Discrete Mathematics 21 (1978} 261-272.
© North-Holland Publishing Company

CONTRACTIONS OF GRAPHS: A THEOREM OF ORE
AND AN EXTREMAL PROBLEM*

Zevi MILLER
Department of Mathematics, University of Michigan, Ann Arbor, MI 48109, U.S.A.

Received 1 March 1977

The contractibility number (also known as the Hadwiger number)} of a connected graph G,
Z(G), is defined as the maximum order of 2 connected graph onto which G is coniractible. An
elementary proof is given of a theorem of Ore about this invariant. Also, the extremal problem
of finding the maximum Z{G) over all graphs G of a given crder and regularity degree is
sotved.

1. Infroduction

Let G be a finite graph as in [3]. An elemeniary contraction of G is the
identification of two adjacent points of G to a point z. Alternatively, it may be
viewed as a function of graphs f:G— G’ where for some pair of adjacent
points u, veV(G), we have V(G =(V(G)—{u,v)U{z}, and E(G)}=
E(G—{uv})U{zx: xue E(G) or xv ¢ E(G)} with loops and multiple edges of G'
suppressed. The graph G’ will be denoted by G{u =v). A contraction of G is a
sequence of elementary contractions starting from G. If there exists a contraction
f:G—H, we say G is contractible to H. Strictly speaking, the order in which the
elementary contractions are performed is not relevant. In practice, however, the
contraction [ will be often most easily described and understood when a specific
order is used. An example of a contraction f: G- K, is illustrated in Fig. 1.

Let G be a connected graph. We define Z(G), the contractibility number of G,
to be the maximum order of a complete graph onto which G is contractible. If G
is disconnected, let Z((G)=max{Z{G"): G’ a connected component of.G}.

Some weli-known theorems and conjectures in the literature of graph theory
can be stated in terms of the contractibility number. For example, Hadwiger’s
conjecture says that every n-chromatic graph G satisfies Z{G)}= n. Wagner [5]
has shown that a graph G is planar if and only if it has no subgraph contractible to
K(3,3) and Z(G)=4. Hadwiger’s conjecture for n =35 thus implies the four color
theorem, while the converse was also proved by Wagner [6].

in a coniraction f:G—H, the inverse image of a point in H must be a
connected subgraph of G. Hence f defines a matural partition of G, V(G)ﬁ
U‘H' Vi such that (V) is a connected subgraph of G for 1=i=|H|. Indeed, the
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G G- = G{a = b) X, = Glerl(x=y)

Fig. 1. A composition of two elementary contractions that yields the contraction G— K.

sets V, are identical with the sets f'(v) (v e H). If H is a complete graph, then for
each pair of distinct integers i, J, 1=ti=j=|H|, there exists an edge xy of G with
xeV; and ye V,. In this case, we will refer to the partition above as a complete
|H| partition of V{(G).

Any graph theoretic notation and terminology not defined here can be found in
[3]. In particular, all graphs are finite with no loops or multiple edges.

2. Ore’s theorem

In his book [4] Ore proves, using an elaborate method, that if the minimum
degree of G satisfies 8((G)=3 with the possible exception of one point of degree
2, then Z(G)=4. Under the modified hypothesis 8(G)=3, an elementary proof
of this theorem is now given. '

Theorem 2.1 (Ore). If 5(G)=3, then Z(G)=4.

Proof: We proceed by induction on p(G), the order of G. The smaliest possible
order for a graph satisfying the hypothesis is 4, in which case G = K, and the
theorem is trivally true. Let G be a graph of order p=5 with 8(G)=3, and
assunie the theorem true for all graphs of order p—1 or less.

Observe that it suffices to prove the theorem when 8(G)=73. For if this known,
then in an arbitrary graph H with 8§(H)=>4, we may choose a point h of degree
§{H) and remove all but 3 edges incident with it, thereby getting a graph H' with
a point of degree 3. We then know that Z(H") =4, and since H-oH', we get
Z{Hy=Z(H =4 '

For every v e V{(G), let N{v) refer to the set of all points of G adjacent to v,
also called the neighborhood of v. '
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First we reduce to the case where for every ve V{G), there exists s € N{v) with
d(s)=3. Suppose to the contrary that there exists v V(G) such that d{f)=4 for
all te N{vy}. Then G — v, satisfies the hypothesis, so Z{G ~v,) =4 by induction.
Hence Z{G)=4.

Next we reduce to the case where (N (v))=P; for all points v of degree
d(v)=3. If N(v)=K,, then (N(v)U{oh=K,, so that Z{G)=4. Hence we may
assume N{v)# K,. To finish the reduction, we need only consider the possibility
that (N(v)) contains an isolated point y. Then the contraction A : (G— Giy=1u)
yields a graph G(y=wv) of order p~1 and minimal degree at least 3. Hence by
induction Z(G(y = v))==4, so that Z(G)=4. -

We may therefore now assume that (N (v))= P, for all points v of degree 3, and
that for each such v there exists s N(v) with d(s) =3. It will new be shown that
under these conditions the theorem is true. {

Let v be a point of degree 3, and let s e N(v) satisfy d(s)=3. We show that s
may be taken to be an endpoint of (N(v))=P,. For if it cannot, then both
endpoints have degree 4 at least. Consider the contraction A - (G —> G(v =x) where
x€N(v) and d(x, N(v)}=2. Either the graph G(v = x) satisfies 8 =3 or another
elementary contraction (identifying the image of v and x with a neighbor) yields
such a graph (. By induction, we have Z(Glv=x))=4 or Z(G)=4, and hence
Z{Gy=4.

We are now able to construct the contraction of G onto a graph with
contractibility number at least 4. Let ue N(s) be such that ugN(v) and u+ v,
Such a point exists since [N(s)|=3 and N(v)# K;. Since N(s)= P,, we must have
xu€ E(G) where d(x, N{v))=2 as above. But then the contraction A:G—
G(s=1v) has image graph satisfying Z{G(s=v))=4 by induction, so that Z(G)=
4,

It has been pointed out by A. Blass that a slight modification of the above proof
actually yields Ore’s theorem as originally stated (that is, with the possible point
of degree 2). This modification has been omitted, however, for reasons of space.

We now turn our attention to an extremal problem involving the contractibility
number.

3. An extremal problem

Alf graphs discussed in this section are assumed to be connected.

We will investigate the problem of finding, given & and p, the maximum
contractibility number among the class of all k regular graphs of order p.
- We begin with a lemma which will be used later in the construction of an
infinite class of extremal regular graphs. When x is a real number, {x} will be the
least integer greater than or equal to x.
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Lemma 3.1, Let G be k-regular with Bo(G)={k}. Then there exists a k regular
graph G satisfying Z{G) = Z(G), with

(2} |G| =|G|+3k  if k is even,

(b) |G1=|G|+[3k] if k=1 (mod 4)
. =[G+ 8k} if k=3 (mod 4},

{c) BolG') = Bo(G).

Proof. Suppose first k is even, and let G satisfy the hypothesis. Let v'e V(G),
and let N(v") be as above the neighborhood of v®, We take a partition of N{p'},
N{v')=N,{v')UNy(s"), such that |[Ny(v")|=|Ny(v")|. Weuthen define the graph
H(G; Ny, N;) by VIE)=V(G-0YU{ol, VI}, and E(H)=E(G-vHUlvix
xe Ny} Uiozy: ye No(v')}U{pjvl}. Now define the set of graphs $G; o)
by

SHG; ') ={H(G; Ny, No): N(o'} =N, UN,,

Ny| =N, Ny (N, = B,

The operation of transforming & to a graph in the class S'(G; V1) will be called a
splitting of G at v'. A graph G and two different spiittings of it at a point are
shown in Fig. 2.

We now iterate this procedure by definiog sets $(G; v*, %, ..., v¥). Let {v/}}.,
be a set of i independent points of G. Having performed successive splittings of G
at the points {o'};Z] resulting in a graph H'™* of the set $"7(G; v*, 0%, ..., v},
we perform a splitting of H'™ at v’ to get a grapk I, The set of alf such graphs
H' will be denoted by SY{G;{v'}_;). More precisely, we let SYG; {vJ},_l)
JSHE™, v') where the union is over all graphs H'™! of the set S"G; {v’} D,
A graph in §(Ks; {v/}}_,) is shown in Fig. 3.

The required graph G’ may now be construcied. We find a set of 3k indepen-
dent points {v'}}Z, and let G° € S¥*(G; {v'}}%2). The construction of G° produces
a set of k points {v]}1.; 3, the “splittings” of the points {v/}/%} of G. Let the
two subsets X,(G®) and X,(G® of V(G be defined as Xi(GD) {vl}j‘ﬂl, =
{vh}¥%. Bach point in the X,{G°) has degree (Lk)+1 by construction. Define the
graph G' by V(G')=V{G") and E(G')=E(G°)U{vivi:i#j}. Thus G° is a

Fig. 2. Two different splittings of G at o.
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KS "
Fig. 3. A graph H e $3(Ks; vy, 02, v3).

spanning subgraph of G’ containing ail edges of G’ except those joining pomts of
X, with polats of X,.

Tt is now shown that G’ has the required properties. Obviously |G'|= G°|=
|Gl +4k. To see that G’ is k-regular, observe that the points of G*f@f};‘fl are
naturally present in G’ as the points of G'—(X;UX;). As such, they have the
same degree in G as they do in G. Thus all points of G'— (X, U X,) have degree
k in G'. As for points xe X, UX,;, we have d(x,Gh=d(X, G+ Gk)—1=k
Hence G’ is k-regular. We now show that Z(GNY= Z(G). I we contract each of
the edges {vjvy}, 1=i=<k, of G, we arrive at a graph F having G as a
(non-induced) subgraph. That is, F is just G with some exira edges, those joining
v and v/, This graph can be contracted to Kz, because G can. Composing the
contractions G'->F and F— Ky, we get the required contraction G'— Kzg)-
Finally, it remains to show that Bo(GN = Bo{(G). Let S be an independent set in G,
and suppose without loss of generality that SN{pH2 ={v'}]-,. Then the set
S'= (S NG —{w'}) U {vl}i is independent in G' and satisfies |S'|=]5]. Hence
Bo(G") = BolG). -

For k odd, we proceed similarly. Certain changes in the construction above will
be necessary, however.

Suppose, then, that we are given a k-regular graph G satisfying the hypothesis
of the lemma with k odd. We begin by slightly altering the definition of splitting.
If ve V(G), we take a partition of N(v), N(v}= N, (v) U Ny(v) such that Ny(v)=
[1k]and Ny{v)={3k}. We then define the splitting H(G; Ny, Ny), the set SYG;v),
and the iterated sets S"(G;{v/}]..) as before.

Let us examine a typical graph G e 8™(G; {07}). Bach o' is replaced by two
points, v} and v} say, where without loss of generality we take d(v}, G%) =&k} +1
and d(vh, GO =[3k]+1 for 1=j=n If we let X (G ={vi}r, and X;(G%)=
{vb}r.,, then V(G®) may be partitioned into the three sets X,(G), X,{G"), and
(V(G*)— (X, U X,)), baving the properties

M veX (GO d(v, G = fikt+1
(i) v E_Xz(GO) =d(v, GO =Gki+1
(i) ve V-(X,UX,)=>dl(y, Gh=k
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We now proceed to construct the graph G’ of the lemma. This will be done
according to the cases k=1(mod4) and k=3{mod 4).

I k=1(mod4), we find [3k] independent points {v/}¥¥3] and form a graph
G"e SYG; {019, Now define the graph G' by V(G') = V(GY), and

E(G)=E(G%Ji {vivi' i odd, 1=i=<[ik]—1}U{vivd: i}

If k=3(mod4), we begin with {3k} independent points and form a graph
G°e S%HG; [ ). The graph G’ is now defined by V(G') = V(G and

E(GY=E(G")U{vios™ iodd, 1<is{k}—1U{viol: j#i i+1}

where i and j are read mod{ik}.

These constructions clearly yield k-regular graphs G’. The proof that these
graphs have the properties requred in the lemma is almost identical to the proof
given in the case k even.

In order to state and prove the main result, we introduce some relevant
terminology. Let G be a graph, and X< V{G). We let 53X denote the set of all
vertices in X adjacent to vertices in V(G)—~X. We now define the external degree
of X by exd (X)=|3(V(G)—X)|. Given positive integers p and k which are not
both odd, we let M{p, k) =max{Z(G): |G|=p, G is k regular}, and Q(p, k)=
max{A € Z": AM{(A —3)/(k-2)}=p}L V)

Theorem 3.2. The integers M{p, k) and Q(p, k) are related as follows.

1) M(p, k)= Q(p, k).
(ii) For each k=3, M{p,k)= Q(p, k) for ail but finitely many p.
(ii)y M(p, 4)= Q(p,4) for p#6, and M(p,3)= Q(p, 3) for all even p.

Proof. We begin by proving {i). Let G have the properties of being k-regular,
having p points, and satisfying Z(G)=M({p, k). Set M= M{p, k). In a complete
M-partition of V(G}, et C be a class of minimum cardinality ». Since {C) contains
at least r—1 edges, we have exd (C)srk—-2(r—1}=r(k—2)+2. As there are
M—1 classes besides C, we have M—1<exd (O)<r(k—2)+2, and hence r=
{(M—3)/(k—2)}. Since C has minimum cardinality, Mr=p. Combining with the
previous inequality we get M{(M —3)/k —-2)}=<p, as required.

To establish (ii}, we begin by constructing for each k=3 an infinite set
S ={G™ (AW arsy of k regular graphs. Each graph G*(A) will have order
p¥(A)=M(A -3)/(k—2)} and contractibility number A. Thus by definition of
Qfp, k) we will have A = Q(p™(A), k). This will serve to show that for each k =3,
the equality M(p, k)= Q(p, k) holds for infinitely many p, namely, the subset of
the integers P(k)={p®(\)}*_,,,. For by the definitions of A and the inequality
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(i), we have Q(p™(A), k)= A = Z(G®(A) = M(p™(1), k)= Q(p™ (1), k). Tt fol-
lows that M(p*™(A), k)= Q(p™(A), k) for the set P(k).

Once we have established (if) for P(k) (given k), we will establish it for all but
finitely many of the remaining integers Z"— P(k) by means of a method of
subdivisions (soon tc be defined) and the lemma.

Fix k=3. The graph G™(A) is constructed as follows. Suppose first {(A —
3k —2)k= (A —3)/{k—2), so that p™(x)= A (A —3)/(k ~2).

We will begin with a cycle having p™(\) points. In going once around the cycie,
number the points in order of their traversal x, %z,...,Xap -3y NOW
partition them into A subsets {Vi}., where V.={x,: (i—-1{A—3)/(k—2)
+1l=sn=<i(A—3)/(k—2)}. For later use, we will relabel our points with double
indices according to the rule x(i,jy=x, if and only if x¢ V; and j is the
congruence class of n mode (A —3)/(k—2). Our hamiltonian cycle H therefore
consists of the edges

i, Pxl, j+ DU L, (A= 3)/(k = 2)x(i + 1, 1) _
l<js(A-3)(k-2)-1, 1<i<A)

with x(1, )=x(A+1, 1). .

The edges of G*(A) not in H will now be defined recursively, First, form the
edges {x(1, D)x{i, (A —3)/(k—2)):3=i<k}. The point x(1, 1) now has degree k
and no more edges incident with it will be formed. To describe the other edges,
we will define a total ordering of the points of G™(A). For points x(i, j), x(i, ) in
the same class Vi, we let x(i, ) <x(j, I) it and oniy if [<1 If x(i, /), x(l, m) are
points in distinct classes V;, V), then let x(i j)<<x(l, m) if and only if i</
According to this ordering, then, x<y if and only if x comes before y in the
orginal traversal x4, X, ..., Xy -2y Of the cycle H. Now suppose that a
graph G(j, j) has been constructed in which d{x, G(i, /) =k for all x<x(i, j) and
d{x(i, ), G{i, N =t<k. In each class V,, n=i+2, having a point of degree less
than & in G(i, j), let x{n) € V, be the point with this property that is maximal with
respect to the ordering. Also, let X ={x(n): n=i+2}. The remaining edges
incident with x(i, /) will now be defined according to whether j=1 or j>1. If
j =1, join x(i, j) to the first k—¢ points of X (with respect to the ordering induced
on X). If j>1, let n, be the maximum index such that x{i, j—1) is adjacent in
G(i, j) to some point of V,. Then join x(i, j) to the first k —¢ points of the subset
X(ng)=1{x(n): n=ny+1} of X. In either case, let us call the resulting graph
G(i, j). There are now two possibilities, either G{3, )" is k-regular or it is not. If it
is not, let

GO, =G j+1) Hjs(A-3)/(k-2)-1
=G(i+1,1) ifj=(A-3)/{k-2),

and repeat the above procedure. A k-regular graph G(iy, j;)' must eventually be
reached, and we let G™(A)= Giy, jo). Thus V(G"YA)) is composed of A classes
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F = {el, ey} EDIC,; {elf 62})

Fig. 4. The graphs C. and SD(Cys{ey, e}

{ V)., each class inducing the path P, sz These classes are then positioned
in increasing order on the hamiltonian cycle H. The 4-regular graph GO of
order p®(7)= 14 and contractibility number 7 is shown in Fig. Sa. In this example
we have G*7)= G{4,2)".

The workability of the algorithm given above, and hence the formation of the
k-tegular graph G(io, fo) = G®(A), depends upon the existence of at least k—1t
points in the set X of the graph G{i, j). This condition is in turn equivalent to
having at least k —t classes V,, n=i+2, each containing a point of degree less
than k in G(i, j). The verification that this holds requires a careful count of the
number of edges e=(a, b) in G{i,j) with the property a< (L, ) and b=
x{i-+2,1). This count will here be omitted as it is straightforward and lengthy.

The construction above has the property that for each pair of distinet classes,
¥, V, there exists a unique edge xy with xe V, and y €V}, Hence G®(A) has the
complete A-partition VIGRO) = ), ViU, so that A=< Z{G¥(\)). On the
other hand, we have A = Q(p®(\), k)= M{p“(1}, kyz Z{G%(A)). The equality
Q(p™ (), k)= A = Z(G*(\)} follows. Note also that the uniquensss of the edge
xy is the beginning of the proof that the G™(A) are Z-critical. That is, the
removal of any edge of G™(A) results in a graph with smalier contractibility
number.

The construction of the graphs G®(1) for which {(h =3k =20 #
(A =3}(k—2) is similar, and the detaiis are omitted here. An example, G(6)
is shown in Fig. 5b.

We have constructed the grapbs {G®(A)}i-q, and thus the equality (if) is
proved for the subset of the integers P(k). To finish the proof, it remains to show
M(p, k)= Q{p, k) for all but finitely many of the integers in the set {3=2Z7—P(k).
As in the proof for P(k), the inequality (i} reduces our problem to the coustruc-
tion of a k-regular graph of order p and contractibility number Q{p, k) for all but
finitely many p € Q. This will only be done for k even below, as the consfruction
for k odd is simiiar,

Let A, be the least integer A satisfying the inequality

{A=3)/(k=2)}=k, (1)

We will show that the construction of the required graph of order p is possibie for
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all pel satsfying p=p*(Ao). That is, Mip k)=Q(p, k) holds for p=
Aollho =3k =20} > k(k* =3k +5).

Fix k, and write p(1) for p*{A). Let us begin by observing that it suffices to
construct, for each A satisfying (1), a sequence {G;(A): 1=i =pA+1)-—pA)-1}
of k-regular graphs which satisty |G,(A)j=|G™(A)|+i and Z(G,(A)) = Z{GY(AY).
For by definition, Q(p, k)= Q(p(A), k) holds for pM)<p<p(A+1). Hence we
have Z{G,(A\)=Z(G®(), k)= M(p(1), k) = Q{p(A), k) = Q(p(A) +i k). As the
inequalities Z(Gi(A)=M(p(h)+1i, k)= Q(p{A)+1i, k) hold by definition and by
(i), we get M(p(A)+1i, k)= Q(p(A)+1i, k) for 1=i=p(A +1}—p(A)—1. This being
true for each A satisfying (1), it follows that (i) is proved for all pe () with
p = plig).

For the constructions to follow, we need the following definitions. Let F'=
{e}"_, be a set of independent edges of G, with ¢ = a;b,. Define the F subdivision
graph of G, SD{(G;F) as follows. Let V(SD(G; F))= V{(G)U{z}, and
E(SD(G; F)) = (E(G)— F)u{za}}-,U{zb}-;. An F subdivision graph of C,is
shown in Fig. 4.

We now construct the first 2k of the graphs G;(A), using the graph G™(A) as
our beginning. Recall the complete A-partition of G*/(A) given by V(G®(A)) =
{J+, V.. By assumption (1), we have [Vi|={(A—3)/(k—2}} >k, and by construe-
tion of G¥(A) each (V;) is a path. In particular, (V) is a path of order greater
than k>>23(k—2). Hence there exists an edge €€ E({(V,)) and a set B'=
{e. = gh, - 1= i=3(k—2)} of 3(k—2) independent edges of G™{A) with the prop-
erties .

(a) heVy,gé Vs
(b) no edge of B! is incident on e.

Since A > k, we may actually choose these edges so that the points g are among
the sets V,, n=ik+1. Let F'=B'U{e}. We then define G,(A} as the Fl-

subdivision graph SD(G™(X); F'). Clearly G,(A) is k regular and |G,(M)]=
p(A}+1. Write z" for the point z in the definition of F-subdivision. Thea with z'

Fig. 5. The graphs G*(7) and G*(6).
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adjoined to Vi, it follows that Z(G, (M) =Z(G™(\)y=A with complete A-
partition

V(G (M) = (Vau{z'hU (U

We will now repeat this procedure (zk) 1 times. That is, having constructed
G,(}), i<ik, we carry out the same construction as above with the class Vi,
playing the role of V,. Thus we let x € E({V;.1)) and let B = {hg 5P be a set
of 1(k —2) independent edges with the property

(a) hye Vi, g EV:+1(1'::J‘-2(k 2));

(b} no edge of B is incident on x.

Let F'*i=B"*U{x}. We then define G, (A} to be the F*" subdivision graph
SD(G;(A); F'*Y). Again we observe that the points g of the edges in F*"l'can be
taken to be among the sets V,, n= (k/2)+ 1. This convention on the g's insures
 that the needed independent edges exist at each step. Tor in each graph Gi(A), i<
1k, no point of the set Vi, has played the role of some point g; in any of the
previous subdivisions. Hence all edges with a point in V;,, that were independent
in the original graph G%(A) are still independent in G;(A). Since there were at
least k such edges in G™(A), there are certainly 3(k —2) of them in G,(A).

The graph G,y (A} is easily seen to have the required properties. Clearly
|Gies(A)| = |Gi(A)|+ 1= p(A)+i+1 holds. Letting 2""' be the point z in the
definition of SD(G,(A); F**Y), the complete A-partition of Gi,(A) is gotten by
adjoining z™*' to Vi, and using the partition

V(G = U (Vuzpu{ U Vi)

In this way, we construct the first 3k graphs {Gi(A): 1=<i= 1k},

Observe that the set of points {x(1, j): j even 2= j=k} is an independent set in
Gin(A). Thus Bo(GYd) >3k holds and we may form the remaining graphs
{G.(A): (kf2)+1=i=p(A+1)—p(A)—1} by appealing to the lemma.

For (iii), we specialize the general construction. _

"When k=3, we must construct the cubic graphs {Gi(A)1=i=
Hp(A+1)—p(a))— 1} such that |G, (V)] =|G*(\)| +24, and Z(G;(1)) = p(A). Define
G, (1) by

V(G (W)= V(G (M) Uiz, 2'%,
and
E(G,(\))=E(G*(A)
—{x (A, (A= 3)/(k—2))x(L, 1), x(1,(A = 3)/(k - 2))3'5(2 D}
U{z %A, (A =3)/(k~-2), z"x(1, 1), z%x(1,(A = 3)/
(k—2), zx(2, 1), z" 2"}
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Having defined G;(A), form G, 1(A) by letting

V(G (W)= V(Gi(/\))U{z(“'l)l? Z(i““1)2}’
and
E(Gia (M) = E(G(0) ~ {x (A, (A —3)/(k — 2)2%, %02, 122} U {0, (4 - 3/

{k_z))z(i+l)1, z(i+1)zilJ x(2: 1)2(E+1)2, Z(i+1)22i2’ z(i+1)12(i+1)2}"

In short, the graphs Gi(A) (for &k =3) are formed by successively “inserting™ a
point of degree 2 in each of two edges, and then joining these two points of
degree 2 by an edge.

For k=4, we carry out the F-subdivisions (with |F|=2) unencumbered by the
requirement (1). The exception occurs with the unique quartic graph of order B,
K(2,2. 2). We have Q(6,3)=5, but Z(K(2,2,2))=4. Hence in the case k=4, we
begin the inductive construction with a quartic graph of order 7 and contractibility
aumber Q(7,4) =5,

The cubic graphs G*(4), G,(4), G,(4) are shown in Fig. 6a. A quartic graph of
order 7 and contractibility number 5 is shown in Fig. 6b. It may be used as the
first graph in the inductive construction of the graphs {G,(5): 2= 1< p(6)—p(5) -
1%

Corollary 3.3. The maximum of Z(G) over all cubic graphs of order p is given by
M(p, 3)=[3(3+V9+4p)].

A = )X

{a) Tﬁe graphs G*(4), G,(4), G,(4)

53]

(b} A quartic graph of order 7 and contractibility number 5, 4

Fig. 6. Extremal cubic and guartic graphs.
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4. Open problems

(i) Let g(G) be the number of edges in a graph G, and let fln,p)=
max {g(G): |G|=p, Z(G)=n}. We conjecture that f{n, p)=()+{p—n)(n—1).
The graphs K, ;+K,_,., show that f(n, p)= (%) +(p—n)(n— 1), '
(iiy The behavior of Z(G) under operations on graphs remains undetermined. ' i
Some observations can be made, however.
(a) Let G, and G, be connected. By the theorem of Wagner [5] quoted
eartier, the following are equivalent.
(I) G;x G, is not contractible to K (3, 3) and satisfies Z(Gy X Gy =4,
(I} G, X G, is planar.
{l) is in turn equivalent to both G, being paths, or one being a path and the
other a cycle [1, problem 9.4].
(b) We have shown that Z(C, ¥ K,) = 4(n 23); and that Z(Tx K,)=n+1 for
all trees T.
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