THE BANDWIDTH OF CATERPILLAR GRAPHS

Zevi Miller
Department of Mathematics and Statistics
Miami University, Oxford, Chic 45056

1. Introduction

Let G be 2 graph with no loops or multiple edges. We let V(G) and
E{(G) be the point set and edge set of G respectively, and we suppose G
has n points. A labelling & of G is an infection £: vig) + E+ of V(@) into
the positive integers. TIf v ¢ V(G), we call &{v} the label of v. Unless
obherwise indicated explicitly or by context the range of & (Lhat ig, the
zet {2{v): v & ©}} will be the set {1,2,++-,n}. We define the absolute
value, 1&], of & by [2] = maxl|2lv) - &{w)}|: vw e E(G)}. The bandwidth,
B{G}, of G is given by RB(G) = min{]e]|: 2 2 lsbelling of G}.

The problem of dstermining the bandwidth of a graph is related to
problems of matrix computatiouns confronted in engineering. These problems
often involve the inversion of a given 0 -« 1 matrix M by the use of cer-
tain algorithms which work most efficiently when all the ones lle in a
narrow band about the main diagonal. If M is symmetric with diagonal
having all zerog then it may be viewed as the adjacency matrix of a graph.
The problem of finding a matrixz equivalent to M (by simultaneous row and
column interchanges) with ones placed in as uarrow a band as possible about
the diagonal is thgn equivalent to the problem of determining the bandwidth
of the graph which M represents.

Since mention of this problem in graph thecretical terms in 17] there
has developed a growing literature on bandwidth devoted to exact results,
efficient algorithms, and NP-completeness results [4, 5, 8 to name a few].
A summary of known results and bibliography to the present may be found in
[3]. It is the object of this paper to develep a O{kn) algorithm for the
determination of B{C), where C is an arbitrary caterpillar graph on n points

having k nonendpoints.
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We now introduce the notation to be used in this paper. Let Pk be the

path graph on the k points vl,va,---,vk as traversed in succession from the

endpoint vy to the endpoint V- Now let m., 1 <i <%k, be a sequence of

nonnegative integers with my > 0 and m, > 0. We then define the caterpiliar
k
= vee i 5 T J
c Sifli?gi___iﬂgl to be the tree obtained from Pk by adding i=1mi points

and joining m, of then to A with edges, for each i, i < 1 < k. The cater-
TreeTy of C
are then the only points in C having degree larger than 1, and they will be

pillar €¢(2,5,2) is illustrated in Figure 1. The points vl,vg,
called the links of C. We let the endpoint degree of a link in C be the
nurber of endpoints adjacent to that link. Now let G be a graph and let
g = v(¢). We then define <S>, the graph induced by 8, by V(<S>) = 8 and
B{<g>} = {vw: v & 8, we 8}. DNotice that the caterpillar C(ml,mg,"-,mk)

has subcaterplllars Ci for each 1, 1 < i < k, defined by

Ci = <vj, {endpoints of € adjacent to Vj}, 1< j < i>.  Thus we have
= ane . ine ¢ for i » 2 C = < >
Ci C(ml,mg, ,mi) ~ We then define Ci—l or 1 » 2 as Ciwl V(Ci—l)u {vi} .
~ - 1
. = cen + . = = + .
g0- that Ci—l C(ml,m2, M e 1). Also we let Si |Ci| jil(l mj)

Suppogse 2 is a labelling of the graph G. If H 1s a subgraph of G we
denote by 2|H the labelling of H obtained by restricting & to H, sc that

[Q{H‘ would be the absclute wvalue of L |H. We call % a monotone labeliing

{or m-labelling for short) of the eaterpillar C = C(ml,mg,---,mk) if for
egch i, 1 <1 <k, v and its adjacent endpoints receive under % the labels

5] + 1, Si + 2,"‘,Si in some order. An m-labelling of C(2,5,2) is

i-1 -1

iliustrated in Figure la. Any m-labelling & of the caterpillar C is
uniquely determined {up to automorphisms of C and transformations

wlx) -+ |C| - &{x} + 1 for &ll x e V(C)) by its values at the links of C
since any two endpoints adjacent to the same link of € are similar under

the automorphism group of €. We call the wvalues Q(VI},ﬁ(vg),---,z(vk)

the pointers of the m-labelling &. Now 1f a .a

LR is a sequence
l 2'} ’a‘k q

of positive integers =satisfying Si— + 1 f_ai < 8., where 5, = 0, then

1 i 0



we refer to the melabelling of C having pointers R(vl) = as E(vg) = 8,0,
R(vk) =8 as the m~-labelling of C defined by the pointers 85800052y

Although the k link points of C are denoted by v.,v

1Y 7Y

K we will on

occasion refer to the endpolnt adjacent ito vy with Iabel 1 by a and to

the endpoint adjacent to v, with label \C[ by v

" ka1’ if such a pair of end-

points exist.

For any graph theoretic terminology not defined in this paper we refer
the reader to any of the texts [1,2,6].

2. The Algorithm

We begin with the following algorithm for obtaining a monotone labelling
L of the arbitrary caterpillar C = C(ml,m ,"',mk). We get I by successively
constructing monotone labellings I, of the subcaterpiliars C; = C(ml,mg,"',mi)
i =<1 <k. Specifically, we will recursively construct a set of integers
gli,i}, 1 £ 1, j <k, and the reader may think of L, as the monotone labelling
of Ci induced by letting Li(vj) = g(i,§) for 1 < § < i. In the process we
construct the integers fi’ 1<1i <k, satisfying fi = ILi|' It will eventu-
ally be shown that |LiE = B(Ci), so that in particular |Lk[ = |n| = B{(C) and
we will have found a polynomial algorithm for obtaining the bandwidth of a

caterpillar.

Al gorithm CATBAND

m m
- . . _ — 1 = -
Initialize by setting AO = fl = {E—} and go(l,l) = g(l,l) =1+ {El}.
ow let i satisfy 1 < i < k, and suppose we have deflned integers fj
and g{i - 1,3), 1 <3 <4 -1, with the property g{i - 1,1 - 1) + £, 428 -
We then define the integer fi and the set of integers g(i,3j), 1 < J =i,

as follows.

Our first task is to reduce to the case g(i - 1,i - 1) + fi-l > Siml'
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This will be done in step 1 by adjusting the wvalues of fi-l and g{i ~ 1,70,

1<J<i-1, to new values Ai-l

n(i = 1,1 - 1)+, 4 > 8 .

) {-1,1-1) + = . - =
1. Suppose g(i ,i= 1) fi—l 5. 1 We set h{i - 1,1)

cminfe(i - 1,1} + 1, Sl} and recursively for 2 < j <1 -1

h{i - 1,3) = minfh{i - 1,5 - 1) + 1 + fi_l,Sj}. Also let A, = £, 5 + 1.

Go to step 3.

2. If g{i —1,i - 1) + S

s = .
1 io1° let Ai— f, and set

1 1=1
h(i "laj) :g(i "‘153): lf_J il - 1.

Note that at the end of step 2, we have obtained integers Ri-l and

(i -1,j), 1<) <i-1, satisfying h(i - 1,1 - 1) + Aiml > By

These integers represent an adjusted labelling Li 1 of Ci—l’ namely, the

n-labelling of C, , with pointers L. (vj) =h(i-31,3),1=<3<1i-1,

1 1
which satisfies {Lé_ll = hi—l' Under the inductive assumption that
< |4 - 3 2 : .
Ifi_1|h_ E i for any m-labelling of Ci—l’ it follows that Ai-l ig the

smallest possible value of L\Ci_ for any m-labelling L of Ci. Our

1

object will now be to obtain a m-labelling Li of Ci whose absolute value

is as little sbove Ai as possible. In case Si - (n{i=-1,i - 1) + 2

1 i-1
we can actually find an Li with ‘Lil = Ai 1 and step 3 does this. If
8 - (h{i - 1,1 = 1) + Ai—l) > Ai—l’ then step 4 constructs m-labellings

¢, of Ci for each integer t > 0 satisfying Ezt]c

N | =2, . +t. The

i-1

crux of the algorithm is to find a "compromise" between m-labellings £ of

C, baving = low value of ]EICi and a high ]Si - z(vi)1 {as exemplified

l E

by the £ with low ), and those with s high value of Lale, and low

.
1Si - z(vi)] (ag in the %, with high ). the compromise reached is the
melabelling T, of C, with pointers Li(vj) = g(i,j}, 1 = j < i, where the

g(i,3) are constructed in step 5.

and h(i - 1,)) respectively which satisfy

)<

i-1



3. If 8 - (h{i - 1,1 - 1) + A, .) <& then let

i-1 i-1°

go(i,i} = min {h(i - 1,1 - 1) + A, 48} end go(i,j) =n(i - 1,j) for
1<j=24i-1. Go to step 5.

h, If 8, - {(h(i - 1,i - 1} + Ai_l) > A, _p» then let

gyllsi) = h{i - 1,4 - 1) + 4, , end gy{1,3) = (i - 1,3}, L2J<1i-1,

~1

and define integers gt(i,j), t » 1, as follows. Let gt(i,1)==min{gt_l(i,1) +1,8,

and for 1 < j < 1 we let gt(i,j) = min{gt(i,j - 1) + ki_l + t,Sj}.
5. Now let s, > O be the first integer for which S, -gg (i,1) <A, + 5.,
i— i i — i-1 i
£1 Sy = .. <t oc - rs .
Then define g(i,j) gsi(l,J) for 1 23 <1, and let £ =3, |+,

Now repeat the algorithm with i and i -~ 1 replaced by 1 + 1 and i
respectively. The algorithm ends after it has been carried ocut for i = k.

(It will turn out that £ = B(0).}

We illustrate how CATBAND operates in finding an m-labelling of
¢(2,5,2). For each i, 1 = i = 3, we list the sequence
(gt(i,l),gt(i,E),"',gt(i,j)), 1< j<1i, for each t,0< % < sy, 88 computbed
by CATBAND.

{2) - Initialization

(3,5) - steps 1 and 4 of first iteration

(3,6) - steps 4 and 5 of first iteration

(3,7} - step 1 of second iteration

(3,7,11) - steps 3 and 5 of second iteration

Cbserve that we have 52 =1 and 53 = 0.

The essence of the algorithm, as embodied in steps 4 and 5, is to

construct an m-labelling &, of Ci with pointers Rt(v ) = gt(i,j), i< =i,

J
for each t satisfying 0 < ¢ 28 and such that |2t56.

il TAiy T B We

also want each of the pointers of %, to be as large as possible (subject to

t

the constraint on |£t\Ci_l|) 50 as to minimize §, - 4, (v.). Note that as

t
long as S, - lt(vi) > |£tlci—l= we have Jﬁt\ > 8 - Et(vi) > |lt[Ci_l|.
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In this case we may as well increase the pointers lt(vj), 1 <3=<i,

(thereby obtaining the new labelling &, _} allowing if necessary an

T+l

increase by 1 in the distance between any two successive ones. This

increase in successive differences of course makes 1[ larger

|£t+1|ci—,
by 1 than |at1ci_

11s but since [nt|éi_l| +1 < |2 | the value of

50 cobtalned is no larger than the already existing Il In

el
(Vi) smaller by at least 1 than

’2t+1‘ciwl|

the process we have made Si - £t+l

8, — 2 (v.). It follows that |2 E'|lt|' I£ 8, -8 (vi) >

ey 41 2y 10|

we repeat the process and obtain the labelling 2 , ete. The process is

t+2

repeated until there is no cobvious room for improvement, that is, until

we reach the first index sy for which Si - iy {v,) < The

i —'iisi‘ci—ll'

labelling %5 1is then the monctone labelling'Li of Ci with pointers
i
Li(vj) = g{i,])} referred to previously. The procf that |Li§ = B(Ci)

{and hence that ]Lk\ = B(C

k) = B(C)) will be the object of the remainder

of this paper.

3. Justification of the Algorithm

Tn this section we show that the m-labelling Lk of ¢ = C(ml,m2,-‘-,mk)
with pointers g{k,j), 1 < J < k, produced by CATBAWD satisfies |Lk[ = B(¢),
and that I, is produced in o(|c|k) time. This will be done in two basic
steps. First we show that there exist an m-labelling 2 of C satisfylng
|£] = Bl(c). We then use this result to show JLk\ = B(T).

To achieve the first step, we begin by reducing to the case in which

our caterpillar C = C(ml,m2,---,mk) satisfies m, > 0 for all i.



Terma 1. Suppose a caterpillar C = C(ml’EE"..’mk) satisfies m, = 0
for some i, 1 < i < k. Then there exists a m-Iabelling % of C such that
|2] = BlC).

Proof: We proceed by induction on k, the case k =1 being obvious.
Let my =0 for some 1, 1 <1 < k.

Consider the caterpillars Cl = C(ml,mg,-- + 1) and

sm, . ,m,
Hop?Ha

¢, = C(mi+1 + 1,mi+2,---,mk_l,mk), where Ci =K, if i =1 and

0. =K, if i = k. Let the links of C. and C_, be v

2 2 1 2 12Vp2 "7 2V 0 #nd

=«,w,_ regpectively, where vjv.

o 341 © E(Cl), VW

341 £ E(CE) for

Vi1 Va4’
all j, and the endpoint degree of vj is mj forl < Jj<i-2and

in + 1 for §J =1 -1, while the endpoint degree of wj is m‘j for

i-1

i+2<j<k and m

-
Iy + 1 for i 1.

We proceed to the determination of B{C). Tetting M = max {B(Cl)’B(CE)}’
itmuwsﬁmCIECmd%gCtMtMiBwL We can show B(C) < M

as follows. By induction C1 and 02 admit m-labellings ll and 22 respec—

J. We can then use &, and

tively such that |zl| = B(Cl) and |£2| = B{C 1

2

'22 to obtain an m-lahelling of C with absolute value M as follows. Observe

first that by monctonicity we may assume that \Clﬁ is the 11 label of an

endpoint of Cl adjacent to v while 1 is the 22 label of an endpoint of

1
. . . ' .
62 adjacent to LF Next define the labelling 22 of 02 given by
eh(x) = o (x} + le =1 for 211 x & ¥(C,), so that teg] = [2,]. Tow

Join Cl and C. to form C by identifying the endpoint of Cl having £

2 1
label [C, | with the endpoint of C, having 1] label lc,|. We then have a
natursl labelling £ of € given by £(x) = ll(x) if x ¢ Cl and &(x) = ié(x)

if x & 02. Note that {£| = max{]ﬁl},iﬂél} = max{\ll],lig\} =M, so
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that B(Q) < M. Tt follows that B(C) = M, and since [2] = M and 2 is
monotone, the lemma is proved. M
In view of the above lemma, we may henceforth suppose that our given
caterpillar € = C(ml,mg,---,mk) satisfies m, > 0 for all i.
We now introduce some further notation. BSuppose C = C(m.l,m2

is a caterpillar and & is a monotone labeliing of C. A link AR of Cis

’...’ms)

called f-critical if \z(vj) -2 )= [E(VJ,) - z(vj_l)] = [2] for all

vj+1
Jo1 = J<k. We call 2 taut if all links of C are f-critical. Note that
if C admits a taut monotone labelling &, then 2 is uniquely determined and
Ii] = B{C). Hence in this case we will sometimes gay that C is taut, the

) o=

} for all j, 0 ¢ J < s. Thus % iIs tight if its polinters

labelling % being understood. Finally we call & tight if 2(vj+l

mln{%(vj) + |£|,Sj+1
are ag large as possible subject to its bandwidth, that is, for any mono-
tone labelling &' with |¢'| = |2] we have ﬂ'(vj) f_ﬂ(vj) for all j, 1 < j < s.
Tight and teut m~labellings of caterpillars are illustrated in Figures 1b

and lc.

The following lemma will be useful in the next theorem. A caterpillar

C' 1s called an augmentation of C = C(ml,mg,-'-,ms) if
g = C(ml,me,---,mi + l,mi+l,"*,ms) for some 1, 1 < i < s.

Lemma 2. Suppose C = C(ml,me,---,mk) is a taut caterpillar and C' is an
augmentation of ¢. Then we have B{C') = B(C) + 1.

H t = LIS - i
Proof; Let C C(ml,mg, SHL_am b lom ,mk) for some i
121 <k. Nowlet & be a taut m-labelling of C and let L' be any

labelling. of C'. By the pigeon hole principle there exists J,

¢ < §<k =1, such that \g'(vj) - 1'(vj+l)\ > [m(vj) - ﬂ(vj+l)| = B(Q)



and hence B{C') > 1 + B{C). On the other hand the m-labelling L of

C' defined by the pointers Q(vl),i(v

satisfies L] = |¢] + 1 = B{(C) + 1. It follows that B(C') = B{C) + 1, as

Voreatly, L )an(v )+ 100w, s naiv )

2 k

required. B
We are now ready for our basic result on monotone labellings of cater-
pillars.

Theorem 1: For any caterpillar ¢ = C(m,,m

N 2,°",mk) there exists a monotone

labelling L of O suchthat |L| = B(C).

Proof: We proceed by induction on |V(C)|. Suppose that the theorem
holds for all caterpillars having at most |V(C)| - 1 peints, and assume to
the contrary that the theorem fails for C.

First we claim that if e is any endpoint of C, then B(C - &) = B(C).
Suppose not, so that B(C - e) < B(C), By induction there exists an m~
labelling % of C - e such thet || = B(C - e). Let v be the link of C to
which e is joined. If neither r =1 and my =1 nor r =5k and m. = 1 hold,

then let L be the m-labelling of C defined by the pointers

) { res
ﬁ(vl),ﬂ(vg), ,l(vr_ }Q«Vr) + l,E(Vr+l) + 1, ,R(vk) + 1. Suppose then

1"

that r = 1 and m, o= 1l or r=%%and m = 1, and by symmetry we may take

r =1 and ml =1. Nowin C - e, vy is an endpoint attached to the left-
handmost link, and hence we may adjust the labelling £ to obtain a labelling
21 of C - e such that |2'|=]2] and 2'(v} = 1. Ve then let L be the m-
labelling of C defined by the pointers E‘(vl).+ l,R'(vE) + l,--',i'(vk) + 1.
Tn either case we get |Ll j_|£| +31=8{C-e) +1 < B(C), so that

|n| = B(C). Combining this with L being monotone we obtain a contradiction.
Thus we have B{C - e} = B(C) for all endpoints e of C.

FNext observe that for all endpoints e of C no m-labelling of C-e can he

taut. For if not, then by Lemma 2 we get B(C)>B(C-e}=B(C}, a contradiction.
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Now let e be any endpoint of C, and let % be an m—Iabelling of C - e
such that IEI = B(C - ). By the above £ is not taut, and by properly ad-
Justing its pointers we may assume that £ is tight. Let vj be the link of

C to which & is Joined, and let Vi be a 1ink of C - e whiech is not critical.

Buppose first that £ = j so that vj is not f—critical, Thus we have

balv,) = alv, )] < B(C = &) or falv } - of JE < BlC - e). 1Ir

% Vi1

[2(v,) - 2

T+l t

vt+1)| < B{C - e) then let L be the m-Jabelling of { with pointers

l(vl),l(v2),-°',l(vj)#(vj+l) + l,ﬁ(vj+2) + 1,---,R(vk) + 1, while if

Il(vt) - % )| = B{C - &) and [R(vt) — (v, .)| < B{C - e} define L on C

Ve £-1

Yok Lyeee,a(v. ) o+ 1.

by the pointers &{v },8(v, )+ 2(¥ X

1 2 1) A7) Loy,

1

In either case we get |L] < %] = B{C - &) = B{C), again yielding the

contradiction of an m-labelling of € witk [L]| = B(C). Hsnece vj is f~critical.
We may therefore suppose that t+ > j or t < J. We only consider the

case t » j for brevity, as the case t < } is handled by a symmetrical

argum?nt. We take t to he minimel with respect to T being not critical

and t * J. Ior any m-labellings of C - & the 1abels of vi and its adjacent

1 * l’Si—l

+ 2’...331_

endpoints are S, _ + 2,---,5&_ tm o +lforlc<licj-l,

1

+ + i = 3 - sen
B, l’si—l mi for 1 J, and Si- 1,8 ’Si- + mi

1 1 7Ti-17 1

for J + 1 <1 <k. Accordingly we let Si = Si for 1 <i<j-1and

8 =g, -1 for j <i <k. Writing C{m!

Towaa . —
Jomk ,mk) for ¢ - e {where

g—-
1]

m, for i # j and mé =my - 1), it follows that the subcaterpillar
Ci =VC(mi,mé;---,mi) of C - e recelves the labels 1 through Si under any
m~labelling of C - e.

Suppose first that there is some r, j < r < t, for which L(vr) =8l +1.
Let r be minimal with respect to this property and to j < r. 3By minimality of

t all points Vo J<m=% -1, are f-critieal, and in particular all v

are L-critical for j <m <r - 1.



There are now two possibilities. Either all v, 8T L—critieal for
1<m=<J -1, or there is some 5, 1 < s < J - 1, such that v, is not
f-eritical.

Buppose firat that a1l the v, AT f-critical for 1L <m < j - 1. Combining

this with v being f-critical for j <m <r - 1 and i(vr) =8 +1it

follows that C - e contains the taul subcaterpillar

T = c(ml,m -1 .0 + 1) having bandwidth B(C - e).

2’.“’mj—-l’mj ’mj{l_’“ 1

Here T is the subecaterplillar of C - e Induced by the links v "LV

1Y "oV

and all endpoints of C - e adjacent to any cof AEEAPTR Thus v, is

k'3 .
Y-l

viewed as an endpoint (of v _) in ®. Since m, > 0 for all i, there is an

r-1
endpoint of e' of C adjacent to vt. By a previous reduction
B{C - e') = B{C - e) = B{C), and by induction there exists a monctons
labelling &' of C - e' such that [2'| = B{C - e'). But C - 2' contains
the augmentation T + e of T obtained by adjoining the endpoint e to the
link v of T. Since T was taut, it follows that
BlC-e') > B(T+e)=8(T) +1=38(C-¢e)+1l=BC-¢e")+1,an
contradiction.

If there is scome &, 1 < 8 < j - 1, such that Vg is not L-critical
in C - e, then we may reduce to the possibility discussed above as follows.
We may without losg assume that s is maximal with respect to s < J and Ve
not being f-critical. Since v, is f-critical we have 1(vs+l) - Q(VS) =
B{C - e). Now since vy is not f-critical we must have R(VS)-R(VS_1)<.B(Cu el.
But since & is tight this can only heppen if l(vs) = Sé. Since also
Q(vr) =8

Q= Cln

+ 1, it follows that U - e contains the taut subcaterpiliar

a1t l’ms+2"..’mr—2’mr—l + 1) having bandwidth B{(C - e). Here

Q is the subcaterpillar of C - e induced by the links VoV B and

+1°

all endpoints of C - e adjacent to any of LAELINPILLLIL SR Thus v
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is an endpoint of v and V. is an endpeint v in @. As above there is

s+1 r-1

some endpoint e' of v, sguch that the caterpillar C - &' contains the aug-

t

mentation Q@ + e of Q obtained by adjoining the endpoint e to vj in @.

Combining this with the tautness of Q in C - e and Lemma 2 we obtain the

contradlction B(C - e') > B{g + e} = B{(Q) + 1 = B(C - &) +1 =B(C - e') + 1.
This completes the discussion of the case in which there is an r,

J < r <4, such that x(vr} =5 . v 1. We may therefore suppose that

l(vm) >8'  +1forallm, J<mz<t. It follows that we mey define an

1
m-labelling M of C with pointers l(vl),l(vz},~--,l(vt),z(vt+1) + 1,
Svy o)+ Lyrreslvy) + 10 Clearly [ulv)) - v D] = Jelv)) - (v, )|
form#t, 0 <m <k, and JM(vé) - M(vt+l)i=:!£(vt)- (E(vt+1) + 1) =
l+|£(vt) - z(vt+l)| < B(C - e) = B(C) since v, is not f-critical. Thus M

is an m~labelling of C such that [M| = B{C), a contrasdiction. The thecrem
is thus proved. @
We are now ready to complete the justification of the algorithm

CATBAND., Given the caterpiliar ¢ = C(ml,m, "',mk), let Ci denote the

o

subcaterpillar C, = C(ml,m -'-,mi) for 1 < i < k. The algorithm produces

o2

an m~labelling of éi’ denoted Rsi in the discusgsion above, defined by the

pointers g(i,j), 1 < 3 < i, for each i, 1 < i < k.

Theorem 2: Let C = C(ml,mg,"',mk) be an arbitrary caterpillar. For any

i, 1 < 1i <k, the m-labelling %Si of Ci defined by the pointers g{i,J),

1= J=x1i, satisfies Ilsi‘ = B(Ci). In particuler we have B(C) = }ESRI.
Proof: For simplicity suppose that the construction éf 251 by

CATBAND makes use of step 2 but not step 1. If step 1 were operative

then certain unimportant ccmplications enter our argument, and hence we

will omit this possibility here.
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Set Li = &5 . We will prove the stronger assertion that |Li|
i
and that Li is tight for all i, using inducticm on i. The case 1 = 1

follows immediately from B(K1 i) = [%ﬂ and g(l,1) = {%ﬂ. Suppose
5

" that ]Lj| = B(Cj) and that L, is tight for all j <1, where 1 < i < k. Let

B(Ci) = B(Ci_l) + x for some x > 0, and as in CATBAND we let fj = B(Cj) Tor
1§21

We Pirst recall scme notation necessary for the induction. Referring
to the discussion following the algorithm and to the use of step 2 in
CATBAND we denote by 20 the m-labelling of Ci with pointers

L, (v.),L {
1

i1 vy vy ) min(T, {

i-1i-1 )+ £, 8,1 (or equivalently,

Vi L]

pointers g{i - L,1},e{i - 1,2}, +.ell - 1,i-1), min{g(i - 1,i - 1)4-fi_l,Si}).
Referring sgain to this discussion we let lx be the m-labelling of Ci with

R

i L = wmi 2 = mi
pointers X(vl) mln{ﬁo(vl) + x,Sl}, and X(vj) mlniﬂx(v i1

. +x,8,}
J-1 J

for 1 < } <.
First we show that |£X| = B(Ci)' By induction ILi ll =1, . and

Li—l ie tight on Ci—l' T+ follows that EO(VJ) i_R(vj), 1<3=<i-1,

for any m-labelling R of Ci—l satisfying WR[ f-fi—l' Wow by theorem 1 there

exist an m—labelling M of €. such that [M} = B(Ci) = fi—l + x. Bince

i
i = + - .
@nwﬂymwpﬂjjm f, xwg%ﬁg%)iM%)mrﬂlliJiL

1

Hence we get S, - 2 {(v.} <8, - M) = B{C.). 8Since the definition of &
i x il =i i’ = i %

immediately gives EX(vj) -4 (vj—l) E_B(Ci) for 1 < J <1, it follows that

hid
izX{ = B(C;). The opposite inequality igX| 3'B(Ci) is immediate from the
fact that Ex ig a labelling of Ci.

_ Next we show that the labelling Li = Esi is in fact the labelling RX,
that is, that QX = Esi. In our discussion we denoted by Rt the m-labelling

of € defined by the pointers gt(i,j), 1< 3 < i, obtained in the i'th
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iteration of the algorithm. Hence the pointers of ix are, in the language

of the algorithm, gx(i,l),gx(i,E),---,gx(i,i). Recall that s, is defined

a8 the least nonnegative integer such that Si - g, (1,1) f_fi R Since
i -

Si - gx(i,i):ijix\ = B(Ci) = fi—l + %, we have x LA Suppose that x > 55

If RX = &, then there is nothing to prove, so0 assume Rx # Ly, + Then by
i i

tightness of Li and the definition of lX there exists j, 1 < J < i, such

1

- + = .
that Qx(vj) Qx(vj—l) > fi—l Si llsi[ Thus we get ‘QXI > B(Ci),

contradicting |£ i= B(C_), and hence x = g, so L = RS = L, as required.
X i i x 3 i

To complete the Induction, we note that Li is tight since, as observed
above, Li(vj) = Ex(v_) 2_M(Vj) and M was an arbitrary m-labelling of Ci

satisfying IMI = f X = [RXI. We have thus shown that the m-labelling

+

i-1
Ly produced by CATBAND satisfies iLi|‘= B(Ci) ard the theorem is proved. @

Next we verlify that CATBAWD is indeed a2 polynomial aigorithm.
Theorem 3: The algorithm CATBAND determines the bandwidth of the eaterpillar
C = C(ml,m2,°~',mk) in at most |Clk steps.

Proof: Recall that CATBAND determines successively the bandwidths
B(Ci) of the subcaterpillars Ci = C(ml,mg,'-',mi), 1=<1=<k,ofC.

By theorem 2 we know that the Integer fi = ‘QS.I is Indeed the bandwidth

1

B(Ci) of Ci' TLet us then analyze the number of steps required in determining

f. given £, .. Recall that £, = A + s, where 2, =g
i i-1 i i i

+ 1 or T
i-1 -1 i

i-1

depending on whether step 1 or step 2 respectively is used. Hence we are
reduced to determining the time required for finding the integer 8- By
definition 5 is the smallest nonnegative integer for which

8. - gg (1,1) < & * 8,. Hence the determination of s, requires the

i i i-1
succesgive construction of the pointers {gt(i,l),gt(i,Q),---,gt(i,i)}

(of the m-labelling at), for all + > O until we reach the smallest t



satisfying S:.L - gt(i,i) < Ai-l + 1. How the construction of the set of
pointers {gt(i,j): 1< j < i} given the set {gt_l(i,j): 123 <1l re-
quires i steps, cne step used for finding gt(i,j) for each j by using the
formila gt(i,j) = min{gt(i,j - 1) + }Li—l + t,Si}. The parameber t can

take on at most Si - B,

=1+ m, values. Hence we use at most i{m, + 1)
i-1 i i

. ik P i
steps in finding i given fi-—l

To finally determine B(C) = B(Ck) we must repeat the inductive step
described above for each integer i, 1 < i < k. TFor convenience let

n = [C! . Hence the total number of steps used is bounded above by

k . Lk
‘T (1+m.)ii~k-+(£§ﬂ+.k(n—k) < k¥n, since Im *n- k.
S 1 i=1

Tt follows that CATBAND requires at most |Clk steps to determine B{C), and
the theorem is thus proved. §

The following is a simple conseguence of Theorem 2.

Corollary 1: For any caterpillar C = C(ml ,mz,"'- ,mk) we have

r -
J—g—(—é—,)—l}, where the maximum is taken over all subcater-

pillars C' of C, and 4{C') is the dismeter of C'.

B{C) = max{

Ir the next corollary we see that our result on caterpillars can be
used in finding the bandwidth of other graphs. Let C' = C’{ml,ma,---_,mk)
be the graph obtained from C = C(ml,me,'”,mk) by adding all possible edges

joining pairs of endpoints of C attached to the same iink v, , for each jJ,

j’

1< j<k. Thus C' has the same underilying point set as v{C), but the

graph induced by the link vj and its non-link neighbors is K]. my in €
N *

while it is Km 41 in C'.
J
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Corollary 2: ILet €' = ¢'(m_ ,m ,”-,mk). Then

172
BR{C1) = max{B(C),mj: 1 <=kl

| A

Proof: Set M = max(B(C), my: 1< 3 <k}

Since C < ' we have B(C') > B(C). Similarly since ij+l < C' for all
j we have B(C') imax{mj: 123 <k}, and hence B{C') > M. On the other
hand, the m-~labelling isk = Ik of C produced by CATBAND may be used as a
lavelling of C' (using the natural correspondence between the points of
¢ and C¢'). Then obvicusly the restriction LlJK‘mj-i-l of Lk to each of the
complete subgraphs of C' satisfies lLk}ij_,_ﬂ = mj while the restriction
Lk[c to ¢ satisfies lzklcl = B(C) by theorem 2. It follows thab L_
(viewed a5 a labelling of ¢') satisfies [Lk‘ = M, and the corollary is
proved. @
Remark: A O{(n log n) algorithm for determining the bandwidth of caterpillar
graphs has bheen obtained indepe_ndently (and nearly simultanecusly) in a
paper by Assmann, Kahn, Kleitman, Syslo, and Zak. Their algorithm

applies also to caterpillars in which the "hairs" have length 2.
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g,

b. A tight m-labelling of €(2,5,2)

10

12
10
11
10
<
12
9
7
B
6

c. The taut caterpillar C{k,k).

Figure 1: Monotone, tight, and tsut labellings of caterpillars.
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