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MATROIDS AND SUBSET INTERCONNECTION DESIGN*
DING-ZHU DUY anp ZEVI MILLER}

Abstract. A problem arising in the design of vacuum systems and bhaving applications to some natural
problems of interconnection design is described as follows.

(1) Given a set X and subseis X;, ¥;of X, i =1, - - - , 1, satisfying X; N ¥; = @&, find a graph G with vertex
set X and the minimurm number of edges such that for any i, the subgraph induced by X'\ ¥; has 2 connected
component containing X;.

Twao other problems related to this one are the following ones.

(2) Given a set ¥ and subsets X, X;, -+, X, such that X = U1 X, find 2 graph G with vertex set X
and the minimum number of edges such that for any i the subgraph &; induced by X, in G is connected.

(3) Given a set X and subsets X, X;, - -- , X, such that ¥ = Ufa1 X, find a graph G with vertex set X
and the minimum number of edges such that for any subset J of {1, -+, n}, the subgraph induced by M X;
is connected.

This paper shows that {3) is polynomial-time solvable while {1} and (2) are NP-complete. Also, some
heuristics for (1) and (2) are given. The solution of (3) is an interesting application of matroid theory.
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AMS(MOS) subject classifications. 05835, 05C65, 05C35

1. Introduction, In a gas, liquid, or vacuum system, valves are used to make various
subsets of the system connected. Here, we consider the following problem: Given required
connected subsets, how do we design the system by using the minimum possible number
of valves? .

This problem appeared first in the design of vacuum systems [1], [2]. More generally,
it relates to any situation where specified subsets of a superset must be made internally
connected. It can be formalized as follows.

PROBLEM 1. Given a set X and subsets X,, Y,, - - - s Xn, ¥y of X satisfying X, N
Yi ==X, NY,= &, find a graph G with the vertex set X and the minimum number
of edges such that

(P1} For every i = 1, -+ -, n, the subgraph G; induced by X\Y; has a connected
component containing X,

The elements of our vacuum system correspond to the points of X. A valve corre-
sponds to an edge, and the connected subsets correspond to the subgraphs G;. Our working
requirement is that G; should interconnect the elements that form X, ; and should avoid
the elements that form the Y.

This problem has been shown to be NP-complete [4] and remains NP-complete
for the special case X; U Y, = -+ = X, U Y, = X. In this special case, we can assume
A = U, X; without loss of generality since every graph satisfying (P1) has no edge
incident to a point in X\U7 1 A; in this case. Thus, the problem in this case can be
restated as follows.
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PROBLEM 2. Given a set X and subsets X\, X, * -+ , X, with X = Ui, Xy, find a
graph G with vertex set X and the minimum number of edges such that

( P2) Every subgraph G, induced by X, is connected.

Since neither Problem 1 nor Problem 2 is polynomial-time solvable, we have to
study heuristics for them. A strategy to deal with an intractable problem is to find a
related problem the solution of which could be a heuristic for the original one. We
therefore introduce a new problem.

PROBLEM 3. Given a set X and subsets Xy, Xa, -+ , X, with X = Ui X, find a
graph G with vertex set X and the minimum number of edges such that

(P3) For any subset I of {1, -+, n}, the subgraph G, induced by Mier X; is con-
nected. Here G; = Gy

The input size for each of these problems is therefore O(n|X|), since we must store
X;and ¥;foreachi, 1 £i=n.

In this paper we will prove that Problem 3 is polynomial-time solvable. As an ap-
plication, we obtain a polynomial-time solvable special case for Problem 2. These results -
will form § 2. '

A heuristic is called bounded if it is within a constant factor from optimal., Although
finding a bounded heuristic for Problem 2 is still open, we will show in § 3 that under
the restriction that | X;| = 3 forall {, Problem 2 remains NP-complete but has a bounded
heuristic with factor two.

We let (P) denote a property. For simplicity, a graph satisfying (P) is also called a
(P)-graph. For example, a graph satisfying (P2) is also called a {P2)-graph. We will
sometimes specify our input by ( -), so, for example, we will speak of a (P2)-graph for
(X1, X2, -+, X,), ete. A (P)-graph is minimum if it has the minimum number of edges
over all (P)}-graphs for the same input. For a graph G, || G{| denotes the number of edges
of G. Foraset ¥, | Y| denotes the number of elements of ¥. :

The operations on graphs are defined in the foliowing way. Let G =(V, E) and
G' = (V’, E') be two graphs. Then, the union, the intersection, and the difference of &
and ' are the graphs GUG' = (VU V', EUE), GNG = (VN V,ENE"Y, and
G\G' = (V, E\E’), respectively.

A spanning tree for a set X is a graph with vertex set X, which is a tree. [f X < ¥
and 7 is a spanning tree for Y all of whose endpoints are in X , then T is a Steiner tree
for X. (P1) then implies that G; contains a Steiner iree for X;, and (P2) implies that G;
contains a spanning tree for X;. A problem on Steiner trees is usually maore difficult than
the corresponding problem on spanning trees. The allowed extra vertices make the search
for minimality more difficult. The same thing happens here. We will make sorne remarks
on that in the last section, and also show that there is a heuristic for Problem 1 within
2V2n from optimal.

Clearly, (P3) = (P2} = (P1). The paper is organized in this direction.

Finally, we make two conventions. Throughout this paper, we assume | X:| =22 for
all i since X; with | X;| = I can always be deleted. We also assume from now on that
every graph G we consider satisfies G = Ul G;since an edge not in U7_ | G; can always
be deleted when we consider the above three problems.

2. Analysis of Problem 3. We first show that Problem 3 is polynomial-time solvable.
Define I(x) = {i: 1 £ i £ n, x€ X;} for any x € X and I(H) = Doy I(x) for a
graph Jf with the vertex set V'c X,
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LEMMA 2.1. A graph G satisfies (P3) if and only if for any two vertices x and
y satisfying I(x) Y 1(y) # &, there is a path [ from x to y in G such that (1) =
I(x)NI(y).

Froof. The “only if” part is trivial. For the “if” part, consider any subset I of
{1, -+-,n}. We will show that Gy is connected. Let x and y be any two vertices of Gr.
Then, there is a path / from x to y in G such that J (5) = I(x) N I(y). Clearly, G; =
Miey Gy and I(D) = (I(x) N I(y)) = I. Thus Gy € Gy, 50 1is in Gy. Therefore, Gy is
connected. O

We say that a (P3)-graph is minimal if it does not contain a proper subgraph satisfying
(P3). For a graph G, an edge u of G is called a bridge if G\ u has one more connected
component than G does. The following lemma states a necessary and sufficient condition
for a {P3)-graph to be minimal.

LEMMA 2.2. 4 (P3)-graph G is minimal if and only if every edge u of G is a bridge
in the subgraph Gy,.

Proof. Note that a graph with a (P3)-subgraph must satisfy (P3). Thus, a (P3)-
graph ¢ is minimal if and only if for every edge u of G, G\u does not satisfy (P3),
which, by Lemma 2.1, is equivalent to that u is a bridge in the subgraph Gre. O

The next lemma shows that a minimal (P3)-graph is in fact minimum.

LEMMA 2.3, All minimal (P3)-graphs have the same number of edges.

Proof. Let G and G’ be two minimal (P3)-graphs. By symmetry, to show |Gf =
G}, it suffices to prove |G| < | G'||. We prove this by induction on |G\G'|. For
IG\G'|| = 0, it is obvious that |G| = |G'||. For IG\G’|| > 0, choose an edge 1 of G\ (7',
Since G satisfies (P3),by Lemma 2.1, there is a path /in G’ connecting the two endpoints
of u such that I(I) = I{u). '

We claim that / contains an edge v such that I(v) = I({}. For otherwise, sup-
pose that such a v does not exist. Consider the subgraph i1 = U7 Gry(;y and H' =
Ujer Gu gy where I = I(u)and T'= {1, -+, n} \I. Since Gy and Gy gy are con-
nected graphs 'with the same vertex set, there is a one-to-one correspondence between
the connected components of H and the connected components of A’ such that corre-
sponding components have the same vertex set.

Now observe that / is in H’. We have H' = G} N [Uje; G}]. Since ! = G5 and by
assumption I(v) N I # & for all edges v in / , it follows that / is in both terms of the
intersection describing H', and hence / < H'.

Thus, the two endpeints of ¢ lie in the same connected component of H', and hence
in the same connected component of H. However, H is a subgraph of G;\ u. Therefore,
u 1s not a bridge in G, contradicting the assumption that ¢ is a minimal (P3)-graph.
Hence, such a v exists.

Now, define G"=(G'\v)U u, Then [G\G*| = IGNG'| — 1 and || = |G”.
It is easy to verify that G” is still a minimal (P3)-graph. By the inductive hypothesis,
el =16l = le’f. o ~

Let G denote the complement of a graph G. Define % = {G: G satisfies (P3))}.
Clearly, H, = H, and H, € € imply H, € €. Furthermore, by L.emma 2.3, we have the
following theorem. ‘ ’

THEOREM 2.4. € is the family of independent sets of a matroid. (See [5] for the
definition of the matroid.)

Since a maximum independent set in a matroid can be found by the greedy algorithm,
‘Theorem 2.4 yields the following greedy algorithm for finding minimat (P3)-graphs.

ALGORITHM 1.
G': = the complete graph of X;
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Jor each edge v of G do
if G\u satisfies (P3) then G: = G\u.

Thus, we have Corollary 2.5.

COROLLARY 2.5. Problem 3 can be solved in O(n| X |*log | X |) time.

Proof. The validity of the algorithm follows from the matroid property.

Consider the time bound. It suffices to show that the time for each iteration of the
loop is bounded by O(n| X | log | X |) since there are at most | X | > edges, and hence
| X | 2 iterations.

We now analyze an iteration in which some edge # = xy is removed from the current
(G, which is assumed to be (P3).

We claim that G\u is a (P3)-graph < (G\u); is connected, where J = I{u). The
= direction is immediate by definition, so we prove the <= direction. By definition of
(P3) it suffices to show that (G\u); is connected for any index set I'. If I' & I, then
u € Gy, so (G\#); = Gy, and hence (G\u); is connected. Suppose I' < I. Since by
assumption ( G\ 1) is connected, u is not a bridge of G, and since G; < (-1t also follows
that u is not a bridge of G;-. Thus { G\ u);- is connected.

Hence in each iteration we only need to check that (G\u); is connected for I =
I{u). First we must find the vertex set ¥ (G7) = N;e; X;. We can do this by distinguish-
ing some fp & I, computing for each x € X, which j satisfy x € X, and then including x
in Gy if and only if the j for which this holds are precisely the ones in 7, This takes
= log (| X;|) time for a fixed j, and hence = Z; log | X;| = nlog | X | time over all j.
So the vertex set is found in time O(#| X | log | X |). Finally, to check that { G\ 1) ris con-
nected requires linear time (as a function of {G;| = O{] X |)), so the total time per
iteration is O(n] X | log | X |). O

Unfortunately, so far we do not know any nontrivial upper bound for the ratio of
the minimum (P3}-graph to the minimum (P2)-graph. This would be an interesting
topic for future research.

Although such a nontrivial upper bound has not been found, we can give some
reason for the minimum (P3)-graph to yield a good heuristic for the minimuem {P2)-
graph. First of all, Du and Chen [2] have given two operations for simplifying a
(P2)-graph.

(i) Ifa (P2)-graph has a cycle () containing an edge u such that 7{ Q) = I(u), then
u can be deleted.

(ii) Suppose a (P2)-graph has a cycle Q containing two vertices x and y such that
each of the two paths from x to y in Q has an edge u satisfying 7(«) = I(/). Then the
graph obtained by deleting both u’s and inserting the edge xy is still a (P2)-graph.

It is easy to see that these operations preserve the property (P3). Thus, 2 minimum
(P3)-graph cannot be simplified by these operations.

In the next two lemmas we will show that in a special case, a minimum (P3)-graph
is also a minimum (P2)-graph. ' '

First, Du [3] has shown the following. (For the sake of completeness we inchude
the proof here.)

LEMMA 2.6. (1) If a graph G satisfies

(P4) Foranyi,j= 1, ,n, the subgraph Gy; induced by X; N X} is a tree, (note:
.Gy = Gy) then G is a minimugn (P2)-graph for (X1, -+, Xp).

(2) Ifthere is a (P4)-graph G for (X, - -~
for (Xy, *++ , X) satisfies (P4).

. Xu) then every minimum (P2)-graph
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Proof. (1) We prove it by induction on #. It is trivial for » = 1. Assume n > 1. By

the induction hypothesis, U?- ! G; is a minimum (P2)-graph for (X;, ---, X,-1). Let
G’ be any (P2)-graph for (X, -+~ , X}, Then
el Ul
i= 1

Let k be the number of connected components of X, obtained by joining all pairs of
vertices in X; N X, foreach i = 1, - -+, n — 1. Then |G\U}Z{ G| Z k— 1. However,
the property (P4) implies that |G\U?Z}! G:[| = k — 1. Therefore

-1 n—
[+ Garl =]\ U [ vs] -1
i=1 i= i=1

(2) We will use the fact that for n = 2 a (P2)-graph G’ is minimum if and only if
G’ satisfies (P4). Suppose then that a (P2)-graph G’ does not satisfy (P4). By rearranging
indices of the X,’s, we can assume that either G| or G; is not a tree. Letting G satisfy
(P4) (as in (1)), the case n = 2 gives 1G4 U Gl > |Gy U Gsl. From the proof of (1),
we have U} 1G'\UJ=; @ = Ui~ G;\UZL Gyl . Hence

n—1
l61-{] ¢\ U

Il = ‘2 H UG UG’ ” +lG UGl

1 ROV

But since G satisfies (P4) we know by (1) that G also satisfies {P2). Hence G’ is not a
minimum (P2 )-graph, a contradiction. O

We have the following similar result.

LEMMA 2.7. (1) 4 (P4)-graph is a minimum (P3)-graph.

(2) Ifthereis a (P4)-graph for (Xi, - - , X;) then every minimum (P3)-graph for
(Xy, -, X,) satisfies (P4).

Proof. We first prove that (P4) implies (P3). Let G be a (P4)-graph for
(X1, -+, X,). Consider any two vertices x and y of G. For any i € I(x) N I(y), since
G; = Gy is a tree, there is an unique path /; from x to y in G;. Similarly, for any i, j €
I(x) N I(y), since G, is a tree, there is a path /; from x to y in Gy;. By the uniqueness
of /;and [;, we have J; = [;; = I;. From this fact, we can see that all Lforie I{xYNI(y)
are identical, say to /. Hence we have 1(I) = I(x) N I(y). Therefore by Lemma 2.1, &
satisfies (P3).

Consider (1). Clearly every (P3)-graph is a (P2)-graph. Hence, if a (P3)-graph isa
minimum (P2 )-graph then it is also a minimum (P3)-graph. Now, a (P4)-graph satisfies
(P3) by the paragraph above and is also a minimum (P2)-graph by Lemma 2.6. Hence
it is a minimum (P3)-graph.

To see (2), we only need to notice that the existence of a (P4)-graph implies the
exisience of a minimum {P3)-graph which is also a minimum (P2 }-graph. But a minimum
{P2)-graph is a (P4)-graph by Lemma 2.6 and the existence of a (P4 }-graph, O

By Lemmas 2.7 and 2.6, we now have the following corollary of Theorem 2.4.

COROLLARY 2.8. The question of whether a (P4)-graph for (X, - -, X,) exists
can be answered in O(n| X | *log | X |) time, and if a (P4)-graph for (Xy, - - - , X,,) exists
then a minimum (P2)-graph can be found in O(n| X §° log | X | ) time.

An idea for constructing a heuristic can be motivated from the above results. Start
by choosing a largest subset I; of {1, ---, n} such that there exists a (P4)-graph for

+iGUG] =gl
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(X, i€l;). In each subsequent step k, choose a largest subset Ip of {1, -, n}\
(U ! 1) such that there exists a (P4)-graph for I,.. For each I, construct a minimum
(P2)-graph for (X;, i € I) and then join them. As will be seen below, this idea results in
a heuristic for Problem 2 within a factor of V2n from optimal. .

A simple sufficient condition for an input (X, -+, X.) to have a (P4)-graph is
that all X;, i = 1, -+, n, have a point x in common. Then the tree consisting of
an internal vertex, which is x, and | X | — 1 leaves, which form the set X\ {x}, where
X=U% 1 X, is a (P4)-graph, and hence a minimum {P2)-graph., Now, for an input
(X, + -+, X,), we choose Iy, - -+ , I, in the following way.

ALGORITHM 2.
Choose x; such that [ F(x\)| = maxeey | 1(x)|; 112 = I(x,); Io= I(x)s ko = 2
while {1, -+, n}\I+# 0 do begin
choose xz such that’ )
H(xGINT| = maxeex | I(x)\]];

Ieo= I(x)\UsZ ! 1

L=TUI;

ki=k+1;

end.

From the algorithm, we can see that the I, [ = 1, -+, k, form a partition of
{i,-+-,n},and foreachi =1, ---, kand all j € I the sets X; have the point x; in

common. In addition, |1;}{ = max..x | I(x)\U'Z} I;|. Let H be the union over all
i=1, -, kof minimum (P2)-graphs for (X}, je I). Clearly,

The next lemma states that || H|f is within a factor of V2 from an optimal solution to
Problem 2.
LEMMA 2.9, Let G* be a minimum (P2)-graph for (X,, -+ , X)), Then

%( —1)<V2_ni[G*l|.

i=1

Ux,

jel;

Proof. Let G = U,e; Gf and ¥ = U, X;. Since X;, j € I,, have a point in
common, G*” is a connected graph with the vertex set V(. Therefore,

VO] -1 =167,

Let ¢ be the maximum number of ¥{?’s that can bave a point in common, We first

- prove ¢ < Y2n. Let x be a common point of PV, V1) ... pwithj << <

i Since all I;, i = 1, - -+, ¢, are disjoint, J(x) contains at least ¢ indices not in U}’;l.l 1.
Hence, |1;,| = max,cx |I(x)\Uj-‘:11 1;| Z ¢. Similarly, we can prove that | I, =t —
Loooy [ L] = 1. Therefore, n 2 {I; | + [Z| + -+« + [L| 2+ (—1)+ - + 1 =

$#(¢ + 1) > 4%, Hence, 1 < V2n. o
Now, since every point x can be contained by at most ¢ of the V'V’s, every edge of
G* can belong to at most ¢ of the G*Y’s. Thus, we have

k

k
ZVOI=1D= 2 IGP =G <V2n| 6. |

i=1 i=1
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THEOREM 2.10. There is a heuristic for Problem 2 that runs in O(n| X | 2y time and
is within a factor V2n from optimal. :

It is worth mentioning that so far we do not know how to find a largest subset [ of
{1, «++, n} such that a (P4)-graph for (X;, i € I) exists. A better heuristic for Problem
2 may be found by solving this problem.

3. On a bounded heuristic for Problem 2. We have presented a heuristic for Prob-
lem 2 within a factor V27 from optimal. Is there a heuristic within a constant factor
from optimal? We know of such a heuristic only for the case that foreveryi=1,---,n,
| X;| = 3. There is an interesting relation between this case and the vertex covering
problem (denoted VC). A vertex cover of a graph (7 is a subset .S of V() such that
every edge in ( is incident on at least one point of S. The problem VC is as follows.
Given a graph G and positive integer k, does & have a vertex cover of size at most k?

THEOREM 3.1. Problem 2 is NP-complete, even when all subsets satisfy | X} = 3.

Proof. We reduce the vertex covering problem (VC) to Problem 2.letGand k€
7+ be an instance of VC. Let x* be a new point not in V(G), and for any edge u =
xy€E(G)let X, = {x,ytand X} = {x,y,x*}.The corresponding instance of Problem
2 is the set system (X, X}; u € E(G)) and integer |G| + k (where the question is
whether the system has a (P2)-graph with at most |Gl + k edges).

It is easy to verify that a subset ¥ of V'is a vertex-covering of G if and only if the
graph G U (Uxcy (x*, x)) is a (P2)-graph for (X, X%, uekE). O

THEOREM 3.2. There is a heuristic within a factor of 2 from optimal for Problem 2
with the restriction that all X;'s are of size at most 3.

Proof. We provide a polynomial time reduction preserving the approximation per-
formance from this special case of Problem 2 to VC, Since there is a polynomial ap-
proximation for VC to within a factor of 2 [7], the theorem follows.

For our instance of Problem 2 let X, X5, -+ , X, be sets of points of size at most
3. Without loss of generality, assume | X;| = -+ = 1X,| =3 and |Xpi| = -+ =
| X,,| = 2. The graph G for the corresponding instance of VC is constructed as follows.

(1) The vertices of G are all subsets of size 2 of X =UL X, :

(2) Two vertices A, B of (¢ are joined by an edge if and only if neither A nor B is

in {Xy41, " -, X} and thereisan X;, 1 =i =m, such that 4 £ X;and B = X,
Let S be a subset of vertices of & disjoint from { X4 1, -+ , Xy} . Define H to be the
graph with the vertex set X and the edge set {Xn11, -, X U {(x,»): {x,y} €S}
We will prove that S is a vertex-covering of G if and only if H is a {P2)-graph for
(X1, "0 Xn).

First, suppose that .S is a vertex-covering. To see that H satisfies (P2), it sufhces to
show that every X; of size 3 contains at Jeast two subsets belonging to

sSuU {Xm-!-l; ,Xn}-

Let A, B, and C be the three subsets of size two of X;. If two of 4, B, and C belong to
{Xms+1, +=+, Xu} then we are done. If one of 4, B, and C, say A, belongs to
{Xp+1, **» Xu}, then the edge BC exists in (7, so either B or C is in S since Sis a
vertex-covering. Hence X; contains the two required subsets A, and B or C. If none of
. A, B,and Cbelongs to {Xps1, " " s X}, then the edges AB, BC, and CA all exist in
G. To cover them, S must contain at least two of 4, B, and C.

Next, suppose that A is a (P2)-graph for (Xy, ---, X,,). Consider each edge AB of
G. There exists X;, | =i = m, such that 4 & X:and B = X;. Since H; is connected and
X, is of size three, H; has at least two edges of which at least one corresponds to 4 or B.
Hence, either 4 or B belongs to SU { Xy, "+ X, }. However, neither 4 nor Bisin
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{Xm+1, -+ +, X, }. Therefore, either 4 or B is in S. It follows that S is a vertex-covering
of G, : .

Note that | H|| = n — m + |S|. Hence, S is a minimum vertex-covering of G if
and only if A is a minimum (P2)-graph for (X, - -, X,) and if §'is a heuristic within
two from optimal for VC then so is H for the minimum (P2)-graph. This completes our
reduction and the theorem is proved. O

4. Remarks on Problem 1. As we have indicated in the Introduction, Problem 1
seems much more difficult than Problem 2. A result similar to Lemma 2.6 has been given
by Chao and Du [1]. (See Theorem 4.1 below.) However, the proofis different and more
difficult. Surprisingly, it seems the simpler method in the proof of Lemma 2.6 does not
work here.

THEOREM 4.1 (Chao and Du [11). If' G is a (P4)-graph for (X\Y,, - - - ,X\NY)
and for every edge u of G, there exists an index i such that two endpoinis of u are in X;,
then G is a minimum (P1)-graph for (X, X;, Y1, - -+ , X,, Y.).

Another example that can explain the difference between these two problems is the
special case where all X\ ¥; have a point in common. For Problem 2, this is equivalent
to saying that all X; have a point in common, so an optimal solution can be found easily
as shown in § 2. However, for Problem 1, it is still an unsolved case. Let x* be the
common point of all X\Y;, and let G be the graph formed by unioning all edges
xx* for x€UJ-, X;. The trouble is that G may not be a minimum (P1)-graph for
(X, X\, Y1, -+, X, ¥,). In fact, let G* be a minimum (P1)-graph, then |G| - [|G*|
can be made to be any positive integer by choosing the input properly. However, G is a
bounded heuristic for G*.

LemMa 4.2, |G| = 2[G*].

Proof. Let G* be a minimum (P1)-graph such that the degree of x* in G* is a
maximum over all migimum (P1)-graphs. 1et A and K be connected compoenents of
G* such that x* is in H and is not in K. It is easy to see that H is a tree with only one
internal vertex that is x*. Since every X; is of size at least two, K contains at least one
edge. Deleting all edges in K and connecting x* to very vertex in K increases the total
number of edges by one per edge in K. Therefore, | Gl| < 2| G*|. O

We have Theorem 4.3, which is similar to Theorem 2.10.

THEOREM 4.3. There is a heuristic for Problem | that runs in

O(min{njX |, n’|X|})

time and is within the factor 2Y2n Jrom optimal,

Proof. Define I(x)={i:1=i=n,xe€X\¥;} for any xe€X and I(H) =
Mxer I(x) for a graph H with the vertex set ¥ = X. Choose the index sets I, I
by Algorithm 2. Let G* be a minimum (P1)-graph. Let G = Ujes, G¥ where G¥
is the subgraph of G'* induced by X\ Y;. By the same argument as in the proof of
Lemma 2.9, we can obtain 27, [|G'? < V2u|G*|. By Lemma 4.2, for each I,, we
can construct a (P1)-graph HY for (X, X}, ¥}, j € I,) such that || H?|| = 2||G'|. There-
fore, the heuristic solution H = U% | H satisfies

k k
IHl = 2 1H?| =2 3 169 <2V2n| G*| O
i=1

i=1 =
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