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ABSTRACT

It was observed by Dulmage and Mendelsohn in their work on matrix
reducibility that there is a one-to-one correspondence between bigraphs
and digraphs determined by the utilization of the adjacency matrix. In
this semiexpository paper we explore the interaction between this
correspondence and a theory of matrix decomposability that is de-
veloped in several different articles. These results include: (a) a charac-
terization of those bipartite graphs that can be labsled so that the
resulting digraph is symmetric; (b) a criterion for the bigraph of a
symmetric digraph to be connected; (¢} a necessary and sufficient condi-
tion for a sguare binary matrix 1o be fully indecomposable in terms of its
associated bigraph, and (d} matrix criteria for a digraph to be strongly,
unilaterally, or weakly connected. We close with an unsolved extermal
problem on the number of components of the bigraph of various
orientations of a given graph. This leads to new amusing characteriza-
tions of trees and bigraphs.

Dedicated to the graph-theoretic partnership of Lloyd Dulmage and
Nathan Mendelsohn.

1. INTROBUCTION

About 20 years ago Dulmage and Mendelsohn [8, 9] observed that there
is a natural correspondence between bigraphs (bipartite graphs) and
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digraphs (directed graphs). This correspondence can be defined most
easily through the intermediary use of matrices in the following way. Let
A =|a;] be an nxn binary matrix (of 0’s and 1’s). With A there is
associated a directed graph D{A) with n points vy,..., v, where v; 18
adjacent to v, [there is an arc (v, v,) from v; to v} iff a; =1 (1 =i, j=n).
The matrix A is therefore the ad]acency matrix [13, p. 150] of D(A).
With A there is also associated a bigraph B(A). The points of B(A) are
the 2n points sy, ..., 8. ty, ..., 1, where s; and f; are adjacent (there is
an edge joining s; and ) iff g; =1 (1 =1, j=n). The adjacency matrix of
B(A) is the partitioned matrix

L e

where A’ is the transpose of A. It follows that through the use of the
concept of an adjacency matrix there is associated with each digraph D a
bipartite graph B(ID) and with each bigraph B a digraph D(B). Through-
out we reserve the symbols: (i) A; () B; (i) D, for, respectively,
(i) An nXn matrix of 0’s and 1’s. |
(ii) An nxn bipartite graph with point set V(B), partitioned as
SUTwith S={s,...,s,}and T={t,,...,t,}, which is a span-
ning subgraph of K, . ‘
(il A directed graph with point set V(D)={v{,..., 0.}
The digraph D may contain {ditected) loops corresponding to the facts
that the matrix A may have main diagonal entries a; equal to 1 and the
bigraph B may have edges of the form s;#. Thus in the sense of (13, 14],
"I is not exactly a digraph but it is-a relation.
Let A be an r X n binary matrix, and let P and Q be n X n permutation
“matrices. The digraphs D(A) and D(PAQ) may have radically different
structures. For example, let

00 1 1

0-0 1.0

A"lloo’

1 0 0 0

and let

0001 1000 10 0 0
00 1 1 1 0 1 0 110 0
Al_1100”%"0101"43*0011
1000 00 0 1 0 010
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FIGURE 1. Digraphs corresponding to A, A,, A,, and A,

Then A,, A,, and A, are obtained from A by row and column permuta-
tions (A, = PAQ, for some permutation matrices P, and for i=
1,2,3). The digraphs D(A), D{(A;}, D(A,)}, and D(A;) are shown in
Figure 1. It is readily verified by inspection that D(A) is strongly
connected, D(A,) is unilaterally but not strongly connected, D(A,) is
weakly but not unilaterally connected, and D(A,) is disconnected (not
weakly connected). These and other concepts or notation not explicitly
defined can be found in [13] and [14].

In contrast the bigraphs B(A) and B(PAQ) are isomorphic for each
pair of permutation matrices P and Q. If o (respectively, 7) is the
permutation of {1,...,n} corresponding to P (respectively, Q), then
B(PAQ) is obtained from the bigraph B(A) by relabeling the point s; as
Se (i=1,...,7n) and point  as f-p (f=1,...,n). In terms of the
bigraph—digraph correspondence, the structure of the digraph D(B) cor-
responding to the bigraph B depends on how the labels s,,..., s, and
t1,..., 1, are assigned to the point sets S and T of B. We call such an
assignment a bipartite labeling of B. (tu the other hand, the structure of
the bigraph B(D) corresponding to a digraph D is independent of how
the labels vy, ..., v, are assigned to the point set of D. In Figure 2 we

t) t, iy, t f t, ty ty
51 2 53 54 5y 55 Sy Sq

FIGURE 2. Bigraphs B{A) and B{A;).
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FIGURE 3. Graph C, and associated structures.

show the bigraphs corresponding to the digraphs D(A) and D{A,) of
Figure 1, i.e., bigraphs B{A) and B(A,).

Now suppose that A =[a;] is an n X n symmetric binary matrix. Then
_besides the bigraph B{A) and digraph D(A).corresponding to A, there is
also a graph G(A) whose point set is {vy, ..., v} where v, and v; are
adjacent iff @; =1 (1=ti, j=n). Since a; mayequal 1 (i=1,...,n), G(A)
may have loops. The matrix A is the adjacency matrix of G(A). Con-
versely, given a graph G we may compute the (symmetric) adjacency
matrix A(G) and then obtain the bigraph B(A(G)) and digraph
D(A(G)). The symmetric digraph D(A(G)) is obtained from G by
replacing each edge of G by a symmetric pan‘ of arcs (a loop by a directed
loop) and is denoted by G. The bigraph B(G) is readily seen to be the
graph K, x G, the Kronecker product [24] (also called tensor product [20]
and conjunciion [13]) of the graphs K, and G. Given a digraph D the
underlying graph G(D) of D is the graph (possibly a multigraph) obtained
by disregarding the orientation of the arcs i D. Thus each arc (v, v)of D
becomes an edge v,v; of G(D). In Figure 3 we show the graph C‘4 [the
(undlrected) cycle of Iength 4], the symmetric digraph C,, the underlying
graph G(C4) of C4, and the bigraph B(C4)

2. SYMMETRIC DIGRAPHS FROM BIGRAPHS

Given a bigraph B, whether or not the digrapfl D(B) is a symmetric
digraph depends on the bipartite labeling of B. If A is the adjacency
matrix of D(B), then Eq. (1.1) is the adjacency matrix of B, and it follows
that D(B) is symmetric for some bipartite labeling of B iff there are
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FIGURE 4. S and T have the same degree sequence but B, does not yield a
symmetric digraph.

permutation matrices P and Q such that PAQ is a symmetric matrix.
Equivalently, D(B) is symmetric iff B can be represented in the form
K, xG for some graph . These graphs have been characterized by
Sampathkumar [20]. An alternative characterization is the following:

Theorem 2.1. Let B be an nxn bipartite graph with V(B)=SUT.
Then there exists a bipartite labeling of B for which ID(B) is a symmetric
digraph iff there is an automorphism B of B of order 2 such that 3($)=T
and 8(T)=8.

Proof. First suppose that S={s;,...,s,} and T={1,...,¢} is a
labeling of B for which D(B) is symmetric. Then for each i and j with
1=1ij=n, st is an edge of B iff 5 is. Hence the function 8 : V(B)—
V(B) defined by B(s)=1t, B{t)=s, (1=i=n) is an automorphism of B
with the properties specified in Theorem 2.1.

Now suppose that 8 is an automorphism of B of order 2 such that
B(S)=T and B(T)=S. Choose an arbitrary labeling s,,...,s, of the
points of § and label the points of T by t; =8(s,), ..., t, = B(s,). Since 8
has order 2, st = 5,8(s;) is an edge of B iff sit, = 5;8(s;) is. It follows that
with this labeling of B, D(B) is symmetric. §

As an application of Theorem 2.1 we show that for the bigraph B, in
Figure 4, no bipartite labeling yields a symmetric digraph. Note that S
and T have the same degree sequence, a necessary condition for the
existence of a bipartite labeling vielding a symmetric digraph that is not
sufficient by Theorem 2.1.

Suppose to the contrary that such a bipartite labeling of B, exists. Then
there is an automorphism B of B, with the properties stated in Theorem
2.1. Since v and w are the only points having degree 2, it follows that
B(v)=w, B(w)=wv. Since wx and vy are edges and v and w each have
degree 2, it follows that 8(x)=y, 8(y)=x. This is a contradiction since x
and y have different degrees.

3. CONNECTEDNESS OF BIGRAPHS

To each digraph D (or matrix A) we now have a corresponding bigraph
B(D) [or B(A)]. Likewise to each graph G (or symmetric matrix A) we
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have a corresponding bigraph B(G) [or B(A)]. We now determine when
the bigraph is connected in terms of properties of D, G, and A, respec-
tively. First we require some definitions.

Let A be an nxXn binary matrix. For «, 8<{1,....n} let Ale, 8]
denote the submatrix of A formed by rows i with ica and columns
j with je B, the rows and columns of Ala, 8] being taken in the same
order as in A. The matrix A is called completely decomposable if
there exist partitions a,, a, and B, 8, of {1,...,n} where o, UB,# &
+ a, \J B, such that both Alay, 8,] and Ala,, 8,] are zero matrices. Thus
the matrices Ala,, 8] and Alw,, B,] may be vacuous but must have
either at least one row or at least one column; they can be vacuous only
when A has a zero row or zero column. The definition of completely
decomposable used here differs from that used in [3] where the matrices
Ala,, 8] and Alw,, 8,] are required to be nonvacuous. One easily
shows the following:

Theorem 3.1. Let A be an s xn binary matrix. The bigraph B{A) is
connected iff A is not completely decomposable.

An alternating path in a digraph D is a sequence of distinct points
Wy, ..., W, such that either (wy, w,), (ws, wp), (w3, wy), ..., are all arcs
of D or (w;, wi), (Wo, ws), (wy, ws), ..., are all arcs of D.

Theorem 3.2. Let I be a digraph. Then B{D) is connected iff between
each pair of distinct points of D there is an alternating path. Equivalenily,
a bigraph B is connected iff for any bipartite labeling of B there exists an
alternating path between each pair of distinct points of D(B).

This observation follows at once from the bigraph—digraph correspon-
dence as an alternating path in a digraph gives a path in its bigraph and
vice versa.

The most interesting relationship occurs for the correspondence be-
tween graphs and bigraphs. Let A be an n X n symmetric binary matrix,
and consider the graph G(A) with point set V whose adjacency matrix is
A. The graph G(A) is connected iff there does not exist a partition of V'
into nonempty sets V; and V, such that no edge joins a vertex of V; and
a vertex of V,. The matrix A is called completely reducible when there
exists a partition of {1,..., n} into nonempty sets a; and «, such that
both Alay, @,] and Ala,, a,] are zero matrices. {The matrix A need not
be symmetric in order to apply this definition.) Using the correspondence
between A and G(A), we immediately obtain the following:

Theorem 3.3. Let A be an n X n symmetric binary matrix. Then G(A)
is connected iff A is not completely reducible.
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The graph G(A) is bipartite provided there is a partition of its point set
V into sets V, and V, such that each edge of G(A) joins a point of V,
and a point of V,. Thus G(A) is bipartite iff there is a partition of
{1,..., n} into sets a; and @, such that both Ala,, &,] and Alw,, a,] are
zero matrices.

Weichsel [24] has proved that the Kronecker product of two connected
graphs is connected iff at least one of the two graphs has an odd cycle.
Since for a graph G, B(é) = K, ¥ G, we immediately obtain the following:

Theorem 3.4. Let G be a graph. Then B(G) is connected iff G is
connected and not bipartite.

4. CONNECTEDNESS OF DIGRAPHS

In this section we discuss the various types of connectedness for digraphs
and how they depend on the matrices and bigraphs in the correspon-
dences defined previously. We begin by recalling some definitions. Let 1D
be a digraph with point set V(D). Then D is

strongly connected (or strong) if for each pair of distinct
points v, w there is a path from v to w and a path from w

to v; (4.1)

unilaterally connected (or unilateral) if for each pair of
distinct points v, w there is a path from v to w or a path
from w to v; (4.2)

weakly connected {or weak) if the underlying graph of D
is connected. (4.3}

The digraph D is disconnected if it is not weakly connected.

An nxn matrix A is called reducible if there exists a partition of
{1,...,n} into nonempty sets &, and o, such that Ala,, a,] is a zero
matrix. Equivalently, A is reducible provided there exists a permutation
matrix P such that

4.4)

Jr?AJPt:[A1 0 ]

X A

where A, and A, are square nonvacuous matrices. A matrix that is not
reducible is called irreducible. Note that a 1x 1 matrix is always irreduci-
ble. The following theorem is well known (see, e.g., [23]):

Theorem 4.1. Lét A be an n X n binary matrix. Then D(A) is strong iff
A is irreducible.
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A directed cut of a digraph D is a partition of its point set V(D)=
{v1, ..., v,} into two nonempty sets V; and V, such that there are no arcs
from V; to V,. A reformulation of Theorem 3.1 is then that I} is strong
iff it has no directed cuts. Referring to the definition of reducible, we
observe that V,={n, :ica,} and V,={1; : i€ a,} is a directed cut.

We now consider two questions concerning the property of strong
connectedness and the digraph-bigraph correspondence. Although we
phrase them in terms of digraphs and matrices, the equivalent formula-
ticn can be obtained by replacing the matrix A by B(A). Let A be an
1 X n binary matrix.

(1) When is D(PA) strong for some permutation matrix P?
(iiy When is D(PA) strong for all permutation matrices P?

We note that if Q is a permutation matrix, then D{QAQG") is isomor-
phic to D(A). Indeed D(QAQ) is obtained from D(A) by relabeling the
points in the manner specified by the permutation of {1, ..., n} corres-
ponding to Q. Since for permutation matrices P and Q,

PAQ=Q'((QP)A)Q,

questions (i) and (ii) are equivalent to those obtained by replacing PA by
PAQ with the qualifications ‘“for some permutation matrices P and Q,”
and “for all permutation matrices P and Q,” respectively. The following
theorem is proved in [4]:

Theorem 4.2. Let A be an n X n binary matrix. There is a permutation
matrix P such that D(PA) is strong iff A has no row or column all of
whose entries are zero.

Thus if B is an n X n bipartite graph, there is some bipartite labeling of
B that yields a strong digraph iff each point of B has degree at least one,
i.e., B has no isolated points.

An n X n binary matrix A is called partly decomposable if n =1 and the
unique entry of A is zero, or n>>1 and there exist two partitions «,,
and $4, B, of {1,..., n} into nonempty sets with |o;|=|B;| (=1, 2) such
that Ala,, B5] is a zero matrix. Thus for n>1, A is partly decomposable
iff there exist permutation matrices P and Q such that

Ay 0 J

X ALl
where A, and A, are square nonvacuous matrices. The matrix A is fully
indecomposable if it is not partly decomposable. It follows immediately
that a reducible matrix is partly decomposable, and thus that a fully

indecomposable matrix is irreducible. The converse does not hold but we
do have the following resuli:

PAQ= [ @3

Theorem 4.3, Let A be an nxn binary matrix, and let A be the
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matrix obtained from A by replacing each e.ntry on the main .djagonal of
A with a 1. Then A is irreducible iff A™ is fully indecomposable.

This theorem is proved in an equivalent form as Theorem 4 in [16]. A
“one line proof” can be found in [4]. We refer also to Lemma 2.3 in [6].

Theorem 4.4. Let A be an n X n binary matrix with # > 1. Then D(PA)
is strong for every permutation matrix P iff A is fully indecomposable.

Proof. It follows from definitions that A is fully indecomposable iff
PA is irreducible for all permutation matrices P. The result now follows
from Theorem 4.1. §

We note that a digraph D with adjacency matrix A is called ultrastrong
in [2]if D(PA} is strongly connected for all permutation matrices P. Thus
an ultrastrong digraph is a digraph D, with the property that D(B (D)) is
strong for every bipartite labeling of B{D,).

We now consider what it means to B(A) for A to be fully indecompos-
able. Let A be an n X n nonzero binary matrix. The matrix A is said to
have total support [22] if there exdst permutation matrices Py, . . ., P, such
that P,=A (i=1,...,t) and A=<P;+--++P,. Since a permutation mat-
rix P with P=A corresponds to a 1-factor of B(A), it follows that:

A has total support iff each edge of B(A)
belongs to a 1-factor of B(A).

Using the definition of a fully indecomposable matrix and the
Frobenius-Kénig theorem [19, p. 97] (or the Kénig-Egérviry theorem
[13, p. 96]) we see that:

A fully indecomposable matrix has total support.

Since a fully indecomposable matrix is clearly not completely decom-
posable, it follows from Theorem 3.1 that:

B(A) is connected when A is fully indecomposable.

Now let A have total support. Suppose A is partly decomposable.
Then there exist permutation matrices P and Q such that (3.5) holds.
Since A has total support, it readily follows that X =0 and that A, and
A, have total support. Continuing with A, and A, (or using induction on
n) we see that if A is a nonzero matrix with total support, then there exist
fully indecomposable matrices A,, ..., A, (f=1) and permutation mat-
rices P and () such that

PAQ=A,&---@ A,

the direct sum of A, ..., A. The matrices A4, ..., A, are called the fully
indecomposable components of A; we will see that they are uniquely
determined apart from permutations of their rows and columns,
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Theorem 4.5. An nxXn binary matrix A is fully indecomposable iff
B(A) is connected and every edge of B(A) belongs to a 1-factor.

Proof. We have proved above that for A fully indecomposable, B(A)
is connected and every edge belongs to a 1-factor. Moreover, it follows
from the above discussion that if A has total support [every edge of B(A)
is on a 1-factor], then A is fully indecomposable iff B(A) is connected. &

The fully indecomposable components can be achieved in another way
and can be defined more generally. Let A be an n X n binary matrix, and
let AV be the matrix obtained from A by replacing all entries on the
main diagonal by 1’s. Alternately, one can begin with a matrix A® for
which there exists a permutation matrix Q = AY; using row permutations
we may then assume =A% and define A=A"—1 There exists a
permutation matrix P such that

A, 0 o 0
pAp =|An Ax o O
Ay An A

where A,,...,A, are irreducible; as first shown in [11] and [12] the
diagraphs D(A;) correspond to the strongly connected components of
D(A). Hence

AP0 e 0
PADP = Al A(l) e 0 ’
Aﬂ A12 s A(l)

where A" is obtained from A, by replacing all entries on the main
diagonal by 1s. Tt follows from Theorem 4.3 that A, ..., A are fully
indecomposable, and are the fully indecomposable components of AW
(note that if A™ has total support then A,;=0 for all i>j). The
correspondence above between fully indecomposable and irreducible
components is given in Theorem 6 of [16] and occurs repeatedly in the
literature.

A bigraph B with the property that the union of all its 1-factors form a
connected spanning subgraph (hence every edge of the subgraph is in a
1-factor) has been called elementary by Lovéasz [17]. It follows from
Theorem 3.5 that B is elementary iff the matrix A in its adjacency matrix
{1.1) {thus B = B{A)] is fully indecomposable. 1.ovasz and Plummer [17]
have further investigated minimal elementary bigraphs, elementary bi-
graphs such that the removal of any edge results in a bigraph that is no
longer elementary. Thus B = B(A) is minimal elementary iff A is fully
indecomposable but any matrix obtained from A by changinga 1 t0 a 0is
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parily decomposable. Such matrices are called nearly decomposable [21]
and have been studied in the literature especially for the role they play in
the theory of doubly stochastic matrices and for their application to the
study of the permanent function (see [5] and [21]).

The analogs of nearly decomposable matrices are the nearly reducible
ones, An n X n binary matrix A is nearly reducible provided it is irreduci-
ble and each matrix obtained from A by replacing a 1 by a 0 is reducible.
For a unified treatment of nearly reducible and nearly decomposable
matrices see [7]. It follows from Theorem 4.1 that A is nearly reducible
iff D(A) is strong but no digraph obtained from D(A) by removing an arc
is. Digraphs with this property have been called minimally strongly
connected (sometimes minimally connected) and their basic properties
have been uncovered. It is well known (see [1, pp. 30-32]) that if D is a
minimally strongly connected digraph with n=2 points, then there exist
points u, v4, ..., v, w (f=0) with the following properties:

(0 wu,vy,..., 0, w are distinct except u may equal w.

(i) u,vq,...,0, wis a (directed) path of D.

(iii) The outdegree and indegree of v, equals 1 (1=i=t).

(iv) The digraph D’ obtained from I> by removing vy,..., v, and

all arcs of the path (ii) is minimally strongly connecied.

In terms of matrices this translates as follows [15]. If A is an n X n nearly
reducible matrix with n =2, then there exists a permutation matrix P such
that

PAP' =

where A’ is nearly reducible and all entries not specified are zero.
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We now investigate the analogs of Theorems 4.1-4.3 for umnilateral
digraphs. :

Theorem 4.6. Let A be an n X'n binary matrix. Then D(A) is unilaterally
connected iff

there exists an hlte_ger t=1 and a permutation (4.6)
matrix P such that
A, 0 - 0
PAP =|An Ay - 0 ,
Ay Ap o A,
where A,,..., A, are irreducible, and A,,, ..., A,,_; are not zero mat-

rices.

Proof. This is precisely the statement in matrix form of Theorem 3.10
of [14, p. 66] that a digraph D is unilateral il its condensed digraph D*
(with respect to strong components) has a unique spanning directed path. 1

We shall need the following theorem to complete our investigation of
unilateral digraphs: '

Theorem 4.7. Let C be an n X n binary matrix having no row or column
all of whose entries are zero, Then there exists a matrix E=C and
permutation matrices P and Q such that PEQ equals

1

. (4.7)

Er

1

where E' is an irreducible matrix and where unspecified entries equal
Zero,

Proof. Tt follows from Theorems 4.1 and 4.2 that there exists a
permittation matrix R such that RC is irreducible. Hence there exists a
mairix E=<( such that RE is nearly reducible. It follows from the
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discussion preceding Theorem 4.6 that there exists a permutation matrix
S such that S(RE)S" has the form (4.7). The theorem follows with P =S8R
and @=5" §

Theorem 4.8. Let A be an nxn binary matrix. Then there exists a
permutation matrix P such that D(PA) is unilaterally connected iff A bas
at most one row and at most one column all of whose entries are zero.

~ Proof. 1t follows readily from the definition that a unilateral digraph
can have at most one point with indegree 0 and at most one point with
outdegree 0. Hence if D(PA) is unilaterally connected for some permuta-
tion matrix P, then A has at most one zero row and at most one zero
column (this fact also follows from Theorem 4.6). We now investigate the
converse.

First suppose that A has exactly one zero row and exactly one zero
column. Then there exist permutation matrices R and S such that

0 0 - 0
0

RAS = C ks
0

where C has no zero row or zero column. It now follows from Theorem
4.7 that there exist permutation matrices P’ and Q' and a matrix A'=A

such that _ _
00 - 0o

1 0 _ ]

10 .

PrAﬁQJ — . . ,
1 .
E!

0
B 110]

where E' is an irreducible matrix and.the unspecified entries are zero.
Using Theorem 3.6 we conclude that D(F'A'Q’) is unilateral; hence
D(P'AQ’) is unilateral. Since PPAQ' = Q" (Q'P)AQ', D(PA) is unilater-
ally connected for P=Q'P'.
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Now suppose that A has exactly one nonzero column but no zero row.
Then there exists a permutation matrix S such that

0

0
where F has no zero row or zero column. Let F'=F be minimal (for its
total number of 1’s) with respect to the property of having no zero row or
column. Hence each 1 of F' is either the only 1 in its row or the only 1 in
its column. Since F" has n nonzero rows and # — 1 nonzero columns, there
must be a 1 of F' that is the only 1 in its row but not the only 1 in its
column. If follows that there exists a permutation matrix R such that

10 --- 0

0

RF'S= ’
C -

0

where C is an (n—1)x(n—1) matrix with no zero row or column.
Applying Theorem 4.7 we conclude as in the preceding case that there is
a permutation matrix P such that D(PA) is unilaterally connected.
Finally if A has no zero row or column, then by Theorem 4.2 there is a
permutation matrix P such that ID(PA) is strong and hence unilateral.
This completes the proof of the theorem. 1
As an example when

01 0 ¢

0 ¢ 0 0
A= ,

0 1 0 0

1 0 1 0

there is a permutation matrix P such that

00 0 0

1 0 1 0
PA = . >

0 1 0 0

¢ 1 0 0

where D(PA) is the unilateral digraph shown in Figure 5.
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{PA) :
vz V3
FIGURE 5. A unilateral digraph.

Let A be an n X n binary matrix. We say that A is quasidecomposable
if there exist premutation matrices R and § such that
A, O 0 0
Ay A, 0 0
Ay, 0 A, 0F
Ag An As Ay
where A, and A, are possibly vacuous square matrices and A, and A,

are nonvacuous square matrices. If A is not quasidecomposable, we call
A quasiindecomposable.

RAS = (4.8)

Theorem 4.2. Let A be an n X n binary matrix. Then D(PA) is unilater-
ally connected for every permutation matrix P if A is quasi-
indecomposable.

Proof. If A is quasidecomposable, and R and S are permutation
matrices such that Eq. (4.8) holds, then it follows readily that D{RAS) is
not unilateral. Hence D(PA) is not unilateral for P= S'R. Now suppose
that Q is a permutation matrix such that D{QA) is not unilateral. Then it
follows from Theorem 4.6 that there exist integers t and s with t=s=2
and a permutation matrix P such that

c, 0 -+ 0
P(QA)P! o C21 CQ, "t 0 ,
Ctl Crz e Ct
where Cy,..., C, are square nonvacuous matrices and C,,_; =0. If we
define
(?1 e 0 Coi -+ O
A= ) ) s A=C, A=C, As= .
Cozn 0 G , hoo G

we see that A is quasidecomposable. §
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We now investigate the property of a digraph being (weakly con-
nected). The following theorem is an easy consequence of definitions:

Theorem 4.10. Let A be an n X n binary matrix. Then D(A) is weakly
connected iff A is not completely reducible.

Let A be an n X n binary matrix. According to Theorem 2.1, B{A) is
connected iff A is not completely decomposable. Suppose B(A) has t
connected components By, ..., B, of which k contain at least one edge.
Then 1<k =t=2n and there exist permutation matrices P and Q such
that PAQ has the form

CAL 0 e 0 . _
0 A, -+ 0 |}
0 0 - A | . ' (4.9)
| 0 0 _

where A, is a nonvacuous r, X s, matrix and B(A,) is connected (1 =i=k).
Note that here A, is a rectangular matrix, but nonetheless there corres-
ponds a bipartite graph whose -adjacency matrix is

2 o
Al ol
Lemma 4.11. If S,,...,S, is a collection of sets such that for each
partition of {1, ..., k} into nonempty sets I, J
(.UISs)ﬂ(UJS;)# 7, (4.10)
A= i€

then
I3
lSIU R U Skls Z |Sil"k+1.
i=1

Proof. We prove Lemma 4.11 by induction on k, noting first that it
holds for k=1. Let k>1. Let G be the graph whose point set is

11,..., k} where there is an edge joining i and j iff i#j and 5,N §;#
. Tt foliows from Eq. (4.10) that G is connected. Hence there is a
point, say 1, such that the subgraph generated by {2, ..., k} is connected.
By the inductive assumption applied to S,, ..., 5,

i
1S, -+ U Sf= 2 ISil - (k=D + 1,
=2
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Since 8§, M(S,U - - US ) # I,
k
IS U8, U -+ U S,Js(Z |Si|—(k—1)+1)+|S]|+1,
=2 /

and.Lemma 4.11 follows. E

Theorem 4.12. Let A be an nxn binary matrix. Then there exists a
permutation matrix P such that D(PA} is weakly connected iff B(A) has
at most n+1 connected components.

Proof. We continue with the notation introduced in the paragraph
preceding Lemma 4.11. There is no loss of generality in assuming A has
the form given in Eq. (4.9). The number of connected components of
B(A) equals

ktn—(r+-tr)tn—(s+--+s),
and hence the number of components of B(A) is at most n+1 iff
(Fg e br) (s g )=n+ k-1 (4.11)

Suppose first that there exists a permutation matrix P such that D(PA)
is weak. We define sets a,, B, ={1,..., n} with e, |=r, and |8,|=s, by

(PA)[aqz Bq]:Aq (qzls" ':k)'
Thus A, occupies rows i with i€ a, and columns j with je 8, in A. Let
V={v;,...,v,} be the set of points of D(PA) so that the 1’s of A,
correspond to arcs which join a point in U, ={v; i€ a,} to a point in
W, ={v,:ieB,} (1=q=k). Let V,= U,UW, (1=q=k) and consider

the graph G whose set of points is {1,..., k} where there is an edge
joining i and j if i¥#*j and V,NV,;# . Since D(PA) is weak, it
follows that G is connected and n=|V,U + - - U V,|. Now using Lemma

4.11 we obtain

n={V,uU---u ngsim—kﬂ

i=1

k
=Y (n+s)—k+1,
i=1

which is Eq. (4.11). Hence B(A) has at most n+1 connected compo-
nents.

Now suppose B(A) has at most n+1 components, 3o that Eq. (4.11)
holds. We permute the rows and columns of A to obtain a matrix C so
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that
ClL,....rprt+h ., Fs = Ay,
Clry+s,+1, ..., Fsy et Hs, s tntl,
' _ st —1]=A,,
Clri+s,+ryts,, ... 7r1-+sl+r2+sg+r3—1;
s it —1 nts tnts -t
e S Rt te—2]= A,

etc.

1t may happen that the indices used to define C above exceed n. When
that happens, we replace them by any row index and column index,
respectively, that has not already occurred. However, because of Eq.
(4.11), each integer i with 1=i=n occurs either as a row index or
column index in defining the positions of the matrices A, ..., Ay in C
above. Each of the matrices A; determines in ID(C) a weak subdigraph D,
[since B(A,) is connected]. For i=2,...,k, D, ; and D; have a point in
common, and hence D(C) is weak. The theorem now follows. #

As an example of the construction used in the proof, suppose n=9,
k=3 and :

wenenl) )
Then
000 11000 0 0]
001100000
0 0 000 000
00 00 0 000 0
C=10 0 0 1 0 0 1 0 Of,
00 0100100
00 000 0 000
00 006G 0CO0 110
00000011 0
and D(C) is the weak digraph shown in Figure 6

Finally we record the following observation:

Theorem 4.13. Let A be an »r Xn binary matrix. Then D(PA) is weak
for all permutation matrices P iff there are no permutation matrices R
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D(C}) :

FIGURE 6. A weakly connected digraph.

and S such that

RAS = [A 0 ]

0 A,

where A, and A, are square, nonvacuous matrices.

Proof. The theorem follows readily from Theorem 4.10. §

5. CHARACTERIZATION OF BIPARTITE GRAPHS AND TREES

Using the digraph-bigraph correspondence, we give characterizations of
bigraphs and trees. .

Let G be any graph. We will use the symbol G to denote a digraph
obtained by orienting the edges of G. Thus if A= [au] is the (symmetric)
adjacency matrix of G, then G = D(A,) where A, is obtained from A in
the following manner: for each i, j with i#j and a; = ay =1, replace
exactly one of g; and i by 0. With an orientation G of G we may
associate the bigraph B(G)=B(A,). We then let k(B(G)) denote the
number of connected components of B(G) In Flgure 7, two different

e B(G)

FIGURE 7. Two orientations of a graph with different values of k.
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orientations of the graph G, obtained from the complete graph K, by
temoving an edge, with different values of k(B (G)) are given. We let m(G)
and M(G) denote the minimum and maximum values of k(B ))
respectively, over all possible orientations G of G.

We begin with a lemma which gives one direction of our characteriza-
tion of trees.

Lemma 5.1, If T is a tree with n points, then m(T):M(T):n+1

Proof. We prove the lemma by induction on n. When n = 1 T has no
edges and thus T is a digraph with 1 point and no arcs; hence B(T) is the
graph with 2 pomt‘i and no edges, and has the required 2 components.
Now let n>1. Let T be any orientation of T and let v be an endpoint of
T. Then T—v is a tree with n— 1 points, and it follows from the 1nduct1ve
assumption that m{(T—v)=M(T —v)=n, so that the subgraph B(T v) of
B(T) has n components. Since v is an endpoint of T, it follows that B({T)

—_—
is obtained from B{T—v) by adjoining two new points and an edge from
. —_—
one of them to a point of B(T—v). Hence B(T) has exactly one more
component than B{T—v), and so m(T)=M(T)=n+1,

The next theorem contains a characterization of connected blpartlte

graphs.

Theorem 5.2, Let G be a connecied graph with n points. Then M(G) =
n+1 with equality iff & is bipartite.

Proof. Let T be a spanning tree of G. It follows from Lemma 5.1 that
M(G)=M(T)=n+1. |

We now consider the case of equality.

First suppose that G is bipartite with partitioned point set VW
where V={v,,...,0,} and W={wy, ..., w,}. Let (3 denote the specific
orientation of G obtained by orienting each edge from V to W. Since G
is connected, it follows that B(G) has one component of n = p +q points
and n components of one point each. Hence k(B(G))=n+1, so that
M(G)=n+1 in case G is a bipartite graph.

Now suppose that G has a cycle of odd length. Then there exists a
spanning tree T of G and an edge ¢ of G such that G, =T+e has an odd
length cycle (necessarily e¢ is an edge of this cycle). Let G by any
orientation of G. Let the points of G (and thus those of Gbevy,...,v,
and let {s,, ..., s} and {t,, ..., £,} be the partitioned point set of B(G).
Thus there is an edge jommg s; and f iff there is an arc from v, to v
Suppose e joins v, and v, in G Then u and v, are ]omed by a path of
even length in T. Let e be oriented from v, to v, in G. Thus there exists
an edge joining s, and ¢, in B(G). Suppose Sp and t, were in the same
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component of B(T), where T is the orientation of T obtained by restrict-
ing the orientation G of G to the edges of T. Then it follows that v, and
v, are joined by a path of odd length in T. But this contradicts the fact
that v, and v, are joined by a path of even length in T. Hence s, and L
are in dlfferent components of B(T). Since there is an edge joining s, and
¢, in B(T), it now follows that

kBOGCH=kBIO) 1=n+D-1=n

Hence M(G)=n, and the proof is complete. §
We now give a characterization of trees in these terms.

Thecrem 5.3. Let G be a connected graph with »n points. Then G is a
tree iff m(GY=M(G)=n+1.

Proof. If G is a tree, then it follows from Lemma 5.1 that m(G)—
M(G)=n+1. Now suppose that (5 is not a tree. To complete the proof it
suffices to show that there exists an orientation G of G such that
k(B({G)=n If G is not bipartite this follows from Theorem 5.2. Thus
we suppose € is bipartite and use the notation in the proof of Theorem
5.2. Since G is not a tree, there is an edge e = u;w; such that G—e is
connected. Let G—o denote the orlentauon of G—e obtained by orient-
ing each edge from V to W and let G be the orientation of G obtained
from G—¢ by orlentmg e from w; to v, Since {v;} and {w,} are one-point
components of B(G—¢), if follows that

k(B(G)) k(B(G e—1l=(n+1)—1=n

Hence the theorem follows, §

In closing we remark that several natural extremal problems are
suggested in consideration of the m and M invariants defined above. For
example, one could ask for the minimum and maximum number of edges
in a graph with n points and given values of m and M. In addition, for a
given graph G and integer ¢ with m(G)<t<M (), does there exist an
orientation G of G with k(B(G)) =

For a thorough study of the structure of bigraphs using matrices we
refer the reader to Dulmage and Mendelsohn [8§-10].
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