and {w;}}=, C V(K are sets of n
points in L and X, then we define v, (L) e w;( L) recursively by ‘

I=<i<n l=j=pn—

o (1) (k) = o (1) T2 1w,.(;rc))

=n—1

() T ().

<

o 1=i= :
Thus v{L) ~ " w.( K ) is just the attachment of L and K via the identification of v,

with w; for 1 =i < n. In practice the complexes L and K which we use will usually
have been defined in §2, and as such they contain sets of points with primed. or

unprimed integer labelings. If the number of, say, unprimed points, 1 <i=<n,in L
) | I=i=n
is n, and the number of them in K is also #, we will abbreviate i(L) ~ K) by

{(L) ~ i K), it being understood that the identifications are to take place over the
full range of n possible values for i in both L and K. Similarly, i(L) ~ i(K),
i(L)y~i"(K), and (L)~ i"(K) would be complexes obtained by the indicdted
identifications over all possible values of i, i/, or i” in L or K. The symbol
(L) ~ (i — DY(K) will signify that the point i of L is to be identified with the point
(i — 1Y of K as i runs over its possible values in L. We require this notation when
the definitions of L and K give a range of 0’ through # — 1/ for the primed points in
K and 1 through n for the unprimed ones in L. The complex i{(C5) ~ i'(Cyp) 15
illustrated in Figure 3.1{a). For each positive integer n we define the 2-compiex £{(n)
as follows. Referring to the definition of C,, given in §2, we et V{F(n}) = V(C,0)
U {17,27,...,n"}, and F(n)p = C,op VG T,/ <i< n}. The complex ob-
tained by identifying the points i, 1 <i=n, of F{n) to a single point £ will be
denoted by F(n). Note that To( F(n)) = I5(F(n)) = Ty(F(n)) = LL,{F(n)) = Z,.
We illustrate F(3) and F'(3) in Figures 3.1(b) and 3.1(c), where the three points in
F'(3) labeled 1 are identified. '
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a)"(ca,o)"i'(cxo b
i
b} F(3} €} F'{3)
FiGuzre 3.1. Three 2-compiexes

In order to state our next result we require some notation. A sum of the form
S3_[x + 8,(i — r)] for fixed x and k > 0 will be denoted by 5,(x, r, s). The sum
¥s_, x will be written Sg(x, 7, 5). Now let ng =1 <n; <ny << *-- < n, be a finite
sequence of increasing positive integers, and let N be any positive integer. An
expression S of the form

S =8 (x,1,nm)+ Slxg n + 1)+ +8, (xn,n.,N)

will have its usual meaning when N > n,, whileif n,_, + 1< N<n forl<t=<r
then by convention S will be given by

Sk](xi,l, n} A Skz(xz, ny+ 1)+ -1-Sk'(xf, n_, +1,N}L

Recall that f( p*) is the number of isomorphism classes among the complexes
C(p*, j)satisfying I,{(C( p*, j)) = Z,., and by Theorem 4 we have I( p®) > 01f and
only if p* = 5.

We may now state the theorem which presents an upper bound for M{?(4) when
A is an arbitrary finite abelian group. The theorem gives bounds, denoted by
BT, for MIPHZ:LF"), from which the bound

MP(4) = 3 BP(zg")
PMA
follows by construction. The bounds BYNZ:#V) are given only for those p®
satisfying a > 1 and p=7, or «a =1 and p = {1. In the remaining cases the
behavior of B{F(Z 7" is exceptional owing to the smaliness of p*, and we therefore
omit discussion of these cases here. These cases are discussed in detail in [21}

THEOREM 8. Let A be a finite abelian group with canonical factorization 4 = 11 Z;ip“),
and for any fixed prime power p® let n = I{ p®). Suppose that for all elementary
divisors p© of A we have a > Land p = 7, or a = 1 and p = 11. Then M{*(A) satisfies
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MP(A) < 3,0, BIAZ") where B(ZI77) is given by

m S(p,n)+ S{p*+p.n+1,n+ {p/2} - 3)
+Sy(p*+2p,n+ {p/2} —2,e(p*)) ifp=Tanda>1,

) Sp.1.n) ¥ 52p,n+ 1e(p)) fp=tlanda=1

ProOF. The method of proof we employ begins by constructing a 2-cell represen-
fation K(Z:4#™) of each factor Z27" in the decomposition of 4. We then obtain our
bounds 8(2)(29&1’ 7y by letting BIH(Z477) =| K{Z2#") o, | - The 2-cell representa-
tion K( A} of A which we useis K(4) = U K{Ze&f’ "), and it follows that

MO(4) <|K(Dpy|= T B@( z:0).
poA

In what follows, then, we construct a Z-cell representation K(Z:;4#7) for each
subgroup Z:4*" appearing in the factorization of A such that the value of

| K(Z;&”“) )(2) |= Bgl)(z;&f))

is as claimed.

Suppose first then that « > 1 and p = 7. We will require three types of 2-com-
plexes in our construction. The first type will be the p*-cyclic complex C{p® ). By
Theorem 4 there exist J{ p*) > 0 mutually nonisomorphic complexes of the form
C( p*, J), each satisfying T,{C( p*, j)} = Z .. Now define #, to be some C(p®, jo)
satisfying [,(C( p*, jp)) = Z,0, and for each {, 1 </ = I{ p™), let H, be a complex
C( p®, j)satistying T(C{ p%, j)) = Z,« such that H, ¥ H forr < i.

We now define the second type of complex. It is shown that each example of this
type has cell group Z,-, and the maximum number of mutually nonisomorphic
exaraples is determined. Define the complex ¥{j, p*) by Yii, py=H{C(p, jH~
(i = 1Y{,C,e), where j satisfies 4 <j < {p/2}. As abbreviations, we write Y for
Y( j, p*) when and p® are fixed, and Y{j) for ¥(/, p*) when only p* is fixed.

We now claim that To(¥) = Z .. To see this, denote the subcomplex ,C.. of ¥ by
C for brevity, and observe there is a natural homomorphism f: T,(Y) — I,(C) given
by restriction -to C, ie., f{o) = a|.. The map f is injective since if |, = 1, then

=1 on all of ¥, It follows that I3(¥) is a subgroup of T(C)= D, the
d}hedral group of order 2 p®. it remains to show that I'(Y") contains no involution 7.
Now I',(¥) is clearly invariant on C, and hence such a = when restricted to C may be
assumed without loss of generality to act on points according to 7(j) = p* + 3
and v(j) = (p + 3 —j). But then 7 does not preserve the cells of the subcomplex
C{ p, j)since 4 <j < { p/2}. Thus T,(Y) contains no such 7, and hence T(Y)=
as claimed. To summarize, the complex ,C . has dihedral symumnetry, but attachment
of C( p, j) via the identifications { ~ (i — l}’, 1 =< < p, destroys all the involations.
The cell group of the resulting complex is then just Z ..

Next we assert that Y{/)= ¥(k) if j# k. Suppose the contrary, and let f:
¥{ j) — ¥(k) be an isomorphism. Let C and C, be copies of ,C,« in Y(/) and Y(k)
respectively. Clearly f(C,) = C,, and hence f may be viewed as an clement of

i
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To(,Cpe) = Dy,e. Therefore we have f= o1’ where 0 <x=<p® 1, 0<sy<],
o= {12 - - p*)V'2" ---p"), and

(p/2} {p/2}

r={p/2y+ N/t 0 Goprr3- I Gp+3=).

J=t = :
Clearly we have o*(Y(j)) = Y(jyand «{¥Y(jY) = ¥Y(p + 3 —j). Hence weget & =
or k=p+ 3/, both of which are disaliowed by the conditions k %/ and
k, j<{p/2}. It follows that ¥{j) = Y(k) as claimed. Finally, note that | ¥( ), 1=
%+ pforally

As the third type of complex, we will define for each positive integer & a
2-complex T, satisfying I(T,) = Z’;a, For later use, the p points of ¥{(J} in
5Cpe (VC(p, jy will retain the names i, 0 < i<p — 1, they had in ,C... Define 7}
by letting
Ty =i(B,) ~ (i — 1)(¥(J))
=i(B,) ~ (i = 1y[HClp, 1)) ~ (1= 1Y(,G0)]

for some j. Thus T is formed by identifying the nonspinal poinis of a p-bock in a
one-one manner with the points i, 0 < i< p — 1, of Y. The proof that I'(T\} = Z .
is almost identical to the proof of I(Y{(j)) = Z., and is hence omitted. Let s be a
spinal point on the p-book T, and define 7, by

T, = s(T,) ~ Q[i(B,) ~ (i — 1Y {¥(;j))].

P10, V(i =11 (¥ify) ifB 1~ G-1H (Y

FicURE 3.2. Complexes used in constructing 7,
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FI1GURE 3.3. The complex T,

Clearly we have T,(i(D,) ~ (i — Y(Y(j)) = L., and hence I)(T;) = I(T}) X Z .
= Zgu. Having constructed 7)., we define T, recursively by letting 7, = s(Ty...,) ~
H(T,) where s and ¢ are spinal points of p-books in T}, and T, respectively such that
s=Qifk=3ands & 7,_, if £ = 4. The “building blocks” of 7, are illustrated in
Figure 3.2 and T, is shown in Figure 3.3.

We now show that Ih(T,) = Z;fz. It may be assumed that & = 2 as the case &k = 1
has already been treated. Define the subcomplex F, 1 < j < k, of T to be

E={To T g
Thus F, = 7' forj # 2 and F, = (D}~ (i — 1Y(¥(1}) for some ¢, so that F; may be
informally described as the jth “floor” of the “tower” T;,. We know that I,(F) = Z .
for all . Gur object is to show that there exists an tsomorphism

k
I H I‘z(}}) = (7,
=1

and the statement I,(7,) = Zj,, would follow. Let {g,, 05,...,0,) by any k-tuple
satisfying o; € I,(F), T < i< k. To each such k-tuple there corresponds an element
(0, 0,e..,0,) of Ty(T,) given by (o), 05,...,0,)°| = 0, We then define the
homomorphism /2 T4, IL,(F) - Iy(T) by flo), 05,...,0) = (64, 03,...,0,)°. Ob-
serve that f is injective, since {0, 05,...,0,)* = 1in I,(7}) implies that o; = 1 for all

e ———— oy
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j. For surjectivity, observe that a typical element 1 of Ty(Tp)\ SOk Ty(F)) must
fail to be invariant on some F,. Since the ¥}'s are preserved under Iy(7)), it follows
that v would satisfy 7(F}) = F, for some pair j, [, j # [. But this action on T} has
been disaliowed because T, has been “rooted” at one end with the complex
(D) ~ (i — 1Y(Y(¢)). Hence no such 7 exists and [ is thus surjective. 1t follows that
fiTAL T(F) = [T ) is an isomorphismy, and thus [,(T,) = Z}« as required.

We may now describe the 2-cell representation K(2:577) of Z:4"). Define
Hy a4 tO De ¥( j) for some j, and then for each integer r satisfying [{ p*y + 2 << r
< I(p*y+ {p/2) — 3, let H, = Y(k) in such a way that H, 7% H, for s <r. We
observe that such an assignment is possible since it was shown above that the
(p/2} — 3 complexes Y(j}, 4=j=< {p/2}, are mutually nonisomorphic. Now
define K(Z:47™) by

Hpy+{p 23
-U; H; U Ty —romy+ (9723 - 32
=
Kz} =1 ife(p") > 1(p%) + (p/2} 3,
e( %}
U H, ife(p*)<I(p®)+ {p/2} — 3

i=1

We now claim that
{ o &
o[ k(zgn)) = 230,

For convenience write K’ for the complex

Hpy+{p/2}—3
H,.

i
i=1

Now K’ has [( p®)+ [p/2} — 3 connected components, and we have shown that
each has cell group Z . while no two of these components are isomorphic. It follows
that T,(K") = ZIeOT /073 Cleatly Typo—cripoy+(o/21-3) is connected, and is
isomorphic to no connected component of X'. We thus get

FZ(K(ZEQ‘D"))) = T3(K") X Lo Topoy—tagpnrs 1) = L5

Hence our upper bound for M ](2)(2;2;:“)) whenp = 7and e > 1is

MI(Z)(ZSE’PQJ) = SO(pﬂs 1: P‘I) + So(pa +P, n -+ 1, n+ {P/Z} o 3)

+S(pt+2p, n+ {p/2} — 2,e(p")).

We now consider the case @ = 1 and p = 11. Since /( p) > 0, we may definé I,
1< i< I(p),as a full set of J( p) representatives, one from each 1somorphism class,
of the set of complexes C(p, j) satisfying I{(C{p, jN=1Z,. Next we define a
complex T for each integer k >0 similar to the complex 7, used in forming
K@) for p=7 and a> 1 Llet I7= (D))~ i(C(p, 1)) for some C(p,1)
satisfying I5,(C( p, 1)) = Z, and we observe that I[,(T7) = Z,. Now let u be a spinal
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point on the p-book of i( B,) ~ i(C(p, 1)), and define T to be
7y = (17) ~ uli(B,) ~i(C(p. 1))
For k = 3 we define T} recursively. Let s be the spinal point on the p-book of a

subcomplex #(B,) ~ H{C(p, 1)) of T;., such that s & 7;_,. We then let T, =
s(Ty_ )~ uli(B,) ~ {C(p, t)]. The proof that I'){(T,) = Zf;u can be used almost

- verbatim to show that T,{7}) = Z:;" . Now define K(Z;(P)) by

(p)
B U Tm—1o) ite(p)>1(p),
. =t
K(Zp(p)) =4
U g, ife(p) <I(p).

=1
The resulting bound for MP(Z7), p = 11, is
MO{Z) <] K227 1= Slp. 1n) = 5(2p,n 1, e p)).

We omit here the construction of K(Z;&P“}) in all remaining cases for p® as these
involve “ad hog” features necessitated by the smallness of p®. These include the use
of the complexes F(n) and F'(#) “mounted” on special complexes having identity
automorphism group. A complete description of these consiructions is available in
[11. O

We now discuss the construction of minimal pure n-dimensicnal simplicial com-
plexes K having given A = T(K) for n >3 or given A = To(K) for n = 2. Our
object is to find upper bounds for M{™(4} and M{(4) in these dimensions a. If
will be seen that these bounds give the exact value of M{"(4) when n > 4 and of
M Ay when n = 2 for “almost all” A. The n-complexes at which the values of
MM A) are realized arise as analogues of the 2-complexes T, described in the proof
of Theorem 8. In addition we will make use of the topological cone over the
2-complexes C{ p¥, j) discussed in §2.

Let X be a pure n-complex, and recall that K, is its set of maximal simnplexes. We
describe a method of constructing complexes of dimensicn greater than # containing
K as a subcomplex. The (s + r)-cone over K, wriiten C, . (K), is the pure (n +7)-
dimensional simplicial complex defined by V(C,, (K} = V(K)YU {v),05,.--,0}
Cor A E Yprry = {20y, 0y,...,0,y /& € K5} The 3-cone over 2PK,, G(2PK,), is
illustrated in Figure 3.4. ' :

JANWA

2PK3

c, (sza)

FIGURE 3.4, The complexes 2 PK; and C;(2PK,)
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We define P, (K) to be the set of points {v, vy,...,0,} It G, (K), and the
elements of P, (K) will be called perspectivity points or perspectivities of C,, (K ).

We are now ready for Theorem 9 which gives upper bounds for M{"(A4) in
dimenston 1 > 3. In order to avoid small exceptional cases we will assume that all
elementary divisors p® of 4 satisfy p* = §. '

TueoreM 9. Let A be a finite abelian group, and let A = |1 Z;&F") be the canonical
factorization of A. For fixed p® = 9, let v = I( p*) (determined in Theorem 4) be the
number of isomorphism classes of C(p®, j) satisfying T {C(p®, j)} = Z .. Suppose
that p* = 9 for all p® dividing A. Then M{")( A) satisfies

M(A) = S B (z")
‘ poA

where BU(LAFY) is given for n 2 4 by

(1) pe( p*) if p* = 17, :

(2) So{ p% LD + Sy p%2,e(p™ + 1 § < p* =13,
and for n = 3 by

(3)

Sol P, L,v27™ ) + Sy, 5 (p% 1+ y27 T (27 + 4) = 3)

+ 8y, f (2 H4) =2, e(p™))
if po =23,
(4) So( p% L. 4) + S{(p°.5,8) + S5(p% 9, e(p*) if p* = 1T 0r 19,
(5) Sy p™ 1L.1) + (1 + p"Ne(p®) — D if 9 < p~ < 13,

PROOF. Again we proceed by first constructing an n-cell representation KW(Z5#")
of each direct factor Z5¥") of A. We then obtain a representation £ (WA of A by
using the disjoint union

KO(4) = U KO {z507).
oA

Letting B{"(ZZ¥ ™) be the number of a-cells in K (Ll we get

MP(A) <| K A = T BO(Z50).
P4 _

It therefore remains to construct X ™(Z4r™) for p® | A, to show that B{"XZ:7"7)
has the required value, and to observe that T (K(A)) = 4. We describe the
constructions only for n = 4 to avoid unimportant complications. The constructions
for n = 3 are detailed in [11]. _

Suppose first that p* = 17. We construct an n-dimensional analogue T of the
tower 7, used in the case n = 2. By Theorem 4 there exists integers j, k satisfying
L p2, 7)) = T(CLp®, k)) = Z,. and C(p*, j) = C(p* k). Define T and T/
by C(C(p® j)) and s(T{™) ~ K(C,(C(p% k), where s € P{C(p%, /) and 1 €
PLC(p*% k)). Now suppose that we have constructed T™ for 1 <k <N — 1. We
then define T by T = s(T{M ) ~ HCLC(p% k), where s € P (C{ p% k),
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s & Ty 5, and t € P,(C(p* k). Thus s € T, is a perspectivity point of the copy
of C(C(p® k)) not contained in T3™,, and Ty is obtained by attaching
C,(C(p® k)) to T, via the identification of s and ¢, The complex T} may be
viewed as a “tower” having N “floors” F, 1=<i=<N, with F, = C(C(p", j),
F=C(C(p" k) for2 <i< N, and

Each floor is attached to the ones immeédiately “above” or “below” it by the
identification of perspectivities. An illustration of 7™, / = 2, is given in Figure 3.5,
perspectivity points being dotted.

o h
| |
i ]
l d_
- —— e
//, \\\ // \\
/ N 7 N\
., A / !
k \
I’ \\ / i
| c(p” k) | ! CfPTi') |
\ A '
\\ / kY /’I
\\ // \\ //
\\ 1/ \\ -~
-~ - -~ oot
- ~ -~
P ~ # ~ o
efp™) Q 7 ™ / N DA
floors i \\ / \\ floors
i
v 1
) iy
{ cle™ k) ) | C(e%r) ‘ ’5
L / \ /
\\ // \\\ //
™~
\'\:»-—«::”/ [ T
o ~ - ~a
e ~ g
7 Ve ™,
h N
/ \ /7
/ \ 3
! v/ \
: Vo x
| clej) 1 P X
p ! 3 i
\\ /I \\ /
/
N\ / AN /
~ // ~ //
\'-.._____ - N
.
\
-4
' ap 27 b)v<p® £13

FiGuRe 3.5. The complex KW(Z;&P“)) for p* =9 and n > 4
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We now claim that T{T,'") = Z.. Since T,{ F;) = Z . for all i, it suffices to give an
isomorphism f: [I'_, [{F) — [(Z{™). For any K tuple (o}, 0,,...,0,) with 0; €
T (F), define f(o,,0y,...,0) €ETLT") by flo,, 05,...,0) g =0, for 1=<i=1L
The injectivity of / is immediate from its definition. The surjectivity [ollows from the
fact that T;™ is rooted at F, and the consequence that any element,of T (7"") is
invariant on ¢ach F. We may therefore define K "/(Z247™) by K2y = T
The resulting upper bound for p* = 17 is M{"(Z¥7} < p®( p®).

Suppose now that 9 < p* < 13. We will modify slightly the construction given
above. That construction cannot be carried out here since Theorem 4 yieids only one
integer r satisfying I(C(p®, r)) =7Z, when 9 <p® < 13. Instead we let Tim =
CC(p, r)) and

7" = tu(1{7) ~ o( C(PK;))] ~ s(CLC(p ),

where ¢, u € P(C(p% r)) C F(T\™), t #u, v &€ P,(PKy), and 5 € P(C(p" 1))
Having constructed 7™ for 1 < g < N — 1, define T,{" by

T = s(T2) ~ (G (C(p ),

where s € P(C(p% ), 5 & T{",, and 1 € P,(C( p%, r)). The complex 77, in this

case is illustrated in Figure 3.5(b). We now define K¢"(Z757")) as T((’jl}a) The proof
that T,(K"(Z77)) = ZU is almost identical to the one given for p* = 17. Our
upper bound becomes M(")(ZE(P“)) < S(p LD+ S(ps2,e(ppy+ 1. O

We now pass to the deterrmnatlon of an upper bound for the minimum M{"(A4)
of points in a pure m-complex K such that T (K)=A. Agam to avoid small
exceptional cases we assume that the elementary divisors p” of 4 satisfy p* = 9. We
define the complement K of a pure n-complex K to be the pure n- complex whose
point set is F{K) and whose set of maximal simplexes K(") is glven by K(n) {a C

VK): |al=nr+ L a&K,)}

THEOREM 10. Let A be a finite abelian group having canonical factorization
A= HZE(P Suppose. that p*= 9 for all elementary divisors p® of A. Then the
minimum number of points M§™(A) in an n- comp!ex K satisfying T( K ) &= A satisfies

M{(4)<n—2+ 3 p%(p).

Pl

PrOOF. We proceed by constructing a complex having point group Iy isomorphic
to Z&" for each elementary divisor p® of 4, and then we combine these in a certain
way to get a complex with point group 4. This last complex will yield the claimed
upper bound.

Let us begin with dimension n = 2. For any p* dividing 4, Theorem 4 implies that -
there exists r such that [(C(p® r) =D (C(p% r) =Z,. We let 5(p%) =
C( p*%, r), and we define S,{ p®) inductively for k = 2 by S.(p™) = Sy U C(p% r)
A simpie induction shows that [o(S,(p®)) = Zfe, and | Si( p%) g, 1= k™
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We may now form the complexes with group 4 by combining disjoint unions of,
and cones over the complexes S,( p*) defined above. Define KP(A4) by KP(4) =
Sy S, o p™), and observe that Iy KiP(A)) = A. Now for each n = 3let KW 4)
= C (K{P(A)), and get T, (K{M(A)) = A. We therefore obtain the desired bound

M A) <| K (A== 2+ 2 pe(p%);
A
and the theorem is proved. [

We may now discuss cases where the bounds for M{™(A) and M{™{ 4) derived in
Theorems 8, 9, and 10 are in fact the exact values of MM A) and M{"™X(A). Toward
this end, we need the following lemma.

As a convention, we say that a group G acts faithfully on a set X if and only if
there exists an injection G — Z 5 of G into the symmetric group on | X | letters.

Lemma 11.1. Suppose an abelian group A = I Z;&P“) acts faithfully on a set X. Then
l X'I2 Zp“[fi Pae(pa)-

PRroOF. Suppose that 4 acts faithfully on X and | X is a minimum among the
cardinalities of all sets on which 4 acts {aithinlly.

Let €, Q,,...,8, be the orbits of 4 in X, and let 4, be the subgroup of A which
fixes some point of &, and hence all of §;. Observe that | 2;|=!4/4,| and hence
| X|=Z,14/4;1. In fact we may identify the objects of &, i a one-to-one
manner with the elements of the group A /4. We also nave )., A4, =1 by the
faithfulness of the action. Our problem may then be stated as that of minimizing the
sum § = 214/4; 1 over all collections {4, of subgroups in 4 satisfying 1, 4, = L.

We claim that 4 /4, is cyclic of prime power order for all i. For if not, then there
exists ¢ such that 4/4, decomposes into A/A4,= B/A, X C/A,, with B C A and
C C A properly. We may then define a new set X' by X' =U_, QU {4/B} U
{A/C}, and we observe that A acts faithfully on A" (by multiplication) with the
r+ 1 orbits {€, )} A/B, A/C. The collection of stabilizer subgroups correspond-
ing to X' i8 {A}ee B, C and since (B N C) C 4, ihis collection has trivial
intersection. Now clearly 1/]B] +1/[C|=1 /|4, and if equality holds we get
A = L, X Z, in which case the lernma cbviously holds. Hence we may assume that
i/|B|+1/]C|< 1/]14,|, and it follows that

| X' = 2 |A/4,| +]4/B| HA/Cl= ZIIA/AJ:IXI ;
it =

contradicting the minimality of | X | It follows that A /A, is prime power cyclic for

all i as asserted.

Next we claim that 4 <Uj., A/A4;. To see this, define the homomorphism f:
A - T_, A/4, by f(o) = {0y, 05,...,0,) Where g, is the image of o in the factor
group A/4, 1 <isr Clearly [ is injective since (. 4, = i, and hence 4 <

r_, A /A, as asserted.
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The proof may now be completed. By the above we have

v
[lzr =4 < _Hl A4 = [ 2%,
where the ¢# are prime powers, and | X |= 37_, | 4/4,{= 2 ¢%(¢”). Elementary
divisor theory now shows that there is an ordering {p{. p5,...,p2"),
{gf, gf,....qf*). m <k, of the p® and ¢® appearing in A and J] 4 /4, respectively
such that p?|gf for 1 <i<m. It follows that | X|= 3 gfe(¢?) = 2 pe( p?), as
required. [J
We may now proceed to apply Lemma 11.1 in proving our exact results.

THEOREM 11. Suppose A = [1Z:47") is an abelian group. For a fixed prime power p*
let v = I{ p®) (determined in Theorem 4) be the number of isomorphism classes among
the C{p* j) satisfying T,(C(p®, j)) = 4,0 Then exact values of M"Y AY and
M A) are given by:

(1) ME(A) = 3,0, pe( %) if

@yn=2 andp® =9, e p*) < v for all p* dividing A,

(byn =23, andp® =9, e(p™) < y277! for all p® dividing A,

{(c)n =4, and p* = 17 for ail p® dividing A.

(2) MEP(A) = 20, poe( p®) if p* = 9 for all p* dividing A.

Proor. The upper bound for case {1)(a) follows from Theorem 8, items (1) and
(2), and from constructions similar to the ones used in the sketch of the proof but
omitted for brevity. The same bounds for cases (I}b) and (1)(c) follow from
Theorem 9, items (4), (5) and (1} respectively. In case (2) the bound MP(A4) <
Z pe{ p*) follows from Theorem 10,

The corresponding lower bounds M{"™(4) = 2 ., p%(p”) and M{P(A4) =
Eﬂ 4 Ple( p®) in cases (1¥a)—(1)c) and (2) follow from Lemma 11.1 which states
that the number of objects being acted on, be they points (when A = T(K)) or
simplexes (when 4 = T_(K'}), must be at least 2 s 27€( 7). U
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