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The problem of constructing (m, n) cages suggests the following class of problems. For a
graph parameter 0, determine the minimum or maximum value of p for which there exists a
k-regular graph on p points having a given value of 8. The minimization problem is solved here
when @ is the achromatic number, denoted by . This result follows from the following main
theorem. Let M{p, k) be the maximum value of #(G) over all k-regular graphs 3 with P
points, let {x} be the least integer of size at least x, and let {3(k)=7 be given by (Hk)=
{i{ik+1)+1:1=i<w}). Define the function flo. k) by f(p, k) =max{A 7 Ad(h— 1)/k}=p}.
Then for fixed k=2 we have Mip, k) =f{(p, k) if p#ELK) and M(p, k) =fi(p, k) —1 if pe k)
for all p sufficiently large with respect to k.

1. Introduction

The achromatic number (G) of a graph G has been studied by several
authors. This invariant arises naturally from the concept of homomorphism, and
as such it lies at the opposite extreme from the usual chromatic number ¥{(G).
Motivated by the notion of the (m, n) cages, we study in this paper the extremal
behavior of Y(G) for regular graphs G.

We begin with some basic terminology and notation. First, all graphs in this
paper are finite, with no loops or multiple edges. We denote by V(G) and E{G)
the point set and edge set respectively of a graph G. If S< V(G), then (S)s (or
just {8)) is the graph having S as point set and all edges of G having both points
in § as its edge set. If U< E(G), then (U) is the graph having U as edge set and
points incident on edges of U as point set. We let {x} denote the least integer of
size at least x, while nG denotes a disjoint union of n copies of G.

Let G and H be graphs with |V(H)|<|V(G). A homomorphism f: G— H is a
map from V(G) onto V(H).with the property that uv € E(G) implies f(u)f(v) s
E(H), and f(u)f(v)e E(H) implies the existence of ref'{(f(w) and s (f(v))
such that rs € E(G). Since loops are not allowed, adjacent points of G cannot
have the same image under f. Hence the inverse image f~'(u) for any ue V(H) is
an independent set in G, and we get an induced partition of V(G), V(G)=
Uuevin £ (u), such that for any v, w e V(H) there exist ref'(v) and s € fw)
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for which rs € E(G) if and only if vw € E(H). In case H is the complete graph K,,
we write the induced partition as V(G)={J}.; V; and we call the V, the classes of
G (the particular partition being fixed by context). A partition of G as above
induced by a homomeorphism f:G — K, will be called a A-panition of G. The
minimum value of A for which an f exists is well known as the chromatic number
x(G), where points have the same color if and only if they belong to the same
- class. The maximum possible value of A is called the achromatlc number of G, and
is denoted (G).

In [5] bounds for # in terms of the independence and covering parameters
o, Bo, &1, and B, are obtained. It is also shown that x(G)+¢(G)<p-+1,
generalizing the bound x{G)+ x(G)=<p+1 obtained by Nordhaus and Gaddum
[6]. In [5] an irreducible graph is defined as one in which distinct points have
distinct neighborhoods. It is then shown that there are only finitely many
irreducible graphs with a given achromatic number. In [2] the values of W(C,) and
¥(P,) were found for the n point cycle C, and path P,. The result for cycles was
the following.

Theorem A [2]. If p=n {3(n—1)}, n=3, then ¢(C,) = n. For p between n{i(n— 1)}
and (n+1)3n}, ¢{(C,)=n unless n is odd and p=n{d{n—"1}+1, in which case
$(C,)=n~1.

- An extremal problem to which much attention has been given is the determina-
tion of the smallest integer h(m, n) for which there exists an m-regular graph
having girth n and h(m, n) points. Such graphs have been called (m, n) cages, and
they have been constructed for certain values of m and n. One can vary this
problem by asking for the minimum or maximum value of the girth given the
regularity degree and the number of points. More generally we may ask the
following. Given a graph parameter 6, determine the minimum or maximum value
of 6 over the set of k regular graphs on p points.

Turning our attention to the achromatic number, let M(p, k) be the maximum
value of ¢(G) over all k regular graphs on p points, and let h(A, k) be the
minimum p for which there exists a k regular graph on p points having
achromatic number A. Our main result is the determination of M (p, k) and then of
h(A, k) as a corollary. Letting

flp, k) =max{A e Z: M{(A — 1)/ k}=p},

it is easy to show that M(p, k)< f(p, k}. Combining this with Theorem A it follows
that M{p, 2) = f(p,2) unless p=nG(n—1)+1 for n odd. It will be seen that the
generalization M(p, k) = f(p, k) for k=3 holds when p is sufficiently large (aside
from a class of exceptional values of p).

We now introduce some notions that will be useful in constructions which we
will later make. Suppose G and H are graphs such that V{(G)2 VD), ¢(G)=A,
Y(F) = p, and A= p. Let V(G)=1J’., V; and V(H)=J%, W, be the induced A
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and u partitions of G and H respectively. We say that G is a (), 1) extension of H
if (after possibly reindexing the V;) we have V, 2 W, for 1=<i=<p. We simply say
G is an extension of H if A and p are unspecified.

Let G be a graph, and let S < V(G)=V. We define the boundary of S in G,
dg(S), by

3c(S)={xe V\S: xy e E(G) for some y € S}

Thus 35(S) is the set of points in G not in § adjacent to points of S. If V= V(H)
for some graph H, where possibly (V)% G, then the set of points in V adjacent
to points of S (in the graph H) will be denoted by G Ndx(S), and not by 45(S).
Thus the symbol 35(S) is only to be used when S is viewed as a subset of V in the
original graph (V) = G. When S is a singleton, we make an exception and write
N5 (8) for G Nag(S). '

We now define a transformation on graphs. Let G be a graph, with E < E(G)
and W< V(G) such that W V{(E)) =. If x =st € E, then an elementary transfer
is a map 7:G— G', where G’ is the graph defined by V(G')= V{G), and
E(G) =(E(G)\{x}) U{swy, tw,: some w;, w,€ W, w; and w, not necessarily
distinct}. Thus G’ is the graph obtained by deleting x and joining each point
incident on x to some point in W. Notice that degs:s = degss and deget =deggt.
When G’ is not a graph (if, say, multiple edges are introduced via swy or tws},
then r is not defined. We sometimes write G{(7) for G'. A transfer on G with
domain set E and object set W is a map 7:G — G’ which can be factored as a
composition T=Tcom._°* « roryo7; Of elementary transfers 7. That is, the =; are
maps T,:G;_; — G, where Go=G and G;_,(n)= G, 1=i=<k, and G, =G". We
define the norm ||r)l of t by |l#lj=2!E|. Of course a transfer : G — G’ so defined
is not uniquely determined. We denote by Tg(E, W) the set of transfers on G
with domain set E and object set W. An example of a 7€ Tg(E, W) is illustrated
in Fig. 1 for a particular choice of G, E, and W. The key property of transfers
which we will use is that for each » e{(E), we have degsv =deggv.

&z v ;)

£

G!

G

Fig. 1. A transfer 7€ To(E, W) with E ={e,, ¢;} and W ={o, w}.




238 Z. Miller

Finally, we call a graph G -critical if for any x € E(G) we have (G —x)<
${(G). All definitions or notations not given explicitly here or below follow
general usage, as may be found, for example, in [1] or [3].

2. The main result

Before proceeding with our theorem, we need the following lemma.

Lemma. Let G be a k-regular graph on p points, k even, satisfying ¢(G)y= A with
A-pariition V(G)=\J}_, V,. Suppose there is an integer s, 3<s <), such that each
class V,, 1=j=<s, contains a set B; of cardinality r, where r is a multiple of 1k, such
that S=\J;., B; is an independent set in G and Ne)N Ng(w)=9 for v,w €B,
Let b be any integer satisfying s=2+2b+4 and 2<b=<sr. Then there exists a
k-regular graph H satisfying:

(i) |Hi=|G|+b.

(i) H is a (A, A) extension of G.

Proof. For convenience we think of S as being arranged in an s X r rectangular
array such that the points of B; form row j,1=<j=s, and are numbered
Uialjz ** * U Write b as b =[b/s]s+1, where 0sst=<ts—1, and r =1dk. Define a sct
S’ of b points by )

S'={ym: 1=j=s1 sm=[b/s POy qpspy: 1Tt}

Thus §' may be viewed as an array of [b/s]+1 columns, the first [b/5] of which
contain s points while the last contains ¢ points. This array may be joined to S to
form a new array A’ in which the jth row, j=s, consists of the points

U 1smsriU{y,.: IS m=[bs]+1}

as in Fig. 2. Indeed, our object will be to form the required graph H as
V(H)=V(G)US' so that H has a A-partition V(H)= Ui=1 V} in which Vi=V,
for j>s, and for j=<s V7 is obtained, modulo minor modifications, as the union of
the jth row of §' with V,

The graph H will be constructed by a sequence of edge deletions and additions
applied to the graph GUK, =GUS’. As notation, a tower T in § is a subset
T <8 defined by

T={tp: 1+1Gk)sm=(t+1)%k, 1= s}

for some t, 0<¢t==d—1. Thus we may think of § as being partitioned into d
towers, each tower consisting of the points in 2k consecutive columns of S. For a
T defined as above define C(T) to be the set of column numbers in T, that is,

C(Ty={x: 1+tGk) < x = (t+ 1)k}
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Fig. 2. The graph G, an intermediate step in constructing H.

Now start with any tower T;, and let ym € Ty Define P} to be any pair of points
in Ng(v,,), and let PP =, cccry Pim- Thus we have |P{P| = k since the sets Pj,
m e C(T,) have pairwise empty intersection by hypothesis. Now define the graph
G™ by

V(G™) = V(G) Uiy 1sj=ss},

E(G™y= (E(G)\ [;91 {vjmx: x € P, me C(Tl)])

Ulypx: 1sjss, xePtU U E(CD),
meC(Ty
where C denotes any cycle having for its points the set of points {V: 1=j <5}
in the mth column of S. We have thus deleted two edges incident on each point of
T, and for each | we have joined y;; to the set of points m G adjacent to points in
B, via these deleted edges. This latter set is P, and since |[P{°|=k the process
gives y;; degree k. To compensate the v;, for a decrease of 2 in their degree, the
cycle C¥ is formed through the points in the mth column of S. Thus G is
k-regular, has p+s points, and has A-partition given by

GO = U (V;UlyhU U v,
F=1 j=s+1
since
(G nac;(n(V} U{y]-]_}))=ag(‘/j) for 151'53.

Proceeding inductively, let @ be an integer satisfying 1<a<{b/s}=r, and
suppose the graphs G™, 1<n<a have been defined, each- definition being
relative to a tower T, and sets P{y (for m e C(T,,)) and P{". We then define G
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as follows. Let T, be a tower for which U3Z] P # No {y) fOF Ty € T, Where by
definition P& =@ for B==a—1if G® is defined relative to a tower other than the
one containing Vi, For each v, € T, let P};’;) be a pair of points in Ng(vpm)
satisfying P& N(UsZh Pi&) =0. Again let P =1 ,.ccer,y Pin» and observe that
|Pe)| =k and P N(UpZk Pi®) = . We let

V(G®™) = V(G ) Uy 1] =3},

and
E(G®) = (E(G*")\ ¥ D% x € Piad, me C(TL)Y
i=1

U{yex: 1<j<5,x€ Pty U E(CY, .

meC(Ty,)
where C®) denotes a cycle having for its points the set of points {v;, :1=j=s}in
the mth column of § satistying B(CE) N (U=t E(CE)) =@ where again C® =g
by definition for B=<a—1 if the definition of G® is not made relative to the
tower containing column m. The existence. of possibly a cycles C® 1=g=aq
each having the mth column of S as point set, may be verified as follows. Each
column of § may be viewed as the point set of a copy of K,. Since a =[b/fs], it
would suffice to show that K, contains at least [/ s] hamiltonian cycles. But clearly
K, contains at least [3s]—1 hamiltonian cycles and the hypothesis s=
2+</2b+4 implies [3s1— 1= 1-+[b/s]>[b/s], as required. The role of C%, as that
of C{, is to add 2 to the degree of the v, 1=]=s, t0 compensate for the loss of
2 jn their degree resulting from the deletion of the edges UpmX, X e P, in the
definition of G*.

We make some remarks concerning the relation of G to G and to G.
First, V(G®) is obtained by adjoining the ath column of § to V(G“ ™). In
forming the edges, we join yj, to the points of the set P, and P{* is precisely
the set of points adjacent in G to points of the jth row (B;) of § but not so '
adjacent in G*’. That is, we have '

NG "‘.)(yjot) = Sch—1>(Bf)\8(;<a>(Bj).
By definition we also have Ngo(yu) € G, and hence
(G Nag=(BU Ngwl(yie) =GN dge-o(By).

Now let Bi{a) ={y;: 1Sx=<a}, the first « points in the jth row of §'. It follows
that

(G Ndgw(B;NUdgedBile)) =dc (B;).

Hence if we adjoin Bl(e) to the class V; of G to obtain a new class Vi{a)in G,
then the points of Vj{e) are adjacent to the same points in G as V; was (in the
graph G), ie. G Nage{ Vi{a)) =85(V}). Since V() is an independent set, it
follows that G is a (A, A) extension of G, with classes Vi(e) for 1<j=<sand V;
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for j>s. It is this property of G which allows us to obtain the extension Hof G
claimed in the lemma. We illustrate G in Fig. 2.

The graph G, where a =[bfs]+1, is similar, but certain changes are neces-
sary since column 1+[b/s] of §' has ¢ < s points. First we define a cycle C with
points in § as follows. Let T= T'1irs7 be a tower, say with

ClTrame) ={x: 1+yGk)sx =< (v + 1%k}

for some y. For each m, m = C(T), let C.. denote a cycle through the points T
1==j=3s, such that

[B/s]
EGon (U Be)=9.

Starting with 03 = vy, let 0P — @@ —. .. ¥ pe 4 cyclic traversal of the
first ¢ points of C,,.. Thus the v, 1=<n =1, all lic in the mth column of S. Now
join the points v} and v, m e C(T), where subscript 1+ (y + 13k is identified
~ with subscript 1+ yik to obtain the cycle C. More formally, we can define C by
VIO)= U {vil=sn=g,
m eC(T)
and
E(C)= U ) Koo lsn=t—-1}ufo@o®, 1],
maC{T
identification of subscripts as above. Note that € and the C%, 1= a=[bs], could
be chosen in the following special way. Writing the points in a cyclic traversal of
Ce as vi(a)—v2(a)—- - *~v,(a) we can arrange that the points vh(a), j and @
fixed, all lie in the same row of S. Indeed, this can be achieved by requiring that
for each a the C* me C(T), are exact replicas of each other obtained by
translating one of them, say C{, horizontally to each of the other columns.
Similarly, we can arrange all the points v&of C n fixed, to lie in the same row of
S, and we let the index of this row be . This last condition on C is used, as will be
seetl, in getting the required A-partition of H. Now for each pair (n, m), let P,,,
be a pair of points in Ng(v%) such that :

1 P("B)) =@,
B=1 "

Lbis
P, 0 (

and let P, =J},<1 Pyn. Now define G*5D 45 in the inductive definition above,
with P, P, E(C), and t playing the roles of P&, P, | E(C2), and s
respectively. Observe that the role of C in GO is the same as that of the Cc
in G® for a <[h/s], namely, to restore k-regularity (by an increment of 2 to the
degree) to the points v, me C(T), 1=sn=t

Our graph H may now be defined by

G(b.t’s) if S“),

H= {G(1+[bls]) if S*b_
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It is easily checked that H has the required properties. Each of the subgraphs
G®, 1=wa=<[b/s]+1, is k-regular by essentially the same argument which
showed that G is k-regular. Hence H is k-regular, and clearly |H|=|G!+b. As
notation, denote the 1-1 map n~—4, ne{l,2,...,t} ae{l,2,...,s5 by ¢; s0
that o(n)=7 for 1==n=t We also let T={1,2,...,tL s0o (T ={o(n): ne T}
The A-partition of H may now be given by H =}, V!, where

b

‘/}U{yfm:lsmsg}, j=<s, ifslh,

) Viu {ij3 l=ms= [g]}u Yo, 1+[b,fs]}’. jea(T)
) e

Essentially the same proof as that given for G, a =[b/s], shows that G**<D jg
a (A, A) extension of G with V] playing the role of V;{(a). The required graph H is
thereby constructed, and the lemma is proved. [

if s4b,

i
i

V']'U{yfmzl m

(V..  [>s

Qur result may now be presented. We let f(p, k) =max{A eZ: A{(A - 1)/k}=<p},
and we define the subset 2 of the positive integers by 2 ={i(ik+1)+1: 1=ti=too},

Theorem. et 1;722 be an integer. Then
(@) Ml(p, k)=flp, k) for all p.
(i) There is a function Q(k) such that for all p= Q(k) we have

_[flp. k) if p¢ 12,
M(p, k) = {f(p, K)-1 ifped.

Proof. First we prove (i). Suppose G is a k-regular graph on p points satisfying
u(G) = M(p. k). Hence there exists a2 homomorphism i : G — Ky, 1, and we let
r=min{|f (t)|: t € Kpsep, 1o} Set M =M(p, k) and let C=f""(x) be a preimage
under h satisfying |Cl=r for some x&Kypp - Since [3C|=M—1 we have
kr=M—1. It follows that r={(M —1)/k}. But since r is the smallest cardinality of
all preimages we also have Mr=<p. Combining these two inequalities we get
M{(M—1)/k}=<p, and hence M(p, k)=<f(p, k) as desired.

The proof of (ii) is based on an inductive construction. Let us first suppose
p¢ {2. Our task is then to prove that M{p, k)= f(p, k), and hence we must produce
for each possible pair {p, k) (p even when k odd) a k-regular graph G(p, k) on p
points satisfying w(G(p, k}) = f(p, k). Our general method is as follows. Fixing k,
consider the subsequence {n;}., of the positive integers defined by n; = i(ki+1).
First we will construct a set of graphs {G(n;, k): 1=i <o} satisfying ¢(G(n, k)) =
f(n, k). It follows that M(n, k)=f(n, k), so that our theorem will have been
proved for the point-regularity pair (n, k), 1=1i<ec. Qur next step will be to use



Extremal regular graphs for the achromatic number 243

the lemma to construct gréphs Gip, k) satisfying $(G(p, ky) = f(p, k), where
Mo+ i<p<n, 1si<x

We begin with the construction of the G{n, k). Since f(n,, k) =ik +1, our graph
G(n, k) must satisty $(G(m, k))=ik+1. Proceeding inductively, let G{n. k)=
Ki.q s0 that ny =k +1=¢(G(ny, k)) as required. For the purposes of the induc-
tion label the vertices of G{ny, k) with the labels {t, 1), 1=t=k+1. Having
constructed G{n; ., k} we let

Gin, k)= Gin;_, kyu (i— 1)Kk, e UK.

Each point v in the graph G{m;, k) so defined will be given a label (t{v), s(v)),
1=t{v)=ik+1, 1=s(v}=i, so that the following two conditions hold:

(1) t(v)=t(w) D vw¢ E(G(n, k).

(2) 1=t,# ty=ik+1=> there exists an edge tw & E(G(m;, k)) such that t(v) =1,
and t(w)=16,. '
Observe that this would imply ¥{G(n, k)}=ik+1 (and hence P{Gn, k) =ik +1)
since an (ik + 1)-partition of G(n;, k) may then be defined by letting V;, 1==d=
ik+1, be the set of points v €& G(n, k) satisfying t(v)=d. Suppose then by
induction that we have labeled the points in the subgraph G(n_y, k) of G{n,, k),
i=72, with labels (t,5), 1=<t=(i-1k+1, 1=s= i —1, so that conditions (1) and
(2) hold with i replaced by i—1. Hence there is an (i—1)k-+1-partition of
G(n; 1, k). We then complete the induction by distributing labels to the points of

Q =Gy, W)\ GMr, k) = (i~ DK & U K

as follows. Number the i—1 copies of K in Q by writing them as K «(7),
1=r=i-1, and let K (= V(U W(r} be the bipartition of K i(r) into two
color sets, with V(r)={vy,, U2y - - - » Vet and W) = {Wip, Wan - - - » Wi We label
the points in iz} Ky «(r)=Q by tlwgy) = (i— Dk +1+a s(we)=b, t{ve)=
(b—1Dk+a, and s(vg)=1i The k+1 points of Ky, are given the k+1 labels
{(i-Dk+xi):1=x=<k+1} An illustration of this labeling for the graph
G(na, 3) is given in Fig. 3, where a point v carries the symbol xy if the above
procedure labels it with 1(v)=x and s(v)=y. Under this labeling, the ¢ coordinate
indicates the class of the point while the s coordinate numbers the point among
the other points in its class. The function of the subgraph Q of Gi{n, k) is to
introduce (i.e., make adjacent) the k new classes of points in G{(m;, k) (but not in
G(m;_4, k) to the old classes in G{(n,_,, k). This introduction is done with k classes
of G(m_y, k) at a time in the bigraphs K (), 1=r=i-1, and with one
remaining class in the K.

With this description, it is then easy to see that our labeling of G{n;, k) satisfies
conditions (1) and (2). Hence we get $(G(n, k) =ik +1=f(n, k) as desired.

We have now constructed the graphs G(n;, k) such that (G (ny, k) = f(m;, k) for
{=<i<oo, so that M(n;, k)= f(n;, k) for the sequence {m}7_,. It remains to prove
that for all i=1 there exist k-regular graphs G(p, k) of erder p satisfying
W{(Gip, k)= f(p, k) for each p satisfying 1+ 1< p<n; This will be done in the
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Fig. 3. The graph G(r,, 3) and its subgraphs G(n,, 3} and G(n,, 3).

foillowing two stages. Fix the degree of regularity k. Suppose k is even, with the
case k odd to be outlined later. For the first stage, let p(A) denote the minimum
value of p for which f{p, k) = A. Viewing f(p, k) as a function of p, note that itis a
step function whose jumps occur at the integers p(A), k+ 1= <, Now consider
a fixed interval of integers [m_,, n;] for some i=2, and let A, =f(n, k) and
Ao =f(m_,, k). Notice first that A; — A, =k, and that for each A satisfying Ay <A <
A, we have {(A —1)/k}={(A, —1)/k}. It follows that p(A)=p(A+1}—{(A,—1)/k}
for each A, Ag<A<A, and pAy=m_,pA)=n, and pi,—r=
p(A)—r{(A—1)/k}. We will use these observations to construct the graphs
G(p(M), k), Ag<<A < A,, and this construction may be initially outlined as follows,
Begin by removing {(A, — 1)/k} points from G(n;, k) and then adding certain edges
to the resulting graph on p(A,—1) points to obtain the graph G(p(i,-1), k)
satisfying Y(G{p(A;—1), KN =F(p(A;~1), k), We then proceed by descent. Hay-
ing constructed the graph G(p(A,~r), k) for 1=r<k—1, we remove {(A,—1)}/k}
points from G{p(A;—1), k) and add certain edges to the resulting graph to obtain
the graph G(p(A,—r—1), k) satisfying '

#(G(p(Ay—7r—1), k)= f(p(A, —r—1), k).
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With the graphs G{(p(A), k) thereby constructed, we will have shown that
f(p(\), k) =M(p(A), k) for A< A < A4. In the second stage we will use a method
of “ransfer’ to develop an induction for showing that f(p, k)= M(p, k) when p
satisfies p(A)<p<p(A+1) for any A. We thus first prove Min, k) =f(n, k) for
integers n of the form p(A), Ag<<A < A4, using descent, and second we use the
lemma to prove that M (p, k)=f(p, k) for integers p in each subinterval
[pl()t), p(A+1], AgsA<A. The result is Mip, k)=f(p, k) for alil pe
(-1, 1], pELL

The method described above may be summarized in the graph illustrated in Fig.
4. This graph describes f(p. k) as a function of p with k held constant. The phrase
‘n achieved by’ for an integer n means ‘G(n, k) is constructed by’..

Start with an interval [n,_,, n;] for some i>2. Since the construction of G{p, k)
is required only for p sufficiently large, we may assume that #; is large enough so
that i—1=k We begin with the construction of the graphs G(p(A), k) for
Ao<A < A,.The cases i even OT odd require similar constructions (differing only in
minor details), and we restrict ourselves here to the case i odd. Our first step is to
define the graphs G{p(A,—7), k), 1 =r= k—1. Fixing r, we begin by constructing
a graph Q from which G(p(A,— r), k) is obtained by the transfer operation. First
we pair off the bigraphs Kexlf), 1sj=si—1, of G (n, k)\ G(n—q, k) into a pairing
@ having (i—1) disjoint pairs. For each pair (Kp (D), Kie(m)) €, define the
subgraph Gy, having point set

{Ulb Uols « -5 Utets Pims V2ems « « <0 Ukm}

(referring to the definition of G(n, k)) as follows. We make Gy, bipartite with
bipartition {15, tap, - -+ » Oerh {01 Vzms + -+ » Vi s and we let F, 1=i=r, be any set
of r 1-factors that can be constructed in a bigraph with this bipartition. (Thus the

\C(P,H P{M-:_P-f:p(?\*[)

achisvad by [amma

h 4

+ :\ --—-—._’__: +
i 50T =A=h o

achieved by desceat

Fig. 4. The function f{p, k), and construction of G(p, k) in two stages.
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F, can be thought of as coming from a copy of K. having color sets {vy;, . . .. Vgt
and {Vqp, . . -, Ui ).} Now define Gy, as the edge disjoint union of the F, that is,
Gl =F+F,+---+F,. Next define an edge set F(ai—r) by Flhi—r)=
| g E(Gy), where the union is over ail pairs in 2. o

We now define the graph Q by

V(Q)= V(G N\ le ) M= r+ 1=8A 3= U ¥,

s-(i ), Joro

where t=A,~r. We illustrate the graph Q in the case i=3, r=2, k=4, and
A, = f(na, 4). We therefore call it Q(p(A,—2),4). See Fig. 5.

We now make some observations concerning @ which motivate the construc-
tion of G(p(A,—71), k). By definition, V(Q) is obtained from V{G(n, k) by
removing all points in the classes Vg A;—r+1<sd=A,, of the (ik -+ 1)-partition
G{n, k)=UET? V; of Gin, k). It follows that

V() =m —r{(A— D)k} =(ik+1— r}i =p(A,—F).

Now the removal of 3} | V, from G(n, k) obviously destroys k-regularity in
the remaining points of G(m;, k)\ G{n:._y, k), and the role of the edge set F(A;—r)
is to restore k-regularity to the points in the bigraphs of G(r, K)\G{n_4, k).
Hence the only points of Q which do not have degree k are those not incident
with F(A, —7r), namely, those in the component K,.,_, of Q.

F(l"‘_ﬂ.)=sum of two [-factors

graph remaining

f K =K
ram P 5

& pair of Pigraphs
in pairipg of

B (ny 4\ G (n,,4)

Fig. 5. The graph Q(p(i,—2), 4), where &, =f(n;, 4).
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The graph G(p(x,—71), k) will be obtained from Q as the image G{7) of some
transfer + on . The remarks above show that t must restore k-regularity to the
points of the component Ky, of Q. Indeed, the following two conditions would
be sufficient for G{r) to fulfill the role of G{p{r.— r), k).

(A) G{r) has the same (A, —r)-partition that Q does, namely, Gn =5V,
and

(B) G{r) is k-regular.

For then G(r) would be a k-regular graph on p{A; —r) points satisfying B(G(r)y =
A, —r, precisely what we required in the definition of G{p{r,—1), k). '

The key property of Q which makes the transfer possible is its subgraph
{F(A,~71)). Now the points in G, (for any pair [, m) are (in the language of the
definition of V(Q)< V(G{n, k))) v’s, and hence under the labeling (t,s) of
G{n,, k) they belong to the classes V,, 1=1 =(i—1)k. But any pair of these classes
are already joined in G{m_,, k) since G(m_s, k) has the (i—1)k+1 partition
G(n_y, k)= J8%! V.. Hence each edge of Gim, and therefore each edge of
F{A,~r) by the arbitrariness of I, m, joins. a pair of classes already joined in
G{m_y, k). This fact makes possible our transfer since each-edge e F(A,—7
‘rees’ some edge ¢’ & BE(G(m-_., k)) = E(Q). That is, ‘the graph Q —¢’ retains the
same (A,—r)-partition that Q does. i we defined T so that its domajn set is a
collection of such e”’s then condition (A) would be automatically satisfied. In
order to satisfy {B), we will use the component K =K .-, of Q as the object set
of 7

Our transfer + may now be constructed as follows. First we find an appropriate
domain set for 7. For each edge e € F(\, —r), define (as above) ¢ to be the unique
edge in G{n_y, k) which joins the same pair of classes that e does. Now if
e, €, € F(A, —7) are distinct, then the two pairs of classes joined by e, and e, are
distinct, and hence the two pairs of classes joined by e} and e} are distinct. In
particular, e] and e} are distinct. It follows that there is a one-one correspondence
between the edge sets F(A,—r) and E'={¢"ze€ F(r, =1, so B ={F(A,—r)|=
(i —1)kr. We show that E’' is large enough to contain a domain set for =. Now the
proposed object set K of r has k+1—r points each having degree k—r.
Therefore, we must require that 7 have norm rll=(k +1—r)r (and note that k
even implies (k+1—rr=[ is even, as required in the definition of transfer).
Now since 2|E'|=kr(i—1)=(k+1—r)r there exists a set E"<=E' such that
2|E" =(k+1~7)r, and we will choose such an E” as the domain set of 7. By
assumption we have i—1=k, so that (i—Dk>kr=(k+1—r)r. Thus if F'is any
subset of E’ satisfying 2 |F'| = (i — 1)k, then F' too contains a subset E” such that
2|E" = (k+1—r)r. We will choose F' and subsequently E” as follows. In each
graph Gy, let Fp,, be the set of edges of a 1-factor. Now let F= |} F,, as (L m)
varies -over the pairs of ®. Observe that each class V, 1st=(i—1k, is rep-
resented exactly once among the points of (F), and |F| =3 - k. Letting F'=
{e': e F}, it follows that (i— 1)k classes are represented in (F"). Hence we have
[V{EN|=(i—Dk, which combined with |F'| = 3(i— 1)k forces (F") to be 1-regular.
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Now let E” be any subset of F’ satisfying 2 |E”} = (k+1-r)r, and since E"< F it
follows that (E”) is 1-regular. Choose this E” for the domain set of 7. As already
observed, the containments E"< F'< E’ guarantee that G(r) satisfies (A).

The 1-regularity of (E”) may be used to show that a + with domain set E" exists
which satisfies (B). Observe that the evenness of ||7]] allows us to construct = one
edge of E” at a time. That is, we may view 7 as a cOmposition T, © Ty.q = * " ¢ Ty Of
« =1 |i]] transfers, each having a single edge of E” as domain set and one or two
points of K as object set. With each successive 7, we increase the degree of some
point of K by 2 or the degrees of two such points by 1 each until the degree of
each point in K reaches k. This procedure yields a k-regular graph G{r) provided
that no multiple edges are introduced by 7. But this is guaranteed by the
1-regularity of (E"). For each edge introduced by =, 1=1 =<i|7l|, is incident with
some point of (E”) and 1-regularity implies that no point of {E" can be incident
with more than one edge introduced in any of the G(7,). Hence the G{r) 50
constructed has no multiple edges, and is therefore a k-regular graph. Condition
(B) is thereby satisfied. .

We have thus found a transfer Te To(E", K) with the property that G(7)
satisfies (A) and (B). Letting G(7) = G(p(A,—7), k), we have thereby constructed
the graphs G(p(A\,—n), k), 1=r=<k-1, and it follows that f(p(A,—r), k)=
Mi(p{A,— ), k) or equivalently f(p(\), k) =M{p(a), k), Ao<tA<Aq.

To complete our construction and proof, we must fill in the gaps p(A)<p<
p(A +1) by showing that M(p, k) = f(p, k) for all such p and all A, Ag=A <4, Ao=
flri_y, k), Ay =Ff(n;, k), and p¢ Q. Our goal is therefore to construct, for each
p(\)<p<p(A+1) and p¢(2 a k-regular graph G(p, k) satisfying |G|=p and
{(G) = f(p, k). Qur method will be to apply the lemma with the above con-
structed graph G(p(d), k) playing the role of G, and the required graph G(p, k)
~the role of H, with b=p— p(\). For if this can be done, then the lemma
guarantees that ¢(G(p, k)= (G (p(A)), k), while

W(Glp, k) =M(p, k)=f(p, k)= A =f(p(A), k) = $(G(p(1), k)

by definition of p(A) and property (A) of the graph G(p(A), k). Hence we would
have @w(G{p, k))=f(p, k), and the desired conclusion M(p, k)=f(p, k} would
follow. _ '

It remains to verify that the hypotheses of the lemma hold for our G=
G(p(A), k) and our desired H=G(p, k) with b=p —p(A). It is in meeting these
hypotheses that we will require freedom in taking p(A) and p large enough, and
this freedom is given in the conditions of our theorem.

The conditions on G{p(A), k) required by the lemma can be stated explicitly.
As observed previously, we have p(A +1)—p{A) ={(A;—1)/k} for A> A, and

plAgt+ 1)“13()\0)“—“1‘*‘)‘04'()\0_1)1’;‘7-
Since (Ag—1)/k+1={(A,~1)/k}, it follows that
b=pwp(:\)ip()k+1)—p(/\)$1+ho+(.?\0“1)fk.
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Hence it suffices to find ! classes V|, V,,..., Vi in a A-partition of G(p(A), k), 1
playing the role of s in the lemma and satisfying the conditions of the lemma with

1224V6+2(h o+ (Ao— 1)/K) = 2+2h +4.

In fact, these classes will be the extensions to G(p(A), k) of the first I classes
(where | will be given below), call them Vi Voo ..., V, in the Ag-partition of
G(n;—1, k) (recall that the latter classes are the ones whose points have ¢
coordinate satisfying 1=<¢=! in the (¢, s) labeling of G(n,.,, k). We will show
that the required sets B, = V,, 1=j=1, are already present in the subsets V; of V..

For concreteness, let [={3vA,} so that 1224+ (6+2(h+(Ag—1)/EN™ for i
(and hence A,) sufficiently large. We now show that for i sufficiently large the [ xr
array of G(p(A), k) required in the lemma can be found in the subgraph
G(n; 1, k)< G(p(A), k). First observe that for any integer | the first [ classes
Vi Vi, ..., Viin a A, partition of G(n,_q, k) are already pairwise adjacent in the
subgraph G(n,, k) where x ={(I—1)/k}. Hence adjacencies between these classes
all occur among a set of x{ points (the ones in (Ui—1 V) N G{n,, k)) which may be
partitioned into | subsets, each contained in a different V, 1=j=] and each of
cardinality x. Since G(m_y, k) is ¢-critical and an extension of G(n, k) (for i
sufficiently large), it follows that there are no further adjacencies among these
classes besides those just mentioned. Since each class in the Ay partition of
G(m_y, k) has i — 1 points, it follows that each of the classes V, 1=j <[, contains
a set B; of cardinality i —{(!—1)/k}—1 such that § = \Ji=1 B; is an independent set
in G(m;_,, k). Now recall that the construction of G(p(A), k) for A>> A, introduces
edges joining certain points of G(m;_,, k) to points in G(m, k)\ G(n,_4, k). But
the construction guaranteed, by the 1-regularity of (E"), that at most one point
from each class V; (in the A, partition of G{n,_,, k)) is incident with an edge from
this set. Therefore let t; be the single point of B; (if there is one) incident on one
of these introduced edges. We will form our array using the sets B, =B;\{1}.
Since S is independent in G(nm_,, k), so is S=Ui_, B, Also we have B =
{Bl—1=i—{(I-1)/k}~2 and B,=B;<V, 1=j=l Note also that since
G(p(A), k) is an extension of G(m..,, k), there are classes W, 1sj=<l in a
A-partition of G{p(A), k) such that W, 31?,—. We have thus produced an
Ix(@—{(0~1)/k}—2) array S and classes W, of G{p(A), k) as analogues of §, A
and G respectively in the lemma.

We must now verify that the B, and [ have the required properties. Set
K=G(n. 1, k) and L =G{(p(A), k) for brevity. Let us verify first that N (v)N
Ne(w)=0 for v,weB, 1<j=l The y-criticality of K implies that N(v)N
Ng(w)=§, while v, weB; implies that Ny (s)=Ng(v) and N, (w)=Ng(w). It
follows that Ny (v) N N_(w) =9 as desired. As observed already, we have

1={3VAg}> 2+ V6 + 2+ (ho— 1)jk) =2 +~/2b + 4.

In case the number of columns in our array, i ={(I—1)/k}—2, is not a multiple of
3k, we delete the minimum number of columns necessary so that we are left with a
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multiple of 3k number of columns. We will be left with at least I—{I-1)/k} -1k~
2 columns, and hence our new set of rows, which we continue to call B—I—, I1=j=|
satisfy |By|=i—{(I— 1)/k}~3k—72. Tt remains to show that

{1~ D/k}—3k —2)=b,
and since b=1+Ao+(Ag—1)/k it suffices to verify the inequality
Hi—{I-D/kh =+ (Ao — 1)k +1

for i sufficiently large. Since 1={3vA;} and Ao=f(n_,, k)=(i— 1)k +1, the left
side is O(i**} while the right is O(i). Hence the inequality holds for large enough
L. The lemma may therefore be applied to vield our graph G{p, k}, and the
construction is complete. The function Q(k) may be defined by Q{k}=n=
t(tk + 1), where t is the smallest integer such that i=¢ insures that the inequality
holds.

We now outline the construction of the graphs G{p, k), n_,+1<p<n, (iec.
p££2), for k odd. Certain details will be omitted as they are similar to ones given
in the case k even.

First we consider changes in the lemma. The main alteration occurs in con-
structing the graphs G®. With k even the definition of G employs cycles of
length s, C', constructed on the set C ={p: 1=j=s} of points forming a
column of the array S. The role of (% is to add 2 to the degree of each v, to
compensate for a loss of 2 resulting from the deletion of edges joining v, to
points in G. The degree of v, is thereby maintained at k. By the evenness of &
we can iterate this process, using the same column C (as the point set of
successive Ci’) at most 4k times if necessary, and be sure that the loss of k in the
degree of v, is compensated for by a gain of k accumulating from 3k increments
of 2 by the successive C[’. In the case k is odd we can perform 4(k —1) iterations
on a fixed column C in the same way. In the final jteration we delete from each
Uy one edge going to G, and we compensate by constructing a 1-factor on C.
Thus when k is odd we alter the construction by using, if the number of iterations
on some column C is large enough, a 1-factor in the final iteration instead of the
cycle C'&. Naturally there are corresponding changes in the definition of the sets
P{?) and P{. Finally, in the conclusion of the lemma we take b even.

The case k odd also forces a change in the proof of the theorem itself. The change
occurs in the conmstruction of the graph G(p(A;—r), k). For convenience set
G(p(Ay—1) = G{p{A,—r, k). Referring to the integer i defined by p(A,)=n, and
p{Ao)=rn;_1, we consider separately the case i even and i odd.

Suppose first i is odd. If r is even, then we may define G{p(A,—r)) and the
‘transfer T as in the case k even since then lirll=(k+1~r)r is even, as required.
Assume then r is odd. Since a k-regular graph (k odd} has an even number of
points and since

pA—r)=p(A)—r{(Ay— 1Mk} = p(Ag)—ri,
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it follows that
pA—ry=pA)—ri+8( 1),
where 5(i, r) =31 —(-1)"). Hence we must have
|Gp(A —r+ =G~ =i—1 if ris odd.

We therefore begin the construction of G(p(A;—r)) by first forming G{p(A,—r+
1)) as in the case k even, recalling that V(G{p(A,—r+ 1)) =Uj7™ V; (the V]
coming from the (ik +1)-partition G{m, k)= UERL V; of G(n, k). We now form
V = V(G(p(A,—1))) by deleting all points in G{p(A,—r+1)) belonging to the class
Vi,—r+1 €Xcept for the one {call it w) in the component K .,—, {w had the (%, 5)
label (A, —r=+1, 1) in G(n;, k)). Since each class of G(n;, k) has i points, we have
thus removed the required i—1 points, and we have the partition V=
2V, U{w]), while

WMam0= G, YU - DK e Y Kiizer

Now construct G{p(x;—r)) in two steps. First build the edge set F ()tl— r) on the
points of (i— 1)K, -, in V using some pairing % as in the case k even, and cail
the resulting graph G,. Note that all points of G, have degree k except fof those
in the component K =K, .. In the second step we define a transfer + on G,
with object set K such that G,(r) is k-regular and &(G,{T)}=A—r1. We then let
G(p(A,— 1)) = G4(1). Observe that |7l =(k-+2—r)}{r—-1) is even as required by
definition. The existence of 7 is proved as in the case k even.

The case i even is treated with some changes, We let V= V{(G(p(A,—r))=
U3V, and hence

<V>G(n;, = Gy, YU - DK oy U K1

The graph G is obtained by building a set F'(A,—r) of edges (analogous to
F(A,—1)) based on i—2 of the i1 copies of K - Thus in G all points have
degree k except for those in BUK, where B is the exceptional copy of K - and
K=K,., , These points have degree k--r, and we define a transfer 7 on G, with
object set BUK and norm |r]|=|BUK|r=(2k+1-r)r such that Gy(r) is k-
regular with $(G(r)) =A,—r. We let G(p(A,—r})= Gy(7). The norm of T is even
as required, and 7 is found as in the case k even.

This completes an outline of the proof when k is odd.

We now prove that M(p, k}=f(p, k)—1 for p<(} sufficiently large. Let p=
i(ik+1)+1 for some i

For the inequality M{(p, k)= f(p, k)— 1, a k-regular graph G(p, k) may be found
which satisfies |G|=p and ¢(G(p, k))=f(p, k)~ 1. Let A;=ik+1=f(n, k), and
notice that A, —1=f{(n, k)—1=Ff(p, k}—1. We simply apply the lemma using
G(p(A,—1), k) as the graph G, and we obtain G(p, k) as H. The value of b we
require is

b=p-p,—1)=1+{A; —1)/k}.
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But the proof above shows that for p sufficiently large the lemma may be applied
for all b satisfying 2<b=1+ Ao+{Ao—1)/k, where A,= (i—-Dk+1 =f(n_y, k).
Since (A1 —1)/k =(xy— 1)k + 1, we have ,

LTH{A = Dk =1+ Ag+ (Ao — 1)/k

and hence the lemma may be used with b = 1+{A;~1)/k. The graph G(p, k) is
thereby constructed.

We now show that M(p, k)< f{p, k). Suppose the contrary, and let G(p, k) be a
k-regular graph of order p satisfying $(G(p, k))=f=f(p, k) = fli(k+1)+1, k)=
ik-+1. In any f-partition -1V, of Gip, k) we must have [Vi|=i Hence
\Vil=i+1 for some 1=<t< fand |Vj|=1i for j5t Without loss of generality take
t=f. Now since |9V} = ik for I=j=f-1and ¢(G)=ik +1, it follows that G is
ir-critical. Hence any two classes Vi Vi 1=, m= 1, are joined by exactly one
edge. It follows that 0V =ik for 1=<sj={f But Vi has i +1 points, so there are two
points p, we V; such that N(z)n N(w)#§. Let ze N(v) N N(w). Then one of the
edges zv or zw could be deleted while maintaining the f-partition of G(p, k).
Hence G is not y-critical, a contradiction. The theorem is thus proved. [J]

Let us now turn our attention to the analogue of the classical problem involving
cages. In this problem, we are asked to determine the minimum p for which there
exists a k-regular graph on p points with given girth b. By analogy, define p(A, k)
as the minimum p for which there exists a k-regular graph on p points having
achromatic number A. Letting h(A, k) = min{p: p=A{{A-1)/k}, and p even if k
odd}, our theorem implies the following,.

Corollary. For any k=2 and sufficiently large (depending on k), we have
A K)=h(A, k).

3. Open problems

Natural outcomes of our result are the following two types of problems.

(1) Given a parameter 6 in graph theory, determine jts extremal behavior for
graphs with a given regularity degree and number of points. Specificaily, find

M, (p, k) =max{6(G): G is k-regular and |G{=p},
or |
Mg (D, k) =min{0(G): G is k-regular and |G|=p}.
(2) Solve the analogue of the cage problem by finding p(a, k):min{p: there
exists a k-regular G satistying |G|=p and 6(G) = ).

The author believes that there are interesting parameters for which problems 1



Extremal regular graphs for the achromatic number . 253

and 2 are open. Their solutions should lead to interesting constructions for the
extremal graphs involved.
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